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Abstract. In this communication we present preliminary results assessing the application
of a novel recovery technique, based on the well-known Superconvergent Patch Recovery
(SPR) technique, to linear elasticity problems solved within the framework of the Finite
Element Method (FEM). This recovery procedure provides statically admissible stress
fields which are used to obtain upper bounds of the error in the energy norm. Tradition-
ally, most error bounding approaches are residual-based, however their accuracy is not
always high. Therefore practitioners and engineers generally prefer to use recovery-based
techniques, because of their high accuracy and easy implementation.

Exploiting the fact that the strain energy of the difference between a kinematically
admissible stress field (typically a raw FE solution) and a statically admissible stress field
(for example our recovered solution) directly provides an upper bound of the error in the
energy norm [1], previous recovery techniques, such as the SPR-C [2], tried to obtain
upper bounds [3], relying on some correction terms, which depend on the exact solution,
to account for their lack of equilibrium. In this work we compare the performance of both
techniques.
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1 Introduction

Numerical methods to solve Boundary Value Problems (BVP) such as the 2D linear
elasticity problems have experimented a huge increase in their use by practitioners. More
specifically, the displacement-based Finite Element Method (FEM) is widely used today
in industries such as aerospace, civil engineering, automotive, etc. FEM is a powerful
method for a vast type of engineering problems, however it is only able to provide an
approximated solution. Therefore, some error level has to be accounted for to define the
safety factors during the design process of mechanical parts.

During a Finite Element (FE) analysis there are several sources of error like geometrical
simplifications of the actual component to make it suitable for the analysis, geometrical
errors due to the FE discretization of the domain, the discretization error due to the
FE approximation to the solution, etc. In this work we are going to focus only on the
discretization error.

During the last part of the 20th century, scientist have developed techniques to obtain
an estimation or a bound of the error in energy norm to quantify the quality of the FE
results. The first approaches yielding upper bounds in the error estimation were based
on explicit residuals [4], however their applicability is limited, since they are constant
dependent. Later, a new procedure based on implicit residuals appeared which, under
certain circumstances, is also able to provide upper bounds [5, 6, 7, 8, 9, 10, 11, 12].
Different approaches, related to the concept of dual analysis, working with a compatible
and with an equilibrated solution, were also used to directly obtain upper error bounds.
Some of them solving two global problems in parallel [13] or post-processing the FE
solution [6, 14, 15]. The main characteristic of these error bounding techniques is that
the error is evaluated by comparing the two solutions, one compatible and the other
equilibrated, which are complementary in nature, and whose errors are orthogonal.

Other techniques, which traditionally were unable to obtain bounds for the error in
energy norm, use the so-called Zienkiewicz and Zhu (ZZ) error estimator [16]. In this
case the FE solution (compatible) is compared with an improved solution, not necessary
equilibrated, obtained with a recovery procedure such as, e.g., the Superconvergent Patch
Recovery (SPR) [17, 18]. Today, the ZZ error estimator is widely used due to its simplicity
(only uses standard FE results) and high accuracy. However, the main drawback is that
despite of the fact that the ZZ error estimator in combination with the SPR technique
is asymptotically exact, it is unable to guarantee an upper bound of the error in energy
norm.

Some works to improve the original SPR technique have been carried out. Ródenas
and et al. proposed to add some constraints to impose local equilibrium to the recovered
solution [2] obtaining a quasi-equilibrated recovered solution, using the so-called SPR-C
technique. Dı́ez et al.[3] presented a methodology to obtain computable upper bounds of
the error in energy norm considering the quasi-equilibrated recovered field. Those ideas
were also applied by Ródenas and co-workers [19, 20, 21, 22] in the eXtended Finite
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Element Method (XFEM) framework [23, 24]. In all those methods the upper bound
property was not strongly guaranteed by using directly the recovered solution. Thus,
they needed the evaluation of some correction terms to compute the lack of equilibrium
[3] for which only an estimation was available.

In this work, we present a procedure which directly recovers a fully equilibrated re-
covered solution from the superconvergent stresses. Then, directly comparing the FE
solution with the recovered one, using a version of the the ZZ error estimator, we obtain
guaranteed upper bounds of the error in the energy norm, yielding sharp estimations as
shown in the section devoted to numerical tests.

2 Problem Statement

Let us consider the displacement field u taking values in Ω ⊂ R
2 as the solution of the

2D linear elasticity problem given by

−∇ · σ (u) = b in Ω (1)

σ (u) · n = t on ΓN (2)

u = 0 on ΓD (3)

where ΓN and ΓD are the parts of the boundary where the Neumann and Dirichlet con-
ditions are applied, such that ∂Ω = Γ̄N ∪ Γ̄D and ΓN ∩ΓD = ∅. b are the body loads and
t are the tractions imposed along ΓN . We consider a homogeneous Dirichlet boundary
condition in (3) for simplicity.

The problem can be rewritten in its variational form as:

Find u ∈ V : ∀v ∈ V a(u,v) = l(v) (4)

where V = {v | v ∈ H1(Ω),v|ΓD
(x) = 0} is the standard test space for the elasticity

problem. The symmetric and bilinear form a : V ×V → R and the continuous linear form
l : V → R are defined in vectorial form as:

a(u,v) :=

∫

Ω

σ
T (u)ε(v)dΩ =

∫

Ω

σ(u)TD−1
σ(v)dΩ (5)

l(v) :=

∫

Ω

bTvdΩ +

∫

ΓN

tTvdΓ, (6)

where σ represents the stresses, ε are the strains and D is the elasticity matrix of the
constitutive relation σ = Dε.

3 Fully equilibrated recovery procedure

Traditionally, recovery-type error estimators were unable to provide error bounds in
energy norm. Dı́ez et al.[3] made a first attempt by adding some correction terms to the
ZZ error estimator in order to ensure the upper bound property. In this section we are
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going to show a scheme for a new recovery procedure that, directly using the ZZ error
estimator, yields upper error bounds in energy norm.

When the recovered stress field σ
∗ is statically admissible in the ZZ error estimator, it

yields an upper error bound. Thus, in this section we aim to the evaluation of an statically
admissible stress field. To do that, σ∗ has to fulfil the internal equilibrium equation (IEE),
the boundary equilibrium equation (BE) and equilibrium of tractions along the internal
element edges (IB). Note that the normal stress tangent to the boundary is no necessarily
continuous along the element edges.

The technique presented here, called SPR-FE (Fully Equilibrated), is based in the
SPR technique developed by Zienkiewicz and Zhu [17]. In the SPR-FE, as in SPR, we
create patches of elements with the elements connected by the vertex nodes, so-called
patch assembly nodes (AN), see Figure 1a. There are two main differences between the
traditional SPR and the SPR-FE: a) in the SPR each recovered stress component is
represented by a single polynomial on each patch, while for the SPR-FE a polynomial
surface is fitted for each stress component on each element of the patch. In Figure 1a
we fit, by minimizing (7), a different polynomial surface for each stress component at
elements I, II, III, IV . b) the second difference is that the SPR technique builds up
the global recovered field in an element by adding the contributions of each patch using
a partition of unity. However, in the SPR-FE the global recovered field is obtained by
directly adding the contributions of all patches σ∗ =

∑AN

i σ
k
i connected to one element k

since the partition of unity is implicit in the functional (7). Note that when we apply the
constraints for internal and boundary equilibrium the problem loads will be also affected
by the partition of unity Nk

i .
For the statically admissibility condition, we add the constraints that are necessary to

enforce the required continuity and equilibrium in the recovered solution using a point
collocation approach, the number of points will depend on the degree of the recovered
field. This is obtained by adding continuity of tractions along the internal edges (red
edges). We enforce the recovered tractions to zero along the external edges (blue edges)
and finally we enforce the equilibrium equation at each element, separately. The recovery
process will be described below in more detail.

3.1 Recovery procedure

We minimize the following functional on each of the k elements of the patch with
assembly node i:

Ψ =

∫

Ωk

(

σ
∗
k −Nk

i σ
h
)2

dΩ k = I, II, III, IV (7)

where Nk
i is the linear shape function of the node i, in element k. σh is the FE stress field

and σ
∗
k = Pkak is the recovered stress field for the element k, where ak = {axx

k , ayy
k , axy

k }T

are the coefficients for each stress component and Pk is the matrix for the polynomial
expansion pk = {xmyn : m,n ≤ q}k, where q is the polynomial degree
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(a) Patch of elements. Assembly node i
represented in orange.
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(b) Patch in contact with a boundary
(green line) of the domain.

Figure 1: Internal patch formed by 4 elements (left) and patch in contact with the bound-
ary formed by 2 elements (right).

Pk =





pk 0 0
0 pk 0
0 0 pk



 (8)

For each element k, integrating numerically after the minimization of (7) we obtain
the following expression:

∑

pg

PT
kPk|J|ωak =

∑

pg

PT
kN

k
i σ

h|J|ω (9)

where |J| is the Jacobian of the coordinates transformation, ω is the weight of each
integration point and pg is the number of integration points. This expression yields
a linear system of equations for each element of the patch Mkak = gk. Due to the
constraints we have imposed, we need some interaction between the different recovered
stress fields. Thus, we assemble all four systems together and we obtain the following
linear system for the patch:









MI 0 0 0
0 MII 0 0
0 0 MIII 0
0 0 0 MIV























aI

aII

aIII

aIV















=















gI

gII

gIII

gIV















⇒ Ma = g (10)

3.2 Internal equilibrium constraint

In contrast with the SPR-C presented in [2], where the internal equilibrium equation
was ∇ · σ∗

k + b = 0, in the SPR-FE we have to take into account the partition of unity
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introduced in the functional (7). Therefore, it will affect to the body forces b and also
bring up a new term, first introduced in [15]: the fictitious body forces, ∇Nk

i σ
h. Their

role is to ensure that the forces applied to each patch satisfy global equilibrium for the
isolated patch. If their were not considered, then Equation (10), would generally have no
solution. Nevertheless, when we sum up the contributions of the four patches of a single
element k these terms will sum to zero, cancelling their effect at a global level.

Then, the internal equilibrium equation to impose in this case is∇·σ∗
k+Nk

i b = ∇Nk
i σ

h

at each element k. These constraints are independently enforced in all elements. This
generates the internal equilibrium matrix for each element CIEE

k and the independent
term hIEE

k .

3.3 External patch edge constraint

The next step is to add the constraints along the external boundaries of the patch,
that is, the constraints along the blue edges in Figure 1a. These constraints will ensure
tractions continuity when we sum up the contributions from the patches related to an
element. Since the partition of unity function is zero at the external edges of the patch,
the equation to be imposed there is σ

∗
k · n = 0, where n is the outward normal vector

along the patch boundary. This generates for each element the matrix CBE
k and the

independent term hBE
k = 0.

3.4 Internal patch edge constraint

Finally, it is also necessary to add the constraints along the internal boundaries of
the patch (red edges), i.e. the interfaces between elements. These are also used to
ensure tractions continuity along the element interface. The equation to be imposed is
σ

∗
k · nk + σ

∗
l · nl = 0, where k 6= l, nk and nl are the outward normal vectors of each

elements in the common edge (nk = −nl), generating CIB
k and CIB

l respectively, the RHS
is again null hIB

k = 0.
A particular situation occurs when an internal edge coincides with a boundary where

the tractions are prescribed. In Figure 1b we illustrate such a boundary (green line), which
is internal to the patch. This is a typical situation when the assembly nodes (orange point)
are over the boundary. In this case, the equations to be imposed have to take into account
the Neumann boundary condition then, σ∗

k · nk = Nk
i t. When the boundary condition

is non-homogeneous the corresponding term in the RHS is generally not null, hIB
k 6= 0.

Note that the opposite element sharing the edge, i.e. element l in the general case, does
not exist for this type of patch.

3.5 System resolution considerations

Adding all constraints to (10) we obtain the following linear system to solve at each
patch:
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M (CIEE)T (CEB)T (CIB)T

CIEE 0 0 0
CEB 0 0 0
CIB 0 0 0























a

λ
IEE

λ
EB

λ
IB















=















g

hIEE

0
hIB
k















(11)

and it could be rewritten as MCaC = gC , where C indicates that the constraints are
included.

The basis p for the stress field has to be able to represent all constraints to guarantee
the statical admissibility property. Thus, we need to analyse the minimum degree re-
quired for the stress field to guarantee the equations system (11) is solvable. We consider
a bi-quadratic representation of the displacement field. Linear or bilinear FE solutions
cannot be directly applied to this recovery procedure since they do not guarantee rota-
tional equilibrium of the patch [25]. Then, the FE stress field σ

h has quadratic terms, the
partition of unity used in (7) is bilinear and its divergence has linear terms. Analyzing the
constraints we need at least a 4th order polynomial interpolation because of the fictitious
body forces. In Table 1 we show the total size of the system to be solve at each node.
We have to pay attention to the “effective” number of “free coefficients” (last column),
the difference between the number of “Coefficients” a and the number of independent
constraints. For degree 4 there are more constraints (192+80+40 ¿ 300) than coefficients,
therefore some constraints have to be linearly dependent. In fact there are always lin-
early dependent constraints, as indicated by the difference between the dimension of the
system and its rank, and thus we obtain 16 effective free coefficients for degree 4. We use
the Singular Value Decomposition (SVD) technique to solve that system, identifying the
dependent equations and their consistency.

Degree Coefficients IEE ctr EB ctr IB ctr System size Rank Eff free coef
4 300 192 80 40 612 584 16
5 432 280 96 48 856 828 40
6 588 384 112 56 1140 1108 68

Table 1: Number of coefficients and constraints

4 Numerical results

In this section we verify numerically that the upper bound property is satisfied by the
error estimation when the SPR-FE is used in the ZZ error estimator in (12). We also
define the global effectivity index θ = ‖ees‖/‖e‖ as the ratio between the estimated error
‖ees‖ and the exact error, where σ is the exact stress field:

‖ees‖
2 =

∫

Ω

(

σ
∗ − σ

h
)T

D−1
(

σ
∗ − σ

h
)

dΩ (12)
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‖e‖2 =

∫

Ω

(

σ − σ
h
)T

D−1
(

σ − σ
h
)

dΩ (13)

We compare the results obtained with the SPR-FE with those obtained with the SPR-
C [2]. In all problems, plane strain and bi-quadratic elements will be considered for all
analyses.

4.1 Problem 1. 2× 2 square

This problem has an analytical cubic solution in displacements with body forces. The
problem model, material properties and exact solution are represented in Figure 2.

ux = x+ x2 − 2xy + x3 − 3xy2 + x2y

uy = −y − 2xy + y2 − 3x2y + y3 − xy2

σxx =
E

1 + ν
(1 + 2x− 2y + 3x2 − 3y2 + 2xy)

σyy =
−E

1 + ν
(1 + 2x− 2y + 3x2 − 3y2 + 2xy)

σxy =
E

1 + ν
(−x− y +

x2

2
−

y2

2
− 6xy)

bx =
−E

1 + ν
(1 + y) bx =

−E

1 + ν
(1− x)

E = 1000, ν = 0.3

Figure 2: Problem 1. Model, material and analytical solution.

Figure 3 shows the results obtained with the SPR-FE recovered stress field with 4th

(blue line) and 5th (red line) order polynomial interpolation. Black lines correspond to the
results obtained with the SPR-C technique. In terms of effectivity of the error estimator,
we observe that in all cases θ is above 1 (satisfies the upper bound property) and very close
to 1 (very accurate error estimation). Theoretically, for the SPR-FE the upper bound is
guaranteed but not for the SPR-C, however the results are quite similar. Regarding the
computational cost, we observe a considerable difference between the techniques. This is
due to the complexity of the technique used to solve system (11).

4.2 Problem 2. 2× 2 square in cylinder under internal pressure

The analytical solution of this problem corresponds to a pipe under internal pressure.
However, we have extract form the problem an squared area (green area) for the analysis
and we have run the FE analysis applying the corresponding Neumann boundary condi-
tions and constraining the rigid body motions. The problem model, material properties
and exact solution is represented in Figure 4, in polar coordinates.
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Figure 3: Problem 1. Q8. Global effectivity index θ and overall computational cost for
SPR-FE and SPR-C techniques.

a

b

P
L1

L2L3

L4

ur(r) =
P (1 + ν)

E(c2 − 1)

(

r(1− 2ν) +
b2

r

)

σr(r) =
P

c2 − 1

(

1−
b2

r2

)

σθ(r) =
P

c2 − 1

(

1 +
b2

r2

)

a = 5 b = 20 P = 1

E = 1000 ν = 0.3 c =
b

a

Figure 4: Problem 2: Model, material and analytical solution.

For this problem the upper bound property is not strictly guaranteed because the
tractions over the boundary of the domain (green area) cannot be represented by the
polynomial basis used for the recovery. However, in Figure 5 we observe again an upper
bound for the two techniques and the results are very accurate for all of them.

5 Conclusions

In this work we have presented a novel technique that is able to provide an upper
error bound in energy norm. This technique is based on the ZZ error estimator and it
uses an elaborated recovery procedure. Results showed that the computational cost to
obtain that recovered field is quite high in comparison with standard recovery procedures.
The main advantage of the SPR-FE is that, in contrast with other recovery procedures
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Figure 5: Problem 2. Q8. Global effectivity index θ and computational cost for SPR-FE
and SPR-C techniques.

such as the SPR-C, it is able to obtain guaranteed error bounds without any correction
terms. Nevertheless, the SPR-C is obtaining for these examples numerical upper bounds
and error estimates close to one. We are currently working to improve the computational
cost associated to the SPR-FE to make it competitive with traditional error bounding
techniques.
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