


the assumption of small-scale switching have allowed
researchers to analyze the local phase transformations near
the crack tip [12 14]. In recent years, another family of
continuum models aimed at explicitly describing the forma-
tion and evolution of individual ferroelectric domains in
single crystals has gained impetus, namely time-dependent
Devonshire Ginzburg Landau (TDGL) phase-field mod-
els of ferroelectric materials or related models [15 19].
Refs. [20,21] describe related models in micromagnetics.
These microstructural models have specifically been
applied to fracture, in all cases with a fixed crack. The for-
mation of domains near a crack tip has been studied under
applied electromechanical loadings, and the influence on
the mechanical J-integral has been reported [22]. The
small-scale switching patterns of simplified models have
been investigated with phase-field models [23]. For com-
pleteness, we mention that cohesive theories aimed at frac-
ture in ferroelectric materials have been proposed [24,25].

Here, the objective is to analyze the quasi-static crack
propagation and the ferroelectric domain formation and
evolution under combined electromechanical loads by
tackling the full complexity of the phenomenon, with the
goal of linking the microstructural details with the macro-
scopically observable response. For this purpose, we pro-
pose a coupled phase-field model for both brittle crack
propagation and microstructure evolution. In complex
moving interface problems, such as fracture in ferroelectric
ceramics, phase-field models are particularly interesting
since a single partial differential equation governing the
phase-field accomplishes simultaneously (i) the tracking
of the interfaces in a smeared way (cracks, domain walls)
and (ii) the modeling of the interfacial phenomena such
as domain wall energies or crack face boundary conditions.
Furthermore, the variational nature of these models makes
the coupling of multiple physics very natural. Such a model
has no difficulty in describing the nucleation of domains
and cracks, and tracking the evolution of the domain
boundaries and crack tips. This flexibility comes at the
expense of a high computational cost, since the width of
the phase-field regularizations of the domain wall and the
crack must be resolved by the discretization. Furthermore,
the specific interface boundary or jump conditions under
consideration must be encoded into the phase-field
framework.

To analyze quasi-static brittle fracture, we consider a
variational regularized model of Griffith’s fracture that
admits a straightforward numerical implementation [26
30]. This model and its numerical discretization allows nat-
urally for crack nucleation, branching and interaction
between multiple cracks. It smears the crack in contrast
with cohesive methods [31,32] and other sharp-crack mod-
els, such as the extended finite-element method (XFEM)
[33] or the strong discontinuity approach [34]. For the fer-
roelectric response, we follow the TDGL phase-field model
presented in Ref. [15].

The theory of the proposed coupled phase-field model is
introduced in Section 2. The simulation results for a simple
2

yet informative set-up of a rectangular sample under
mechanical and electromechanical loadings are reported
in Section 3. In order to elucidate the effect of each type
of load, only mechanical loading is considered at first.
The results for combined electromechanical loading are
presented next and compared to the previous ones. Both
electrically permeable and impermeable crack conditions
are considered. Section 4 summarizes the main results of
the paper.

2. Phase-field model for brittle fracture in ferroelectric

materials

The two phase-field variational models for ferroelectric
materials [15] and brittle fracture [27] are described sepa-
rately. Then, their natural coupling and its numerical
implementation is presented in the case of plane-polariza-
tion and plane-strain.

2.1. Phase-field model for ferroelectric single crystals

The Helmholtz free energy density of a ferroelectric
material is stated as [15,18]:

wðe; p;rp;DÞ ¼ UðrpÞ þ W ðp; eÞ þ vðpÞ

þ 1

2e0

ðD� pÞ � ðD� pÞ; ð1Þ

where e is the strain tensor associated with the mechanical
displacement u, e 1/2($u + $Tu), p is the polarization, U

is the domain wall energy density penalizing sharp varia-
tions in the polarization, v is the phase-separation poten-
tial, and W is the electroelastic energy density. These two
last energy densities penalize deviations from the spontane-
ous polarizations and strains of the material, hence intro-
ducing the anisotropy and nonlinearity of ferroelectric
materials. The first three terms in Eq. (1) indicate the free
energy of the material. The last term is the free energy of
the free space occupied by the material or the depolariza-
tion energy density [35]. It involves the polarization and
the electric displacement D p � e0$/, where / is the elec-
tric potential and e0 is the permittivity of free space. Fol-
lowing a Legendre transformation, the electromechanical
enthalpy density h is obtained [18]:

hðe; p;rp;EÞ ¼ min
D

wðe; p;rp;DÞ � E �D½ � ð2Þ

¼ UðrpÞ þ W ðp; eÞ þ vðpÞ � e0

2
jEj2 � E � p;

where E is the electric field defined as E � $/. The stres-
ses and electric displacements are derived from the electri-
cal enthalpy as r oh/oe and D � oh/oE. The energy
functions U,W and v in Eq. (1) are chosen following Refs.
[36,37], adapted to a plane-polarization and plane-strain
state:

Uðpi;jÞ ¼
a0

2
p2

1;1 þ p2
1;2 þ p2

2;1 þ p2
2;2

� �
; ð3Þ





for all admissible variations of the displacements, the
polarization and the electric field, and where 1/l > 0 is
the mobility of the process. The form of the variations of
the electromechanical enthalpy is given in Section 2.3, for
the coupled model.

2.2. Phase-field model for brittle fracture

Following Ref. [27], we adopt a variational regularized
view of Griffith’s fracture theory. The total energy of a
body made of brittle material and occupying a region X
is written as:

Ej½u; v� ¼
Z

X
ðv2 þ gjÞF ðeðuÞÞdX

þ Gc

Z
X

ð1� vÞ2

4j
þ jjrvj2

" #
dX

�
Z

CN ;u

t � u dS; ð8Þ

where F is the elastic potential as a function of the strain e,
and Gc is the critical energy release rate or the surface en-
ergy density in Griffith’s theory [40]. The elastic potential
F is the stored energy density as a result of deformation
of an elastic body. For a linear elastic material, this poten-
tial is a quadratic function of the strain, i.e. F ðeðuÞÞ ¼
1
2
eðuÞ : C : eðuÞ, where C is the elastic stiffness tensor. The

scalar field v provides a diffuse representation of the frac-
ture zone, j is a positive regularization constant to regulate
the size of the fracture zone and gj is a small (relative to j)
residual stiffness to avoid the singularity of the first part of
the energy in fully fractured regions of the domain. Natural
boundary conditions are adopted for v. This functional is
minimized in subsequent load increments, imposing addi-
tionally an irreversibility condition, namely that the field
v (informally, a measure of the integrity of the material)
can only decrease at any point in space during the incre-
mental process. The minimizers of the total energy develop
localized features, in particular localized regions with low
or zero values of v, where the smeared crack is located.

It has been shown that, as long as gj converges to zero
faster than j, this regularized theory converges to the sharp
theory of brittle fracture. Furthermore, it has been shown
that the finite-element discretization of this theory con-
verges to Griffith’s fracture theory when the mesh size
and j tend to zero in a concerted manner [29,30], as
described in Section 3.1.

The scalar field v is the phase-field parameter describing
a smooth transition in space between unbroken (v 1) and
broken (v 0) states of the material. By noting that v2 mul-
tiplies the elastic potential F, it is clear that the value v 0
effectively reduces the stiffness of the material to zero.
When the regularization parameter j tends to zero, this
transition becomes sharper. It can be seen that in the limit
of vanishingly small regularization parameter, the phase-
field model exhibits traction-free solutions on the crack
faces, as expected in the sharp-crack model. For a finite
4

but small value of the regularization parameter, as used
in practical computations, the resulting solutions are very
close to being traction-free in the smeared crack. For ferro-
electric materials, similar conditions can also be considered
for the electrical fields, as discussed in Section 2.3.

The first term in Eq. (8) can be interpreted as the bulk
stored elastic energy, while the second is the surface energy.
The crack propagation results from the competition
between these two energy terms. When the elastic energy
density F increases to close to a critical value in a given
region, it may become energetically favorable for the sys-
tem to decrease the value of v towards zero in that region
in order to release elastic energy. This comes at the expense
of increasing the second term in the energy, since devia-
tions from 1 are penalized. It is then understandable that
the optimal solutions will release elastic energy by forming
narrow regions of small values of v. However, since varia-
tions of v are also penalized in this second term, this model
produces smeared cracks, the width of which is governed
by the regularization parameter j. The critical value for
the elastic energy density is the energy level required to
overcome the surface energy and to develop the fracture
zone. By increasing the value of the critical energy release
rate Gc of the material, the surface energy increases propor-
tionally and it consequently requires a higher value of the
elastic energy density to nucleate or propagate cracks. It
can be checked mathematically that the integral of the sur-
face energy term converges to the surface area of the crack
when j tends to zero, as expected in the sharp-interface
model. For a finite but small value of j, as used in practical
computations, the second term will be a good approxima-
tion of the surface area of the smeared crack.

This total energy is nonlinear and nonconvex as a func-
tion of two variables u and v, but for a linear elastic body, it
is quadratic and convex in v and u separately. This obser-
vation has consequences in the efficient numerical imple-
mentation of this theory by means of an iterative
algorithm. For a fixed v or u, the minimizer of either
Ej(u,�) or Ej(�,v) exists, is unique and can be efficiently
computed solving a linear system of equations, with the
appropriate boundary conditions [28,29].

2.3. Brittle fracture in ferroelectric ceramics

To study the quasi-static crack propagation in ferroelec-
tric materials, we now form a total electromechanical
enthalpy that includes the enthalpy of a possibly fractured
ferroelectric material, together with the fracture surface
energy. From a physical point of view, the presence of
the crack affects only some of the contributions to the elec-
tromechanical enthalpy density h in Eq. (2). The specific
coupling between the field v representing the crack and
the other fields depends on the particular electrical and
mechanical boundary conditions adopted for the crack.
Note that in the phase-field model, these boundary condi-
tions become part of the field equations since the crack
faces are represented by an internal layer. By way of







approximately 80,000 triangular finite elements of size
h ’ 1. A monotonically increasing mechanical load is
applied by pulling the top and bottom sides of the model
with a uniform vertical mechanical displacement such that
u± (0, ± t), where + and � indicate the top and bottom
sides of the model, respectively, and t is the pseudo-time.
The vertical mechanical displacement is also constrained
at the top half and bottom half of the left side such that
u2± ± t. As this model does not have any pre-crack, this
extra boundary condition forces the crack to initiate at the
center-left of the model. For all the simulations, the initial
polarization pinit (1,0) is assigned along the positive x1

direction (see Fig. 3). Note that if the model is poled per-
pendicularly to the crack, then ferroelastic switching
becomes unfavorable [2] and the interactions between the
microstructure and the crack propagation become very
weak. As for the electrical boundary conditions, the electric
potential on the left and right sides of the domain is set to 0
and V, respectively. Therefore, different electrical loadings
can be applied in the horizontal direction by giving differ-
ent values to V. Since the free-space dielectric constant is
much smaller than that of the ferroelectric, it is assumed
that the normal component of the electric displacement
vanishes on other surfaces, i.e. D � n 0. All the bound-
aries are assumed to satisfy the free-polarization boundary
condition, including the non-crack boundaries.

The intrinsic fracture toughness of BaTiO3 is obtained
from experimental results of an annealed sample as
Kc 0.49 MPa m

p
[45]. The annealing procedure above

the Curie temperature shifts the ferroelectric sample into
the paraelectric state where domain switching cannot affect
the measured fracture toughness. Therefore, the measured
value is considered as the intrinsic fracture toughness of
the material. Taking the Young’s modulus and Poisson’s
ratio for BaTiO3 as E 100 GPa and m 0.37, respectively
(consistent with the elastic constants ci, i 1,2,3), the
value of the critical energy release rate in plane-strain is
obtained as Gc ¼ ð1� m2ÞK2

c=E ¼ 2 J m�2. The value of
normalized critical energy release rate is then calculated
as G0c ¼ Gc 1=a0c0

p
=p0 ¼ 4.

The value of the fracture regularization parameter j is
chosen based on parametric studies of the discretized sur-
face energy [29,30]. It was shown that with linear triangular
elements the surface energy is overestimated by a factor
1 + h/4j. For an accurate discretized surface energy, the
element size h should be much smaller than the regulariza-
tion parameter j, i.e. h/j� 1. In addition, the regularized
formulation requires a sufficiently small value of j relative
to other dimensions in the problem, for an accurate
approximation of the sharp-interface model of brittle frac-
ture. As a consequence, extremely fine meshes would be
needed to fulfill strictly these conditions. The computa-
tional cost of such large meshes becomes more pronounced
for the coupled model with six degrees of freedom per node
in the case of plane-polarization and plane-strain. Numer-
ical experiments indicate that setting j 	 h gives reasonable
results, although the computed surface energy can be
7

expected to be slightly overestimated [29,30]. For the simu-
lations of this paper, the regularization parameter is set to
twice the element size as j 2, i.e. h/j 0.5.

The residual stiffness gj must be chosen as small as pos-
sible in order not to add large artificial stiffness and permit-
tivity to the elements in the fracture zone. On the other
hand, it must be large enough to guarantee non-singularity
of the stiffness matrices used for the solution of finite-ele-
ment equations. These restrictions are usually satisfied by
choosing the residual stiffness of the order of j � 10 6

[28]. Here this value is set to gj 10 6 without any
observed numerical instabilities in the simulations.

The normalized scaling parameter of the domain wall
energy a00 is used to adjust the domain wall width in the
computational domain. This parameter has to be chosen
such that the variation of the polarization can be resolved
by the discretization while domain walls remain sufficiently
sharp relative to other dimensions in the problem. These
conditions are met in the simulations by setting a00 ¼ 0:1.
The domain walls width is then spanned with 4-6 elements
in the simulations, corresponding to 2-3 nm, of the order of
experimentally measured values in tetragonal ferroelectric
ceramics [46,47].

The remaining constants are chosen as follows. The toler-
ances to achieve steady states for ferroelectric domains and
fracture processes are dferro dvfield 10 3, the threshold to
detect the irreversibly fractured regions is a 2 � 10 2, and
the inverse mobilities are lp 1 and lv 15. One hundred
load increments are performed in each simulation
(n 100) with the pseudo-time interval of Dtn 3 � 10 2.
In addition, the normalized time step Dt0m ¼ 0:1 leads to con-
vergent and accurate solutions for the semi-implicit integra-
tion of Eqs. (15) and (16). The simulations are carried out on
parallel processors using the finite-element library of the
Kratos multi-physics package [48].

3.2. Mechanical loading

First, the sample is subjected to the mechanical loading
alone the electric potential on the left- and right-hand
sides of the sample being fixed to zero (V 0) and both
the permeable and impermeable crack models are
considered.

3.2.1. Permeable crack

For the case of permeable crack, as the load increases,
the field v starts to decrease around the center-left point
of the sample until it reaches the threshold to be considered
permanently fractured (v < 0.02) at load step t 0.9 and
the crack initiates. The contour of v in a small rectangle
around this initiation point is presented in Fig. 4a. Concur-
rently, the polarization vectors near the fracture initiation
zone start to change their orientations towards the vertical
direction as shown in Fig. 4b. This 90� ferroelastic domain
switching is due to high tensile stresses around the fracture
zone. By increasing the stresses during the following load
steps, the crack propagates and the domain of vertical
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