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Summary

We propose a simplified version of the Shifted Fracture Method (SFM), which relies
on an approximate fracture geometry representation combined with approximate
interface conditions. In particular, we show that the complexities of earlier SFM
implementations, associated with the use of a mixed variational formulation of the
equilibrium equations, can be avoided. This approach has minimal impact on the
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overall accuracy of numerical computations but leads to considerable gains in per-
formance. These outcomes can be justified because the proposed simplified SFM
accurately accounts for the area of the fracture surface and prevents the severe mesh
dependencies observed in classical cohesive zone models or node-release/element-
deletion techniques. We also show that the proposed approach can be combined with

a phase-field model to more easily capture branching and merging of fractures.
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1 | INTRODUCTION

The Shifted Fracture Method (SFM) was introduced by Li et al.' as an alternative to existing sharp-crack discretizations, such
as the Enriched FEM“13/XFEM?"22/GFEM3"28/Universal Meshes***2 and the more conventional element-deletion/node-
release techniques=>%,

The SFM originates as a specific application of the Shifted Boundary Metho
terface representation, in which the true fracture surface is approximated by a discrete (surrogate) fracture surface, composed of
full edges/faces of the computational grid used in the discretization. To avoid the spurious mesh dependencies typical of element-
deletion/node-release techniques, the SFM shifts (perturbs) the fracture interface conditions by means of Taylor expansions, so
that the shifted interface conditions on the surrogate fracture mimic the true interface conditions on the true fracture surface.

Li et al.! explored the potential of this approach in the context of cohesive fracture models>">%, which are intrinsically well
suited for the application of Taylor expansions, as the stress is prevented to become unbounded in proximity of the fracture tip.
In this case, the SFM acts as a sharp interface model, with accuracy similar to XFEM/GFEM, but much simpler data structures
and integration rules than XFEMs/GFEMs22, since no cut cells are produced by the surrogate fracture.

Metaphorically speaking, the surrogate fracture representation of the SFM becomes the new “universe” where mechanical
interaction occurs, and Taylor expansions compensate for the misfit between the surrogate and true universes. Furthermore, the
SFM does not require the introduction of numerical stabilization when small cut cells are produced by the true fracture®>*>Z,
because there are no cut cells in the formulation.

More recently, Li et al.*® attacked problems of fracture branching and merging, blending the SFM with a Phase-Field Method
(PFM)>>"Z in which the (diffuse) Phase-Field Model is applied in the fracture processing zone near the tip of fractures, while

d#"% and relies on an approximate boundary/in-
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the SFM sharp representation of the fracture is preferred everywhere else, with the goal of improving the overall computational
performance 573,

In its original form™%, the SFM required the implementation of a mixed variational formulation of the stress equilibrium
equations in the layer of elements neighboring the surrogate fracture surface. Although these initial implementations of SFM158
were shown to be overall efficient, from a practical perspective in the industrial context, it is sometimes cumbersome to develop
a mixed formulation of the equilibrium equation, in which the strain is solved as an additional/independent variable together
with the displacement field.

In this work, we propose a simple alternative, or trade-off, in which we forfeit the mixed formulation and its inherent improved
accuracy, in favor of the simplicity of an irreducible (primal) formulation, only in terms of the displacement variable. Numerical
computations demonstrate that this trade-off is advantageous and with minimal side-effects, in the sense that the computational
results are still mesh independent, and very similar to the fully-featured SFM',

Part of the reason of these rather surprising behavior of the SFM is that, even in this simpler instantiation, it correctly accounts
for the area of the true fracture. This is clearly seen in the variational equations, which contain terms that project the area of the
surrogate fracture onto the true fracture surface. We believe that this key feature is the main reason for the very encouraging
results documented in this work.

We call this new method the “simple SFM” and we also show how it can be blended with Phase-Field techniques analogous
to the ones found in the work of Li et al.*®. We recall that the advantage of a blended SFM/Phase-field approach is primarily in
the treatment of crack branching, since the Phase-Field can be effectively used to describe the behavior of the crack tip, but the
SFM is more efficient than the Phase-Field to model the tail of the crack, by representing it as a sharp surface of discontinuity.

We argue that one should always prefer the simple SFM approach presented here instead of the original SFM approaches' 2%,
because there are no significant differences in the numerical results between the two while the former offers a drastically simpler
implementation, reduced computational complexity, and shorter computing times.

This article is organized as follows: Section [2] discusses the implementation of the simple SFM in the context of cohesive
zone models; Section 3| details how to blend the proposed approach with a Phase-Field Model in the fracture processing zone;
and a summary of conclusions are presented in Section ]

2 | ASIMPLE SHIFTED FRACTURE METHOD FOR COHESIVE ZONE MODELS

We start the discussion recalling the key ingredients of the Shifted Fracture Method" in the context of cohesive fractures. Later
on, in Section [3] we will also discuss how the new approach proposed here can be blended with a Phase-Field Model to more
easily handle branching and merging of fractures.

We consider a typical scenario in which linear elastic fracture mechanics (LEFM) is not applicable, that is when the Fracture

Process Zone (FPZ) at the crack tip is not small compared to the size of the crack and the size of the specimen’®, and traction-
5052

separation relations on the crack faces inside the FPZ are introduced to propagate fractures

0Q

Q

FIGURE 1 The (true) fracture path I", and the fracture tip T',.. A zoomed view in the vicinity of the crack tip is presented on
the right.
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Geometrically, a fracture can be described as an embedded interface (see Fig.[I). There, Q is a connected open set in R"s with
Lipschitz boundary 0Q (where n; = 2, 3 indicates the number of spatial dimensions), I', is the fracture interface and T, is the
crack tip/front.

2.1 | The equations of static linear elasticity

The equations of linear isotropic elastostatics describe the deformation of a solid medium under prescribed external loading.
Consider the stress equilibrium equation

0=b+V-0o(cw), (1)

where b is the (volumetric) body force, V and V- are the gradient and divergence operators, respectively, and o is the stress
tensor. For elastic materials, the underlying stress-strain constitutive law is

o) =Ce), @

where e(u) = Viu = 1/2 (Vu + V’u) is the strain tensor defined as the symmetric gradient of the displacement field u (here
(-)" indicates the transpose of a tensor) and C = [C,;;,] is the fourth-order elastic stiffness tensor. For isotropic materials, C
collapses to

Cijkl = ’wij‘skl + /"(éikﬁjl + 5i15jk) > (3)

where the Lamé coefficients A4 and u are related to the Young’s modulus E, the Poisson ratio v, the bulk modulus «, and the
shear modulus G by the relations:

Ev E
Am—o—— =G=—"—, =A+2u/3. 4
A+wni-2vn * 20+ " ul @)
Under these hypotheses, (2) reduces to
o) = Atr(e@)I +2ueu), 5)

where tr(€) is the trace of the strain tensor € (g, in the Einstein repeated index notation). Assuming that the boundary I' = 02
is partitioned as 'y, UT", withI'; NIy = @, displacement boundary conditions

up, =up(x) (6a)
are enforced on I'j, and traction boundary conditions
cwnr =Cew)np =1ty(x) (6b)

are enforced on I'y,, where ¢ is the normal traction and n is the outward-pointing normal to the boundary I"y,.

2.2 | A Cohesive Zone Model

We consider a generalized cohesive zone model that encompasses Mode I and Mode II fracture propagation by means of a
constitutive relation between an equivalent traction and an equivalent fracture opening=>>"”, This can be considered as a
prototype for any cohesive zone model.

Consider the crack faces (i.e., the opposite surfaces of the crack on I, shown in the right panel of Figure[I]) and their respective
normals n™ and n—, such that n* = —n~ = n. A cohesive zone model relies on the definition of cohesive tractions t+ and t~ on
the faces of the crack I',. Hence, the cohesive zone model enforces the traction boundary condition

t=t,,(w) onl,, (7Ta)
where the crack opening w = w(u) along I, is defined as
wu)=u —ut = [u] (7b)
and [y] = ¥y~ — y* is the jump function. Note that the cohesive tractions must equilibrate, that is
t=t* =o' -n*=-ocw) " -n"=-t— onl,. (8)

The traction ¢, can be decomposed into a normal component 7, = ¢, - n and a tangential (sliding) component t, =t - T
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FIGURE 2 The cohesive law 7,,(w0,,).
(along a unit vector 7 that is given as a linear combination of the unit vectors 7, fori = 1,...,d — 1). Namely:

toph= t,n+1,T. )

Similarly, the crack opening w(u) can be decomposed in terms of a normal component w, = w(u)-n and a tangential component
w,=wu) - T:
wu)= w,n+w,r. (10)

T7H79:

In the generalized cohesive models described in , an equivalent crack opening w,, is introduced, and defined as

W, = /W2 + f2u?, 11

where f is a model parameter. The normal and sliding component of the traction are then expressed as757
wl’l
tn = teq(weq)w_ . (123)
eq
2 Wy
ty= p (W) ; (12b)
Wy
to—Tw,, for0<w,=w*<w,,w*>0,
*
t, (o) = 1 Wy, for0<w, <w*<w,,w =0, (12¢)
w
0, for Wy 2 Wy,

where these expressions are motivated by considerations on the energetic consistency of the constitutive model and are graph-
ically depicted in Figure E} The interpretation of the cohesive law function 7,,(w,,) is as follows: the traction force follows a
rigid response until the value 7, is reached (the vertical segment from the origin to the point (0,7,,) in Fig.[2), at which point the
crack faces are allowed to separate (weq > 0) and the cohesive traction follows the line 7, — Tw,, (i.e., the cohesive branch).
Note also that T' = ¢, /w,, > 0 is the magnitude of the (negative) slope of the linear profile of the cohesive traction law and
that, by definition, 7,,(w,,) = 0, which implies that the cohesive traction acts to close the fracture opening. In particular, the
or» for which 7, (w,,) = 0, corresponds to points on I', \ I',,,,. Hence, the range of values 0 < w < w,,, for which
1og(W,,) > 0, implicitly defines I',,. In the case in which unloading occurs in the cohesive zone, a history variable w™ tracks
the largest (equivalent) crack opening achieved at a point on the crack surface, and the unloading/reloading occurs along the line
(* /w*)w,,, which is also called the unloading/reloading branch (see again Fig. .

state w > w

eq’
Remark 1. Other cohesive laws are often utilized in practice, for example the exponential law ?,,(w,,) = 1., W/ e The
discussion that follows on the shifted fracture approach can easily be adapted to this case, and other variations on this theme.

Remark 2. A well-known drawback of the model presented here is its inability to prevent the interpenetration of the crack faces
(i.e., a negative crack opening w). Hence, the reader should not take this model too literally, but consider it instead as an example
in the much broader realm of application of the shifted fracture approach.
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The boundary value problem associated with crack propagation involves the solution of () under the elastic constitutive
law (2)), the (outer) boundary conditions (6) and the fracture interface conditions (7)) and (I2)). We also define the fracture energy

Wer

Gy = / oy (100,) 0 (13)
0
which collapses to G = t,,w,,/2 for the model at hand.

=

AN

FIGURE 3 The fracture path I',, the surrogate fracture path I",, and the distance vector & at two locations along T',.

2.3 | The true crack, the surrogate crack and maps

Consider now a family .7, of admissible and shape-regular triangulations of €, and assume that each triangulation is cut by the
crack I',., depicted as a blue curve in Figure 3]

The key idea in the Shifted Fracture Method is to shift the location where the fracture cohesive conditions are applied from the
true location of the fracture T, to a surrogate location T, represented by the red segmented curve in Fi gure and to appropriately
modify the interface conditions.

There are many ways to define the surrogate fracture. One way is to consider the edges (or faces) in .7, that are the closest to
I', in the sense of the closest point projection. We now define a mapping

M, T -T,, (14a)

X x, (14b)

using the closest point projection (see®348 for more details). M » associates to any point ¥ € I", on the surrogate crack a point
x = M (%) on the physical crack I', and a corresponding distance vector function 8y, , defined as

Oy, X) =x-x=[M-T]X). (15)

For the sake of simplicity, we set & = 8,;, where 6 = ||6]|v and v is a unit vector.

2.4 | Shifted traction-separation conditions

The goal now is to discretize the linear elasticity equations (T)) on Q with outer boundary conditions (6a)—(6b) on I', and to modify
the fracture interface conditions, so that they are applied on I", rather than T',. To this end, inspired by the ideas introduced
in®%40 3 first-order Taylor expansions of u o (u) are performed at the surrogate crack [,. Thus,

ux) := u(M,(x)) =ux)+ Vud)(*)+ R,(X), (16a)
(X)) 1= oM (%)) = o))+ (Vo(u) 6)(X) + R,(X) , (16b)
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where we have defined the extension functions #(X) := u(M (X)) and 6(X) := o(M (X)), and the remainders R, and R,
satisfy ||[R,(X)|| = o(||8]]) and || R (X)|| = o(||]]) as || 6] — O. Note that the term Vo (u), which involves the Hessian of u,
cannot correctly be represented when piecewise linear interpolation of the displacements is adopted. In this case, isreplaced
by the constant-in-space extension ¢(u(M ,(X))) = o(u(x)) + R, (X), where Ry, ;(X) = O(5). Neglecting the remainders R,
and R,,, we then have the approximation on [,

u(x) ~ u(x)+ (Vud)x), (17a)
6(X) ~ o(u(x)) . (17b)
Our goal is to enforce the cohesive zone model on the surrogate cohesive crack ', rather than on the true cohesive crack I, (see

again Fig.[3). In order to maintain accuracy and avoid mesh dependencies, the cohesive zone model (7) also needs to be adapted
appropriately. In particular, (7a) can be used to express 7 in terms of i as

i=¢6in=t,,(w@), onl,, (18a)

where f1(X) := n(M ,(X)). Approximating 6(u(X)) (%) ~ c(u(x)) n(x) and w(it) ~ wu(x)+(Vu 8)(X)), we obtain the shifting
of the cohesive zone model:

ocwit~ t,,,(wu+(Vu)d)), onl, . (18b)

Remark 3. The proposed approach is based on the validity of the Taylor expansion, which is a reasonable assumption in the

context of cohesive zone models, for which the stress is always bounded near the crack tip.

Remark 4. In some circumstances, high-order finite element approximations are utilized in computations. If piecewise
polynomials of order m are used as finite element basis for u, the Taylor expansions can be extended on I, as

U(x) = u(My(x)) = Su(x) + o(8(x)" ) (19a)
where
2 DEu(x)
Mmoo s 5
SMu(x) = u(x)+; o (19b)
and @é‘ is the directional derivative along & of order k, that is
| Ak
Pfu) =Y KO g 5o x) . (19¢)
. al! 0x*
aeN |a|=k
Hence, the high-order version of (I8a) would read
St o)A~ t,,,w(STu), onl,, (20)
where the approximation
2 = ooy - LS T o) .
ou(x)) = 85 (c(u(x)) + o(6(X)") = ou(x)) + 2 0 + 0(8(X)") 21
k=1 :

holds.

2.5 | Shifted variational equations

Throughout the rest of the exposition, we will use the Sobolev spaces H"(Q) = W™2(Q) of index of regularity m > 0 and
index of summability 2, equipped with the (scaled) norm

m 1/2
ol gy = <||v||iz(m + ||l(9)’°@"v||§2(g)> , (22)
k=1

where 2 is the kth-order spatial derivative operator and /(A) = (meas(A))'/? is a characteristic length of the domain A. Note
that H%(Q) = L*(Q). As usual, we use a simplified notation for norms and semi-norms, i.e., we set ||v|| ma = [0l g, and
[Vl = 1Z%0llg.q = 1250l 12 In the sequel, (u,v), = [ uvdw denotes the L? inner product on a subset @ C Q and
(u,v), = /C uvd{ denotes the L? inner product on the subset { C 0QUT,.
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The first step in the derivation of variational equations is the definition of the discrete function space used to approximate the
displacement u:

IHQ\T) ={v e (C@Q\T)) : vy, =up, v|e (P (T, VT € 7}, (23a)

where 2!(T) is the space of linear polynomial functions over the element T'. Essentially, yuh(Q \ [,) is the space of vector
functions that are piecewise-linear and continuous everywhere except across the interface I", and are compatible with boundary
conditions on 0Q \ I',.. Analogously, we can define the test function space

YHQ\T) ={ve @\ : vy, =0, v|e (P T), VT € F,}. (23b)
Testing the strong form (I)) of the equilibrium equations against ¢ € 7/, h(Q\ T,) and integrating by parts yields

(V. o)y + ([P (o, A+ ({d} . [o@ ). = (@, Bour, + (. 1y)r, - (24)
where we have defined the A-weighted average { v}, = Ax* + (1 — A)y~ of a quantity y for any A € [0, 1] C R, and the two
opposite faces of the crack are fci have outer normals Ai*, with fi = A™*.
The terms {o(u)} ;i1 and [o(w)]7 in (24) can then be expressed in terms of shifted fracture interface conditions. Starting
from the term {o(u)}} ;i1, we have
fo},n=foc},(a-mn+{@-71))7))
= (A(x) - n(x)) {ou(x)}, (%) + (A(%) - T;(X)) fo@x)}, ;%) , (25)
where the Einstein repeated index notation has been used for j = 1, ..., n,. Observe that {c(u(X))} , (%) = {oc i}, ~ {i}, =
f, when piecewise-linear interpolation is used to represent u. Then, applying (T7)),
fowl,i=@ i+ @-t){ow), %, onl,. (26)
Hence, using (I8a) and (T8b),
([$1, o i)r = ([PD,(A- )i+ @ - %) fo@}, ¥))r,
([el. (- )1, (wu+ Vud)))r + ([Pl (7- 7)o@}, )
(Ll (- Ayt (wu + Vud))r + ([Pl {o@)} (a — (- W), 27
where we have used again the decomposition of the normal 7 in terms of its components along it and Z;. Similarly, applying to
the term ({ @} ,_,. [[O'(u)]]ﬁ)fc the stress equilibrium condition [6(u)]] i = 0 yields
e} s lowln)r, = ({P}_y. A-DIs@IA+ @ - 7)) [c@IF))r
={e¢},_,. @- i’j) o] i’j>1”"c
=({{o}i_;, lcI(n - (- D)7 . (28)

Substituting (27)) and (28) into (24) yields

(Vo e, + ([P, (i - 1), (w(u + Vud))r. + ([P]. {o@)} (i — (- D).
+ (b} s lo@G — - D). — (@, By, — (Do tydr, = 0. (29)

where the symbol () over n has been omitted, for the sake of simplicity, and it is understood that all the fracture interface
integrals are taken over fc. In what follows, we will omit (7) over n whenever it does not cause confusion. The compete variational
problem then reads

Findu € yu"(Q \ f‘c) such that, V¢ € “//uh(Q \ fc) ,

#0w ¢) = 25 @). (30

where

B 9) = (V. o)nr, + (I, (- 1) (Wl + Vu )y
+ (11 {o @}, — G- mm)r. + (i, [6@G — (- mym))y. . (30b)
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LI ) = (Do, — (D), - (30¢)

Note that i — (it - n) n = (i - 7;) T; represents the projection of i on the space of tangent vectors to the true fracture surface.
Since the material on either side of the fracture is the same, we set A = 1/2 in numerical computations. Other choices should
be made when large jumps of material properties or mesh sizes occur across the crack interface.

Remark 5. In the case in which higher-order interpolations are used, as in Remark [4} following similar derivations to the ones
above, the variational statement [30] would hold true with replaced by

B w; 9) = (Vo 6@
+([@1, (7 - )t (W(SFW))r,
+([P]. {o@h ;i — {57 (@)}, - mn)y.
+({ P}, [o@la — 1S5~ (c@)] (i - n)n)y. . 31

2.6 | Shifted Euler-Lagrange equations

Integrating the first term of equation (29) by parts and accounting for potential discontinuities across the surrogate cohesive
crack fc, we have

(#.~V - 6) = byt — (DY 1. [6@]i)y, — ([p]. {o@)} ), + (b, on —ty)r,

+([@1. (@ - n)t,,(wu+ Vud))r +(lol, {oc@},(a—@-nn)r +({d},_;. lc@l@ - @ -nn)r =0, (32

which, after simplifying some boundary terms, yields

(@, =V o) —b)o\p + (P, cwn —ty)r —([Pl.(-n)({o@},n—1t.,wwu+ Vub))):
-}, a-nlocln)r =0, (33)
and corresponds to

-V.ow)-b=0, inQ\T,, (34a)
cun—ty=0, only , (34b)
(@ -n) (fo@},n—t,,(wu+(Vu)s)) =0, onl,, (34c)
@ -nocwln= 0, onTl,, (34d)

where the first two equalities are the enforcement of the balance of forces and the traction boundary conditions, while the last
two conditions are associated with the crack interface. In particular, (35a) enforces the cohesive law on I, approximated by the
Taylor expansion, and (35b) enforces the continuity of the normal component of the stress on I,, again approximated by the
Taylor expansion.

Remark 6. Role of (fi-n) in (34). The residuals (35a)—(35b) are multiplied by the weight (71-n), which represents the projection of
the curve/surface measure of the edges/faces in I', onto I',, in the two/three-dimensional case, respectively. This area correction
term is essential to avoid severe mesh dependencies in numerical computations and to correctly compute the work associated with
the crack cohesive forces. In other words, the virtual work statement associated with (35a)—(35b) is automatically self-correcting
for the effective true crack surface area. This is in contrast to the severe mesh dependencies found in node release techniques,
which rely on cohesive zone models defined over the edges/faces of the grid and induce large errors in the computation of the
discrete crack area and associated virtual work statement.

These considerations are general, and in a sense apply not just to the shifted fracture framework, but to standard node-release
or element-deletion strategies, within and beyond the context of cohesive zone models.

Remark 7. In the case of the higher-order discretization described in Remark 3] similar derivations to the ones above lead to the
following modified version of (34c)-(34d)

@-n) (£S7 " (c)},n—t.,w(STu) =0, onTl,, (35a)

@-n)[S7 " (cw)ln= 0, onl, . (35b)
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FIGURE 4 Estimation of the principal stresses at the tip of the true crack: The quadrature points used for the averaging of 6 4.

2.7 | Implementation of the Simple Shifted Fracture Method

In this section, we summarize the approach for the selection of the crack propagation direction and the update of the fracture
surface for the Simple SFM, which has computational complexity similar to a node release technique#39.,

Many of the approaches described here are not significantly different from the original work on the Shifted Fracture Method™.,
with the main differences are confined to the two-dimensional case. Since there are no differences in the three-dimensional case
with respect to the original work of Li er al., we point the reader to this reference for full details.

The propagation of the fracture is tracked by an iterative algorithm, which requires the choice of a direction of propagation
and an increment of crack length. The selection of the propagation direction is detailed in Section[2.7.1} the crack propagation
algorithms and data structures are described in Section [2.7.2]and the crack length increments are chosen with the arc-length
control strategy described in Section [2.7.3]

2.7.1 | Selection of the crack propagation direction
The Simple SFM is not tied to a particular strategy for the propagation of the fracture surface. We describe next two common

options: 1) the maximal principal tensile stress criterion, described in Section [2.7.1} and 2) the stress intensity factor (SIF)
criterion, described in Section[2.71]

Maximal principal stress criterion
The maximal principal stress criterion (e.g., see’80 and references therein) requires the fracture to propagate along a plane
orthogonal to the maximal principal stress observed at the tip. This approach is simple, although it might not be sufficiently
accurate when the crack surface is curved2?, as shown in the numerical tests of Section

In the specific case of the Simple SFM, the principal stresses are computed using an eigenvalue/eigenvector decomposition
of the stress tensor o(A) at the true crack tip A. Because the stresses are typically less accurate at the crack tip, their weighted
average in a neighborhood of the crack tip is used®?, namely:

o(A) = <6>B(A,l) > (36)

where, for a scalar a, the operator (-) g4 ;) is defined aslZ

/ wa dQ =
B(A.)NQ . e 27
a = = with w = —, (37
(@) pay fB(Al)nQ v do SEE )

with B(A,I) n Q the ball of center A and radius / and |y — A| the Euclidean distance of the point y from A. Hence, w is a
Gaussian function centered at A and / determines how fast the weight function decays from the crack tip. Figure []shows the
set B(A, ) used in the definition of the weighted average operator: for example, the quadrature point g, is used to compute (37),
while g, is not, as it lies outside of the ball B(A, /). In all numerical tests presented in Section 2.8} we take / = 2.5h.
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Stress intensity factor (SIF) criterion

The stress intensity factor criterion is computationally more involved than the maximum principal stress criterion, but is also
more accurate. The SIFs are integral quantities and converge with a much higher rate than the stress for a given discretization*72,
In addition, when shear effects are important in the development of cracks, the SIF approach is significantly superior.

FIGURE 5 Stress intensity factor calculation. Displacement components around the crack tip in a polar coordinate system (left)
and averaging region for the displacement gradients (right).

Specifically, we follow the approach proposed by Unger et al.”?, which avoids the computation of interaction integrals by
linking the analytic representation of the near-tip displacement field for a traction-free crack surface to the SIF through the

up(r,0) = Klﬁ‘ /écos (g) [K— 1 + 2sin’ <%)] + K“i”, /ésin(%) [K+ 1 +2cos? <g)] , (38a)

1 ro. (0 0 1 r 0 .2 (0
ur(r,0) = KIZ Emn(E) [K+ 1 —2cos? <5>] _K”ﬂ ECOS<§> [K— 1 —2sin? <5)] , (38b)

formula

where r and 6 are polar coordinates (see the left panel of Fig. , K = ?Jr;: for plane stress, k = 3 — 4v for plane strain and
H= 2(lliv)'

We present in detail the procedure we follow, since it is slightly different to the one outlined in the original SFM work". As
shown on the left panel of Figure[3] the polar coordinate system is aligned with the crack direction at the true tip A. Consider also
the quadrature points q, q,, g or q, associated to the first two fractured edges BA and C B, where the displacement components
u; and u;; satisfy equation (38b) with 0 = = or —x representing the opposite faces of the crack. Then, at each quadrature point,
:—I’I = ”#1’, and a more reliable mean value can be obtained by averaging over the four quadrature points (eight samples in total,
since two crack faces lie at every quadrature point). The crack direction is associated with the maximum circumferential (hoop)
tensile stress and can be computed using the formula

K
tan<&>=l—il L) +38, (39
2 4K;; 4 K;;

where the sign is chosen so that the hoop stress ¢, = %(0',’, +o)+ %(0'” —617.11)c08(2a,) + T ;7 sin(2e,) is maximal.
In the context of SFM, to obtain the displacement components u; and u;; on the quadrature points q,, g,, g5 or q,, a Taylor
expansion centered at the related surrogate quadrature points q,, 4,, 43 or 4, is performed, namely,

ut = u;; +(Vu) (40)

* d
qi B(g;.h™’
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where (Vu); is a weighted displacement gradient at the surrogate quadrature point g;, defined in analogy to (@7), and d is the
distance vector pointing from §; to the true quadrature point q;.

Since the crack discontinuity cuts the ball B(g;, /), the superscript “+" in <Vu>§(q,,1) indicates that only the elements lying
on one side of the crack are considered in computing the average gradient (see the sketch of "+" and "—" in the right panel of
Figure[5). As shown on the right panel of Figure [5] to compute the weighted displacement gradient on the "+" side at g;, only
the elements shaded in dark gray are selected when computing (Vu)ﬁ @’ because their barycenter lies on that side of the crack.

More specifically, the quadrature point Q, is used to compute (Vu)ﬁ(th), while Q, and Q5 are not, as Q, lies on the
of the crack and Qj lies outside of the ball B(g,, /). In the numerical tests, we take / = 3h.

non

side

2.7.2 | Crack propagation algorithms and data structures

The typical Simple SFM algorithms and data structures required to propagate the fracture are not much different from the data
structures required in a node-release technique>.

In the two-dimensional case, once a direction of propagation for the (true) fracture has been found (with the methods described
in Section , the surrogate fracture ", can be propagated and the location of the true crack tip can be estimated using the
distance vector d, as shown in Figure[6] This leads to a pseudo-loading step, in which the topology of the surrogate fracture is
updated in a first stage, and the topology of the true fracture is post-processed in a second stage.

f

N4 |

'e(N*)K‘eC ' |

i i
\ . \
(a) (b) (c)

FIGURE 6 SFM strategy for the propagation of a two-dimensional fracture.

To allow the feasibility of the nonlinear solve and in analogy to XFEMs/GFEMs®! and node-release techniques=, multiple
edges of I", are allowed to release, as long as they have a non-empty intersection with the ball (or disk) B(A, r), centered at the
surrogate tip A and of radius r, shown in Figure

Specifically, we take r = aph with a, = 2.5, that is, we allow about three surrogate edges at a time to release, as shown in
Figure In some sense, the parameter a,, relates to the arc-length parameter A/ discussed in Appendix

Since the surrogate fracture must propagate forward, the inner product of the unit vector e, (aligned in the fracture propagation
direction) and the unit vector e(N*) (aligned from the current surrogate tip A to the candidate new tip location N*) must be
positive, as shown in Figure For example, looking again at Figure the edge AN* (associated with the nodes A and N*)
is allowed as a candidate to propagate the fracture, while edge AN’ is disallowed. As detailed in Algorithm 1} the edge AN*
is eventually selected to propagate forward the surrogate fracture, since the distance from N ™ to the line along e, is minimal
among all the edges connected to the surrogate tip A.



12 | Li, Rodriguez-Ferran, Scovazzi

Algorithm 1 Topological update of the fracture in two dimensions.

I: initialization (n = 0): set the initial surrogate crack tip A, (as the closest boundary node to the true tip A,)
2: loop over n (fracture topology step)
3: Compute the weighted stress at the true tip 6(A,) = () g4 ) using (36) and 7)

4. Compute the maximum tensile principal stress o, associated with 6(4,,)

5: ife,>1,

6 Define the ball B(A,,r) = {x € R? : ||x — A, || < r} with radius r = a,h

7: Compute the fracture propagation direction at A, (unit vector e,) using either:
8 « the maximum tensile principal stress criterion (Section [2.7.1)), or

9 « the SIF criterion (Section [2.7.1))

10: initialization: iterate (i) = 0 and Ziﬁ)l =A,

11: while :4:11 € B(An, r) loop over the iterate (i)

12: Define .4 (321) as the set of nodes that are connected to 11:11 by an edge
13: loop over every node N* € .4 (Zi’il)

14: Set e(N™) as the oriented edge connecting :4::1 and N* e JV(ASL), thatis e(N") = A;ijrl N*
15: ife,-e(N")>0

16: Compute the distance d(N *) from N to the half-line emanating from A, in the direction e, (see Fig.
17 Add N™ to the set /(AL )= (M* € ¥ (A)) : e, -e(M*) > 0}
18: end if A

19: end loop over .4 (A:J)rl)
20: Select N* = arg minN*e(AH(AL“H) d(N") )
21 Add the edge e(N *) to the surrogate fracture I,
22: Update :4::11) =N~
23: end while loop over iterate (i)
24:  end if

25:  Apply arc-length Algorithm [2]to solve the nonlinear system of equations
26: end loop over n

Remark 8. In a number of preliminary tests not reported here for the sake of brevity, the SFM proved to work also in the case
in which the forward propagation of the surrogate fracture is not enforced and the surrogate fracture is allowed to zig-zag back
and forth. This is because the area correction associated with the term n - 2 automatically corrects the fracture area. Note also
that non-monotonic loading and self-contact/crack closure conditions can be incorporated in the proposed algorithm.

Remark 9. Observe that in the case of a standard node-release technique®>, the discrete crack path follows the edges of the grid
and a new edge connected to the tip is released when its neighboring elemental normal stress 6,, = n - on reaches the critical
stress ?,,. Here n is the normal vector attached to the edge.

2.7.3 | Arc-length control for the Newton-Raphson method

Because many of the numerical tests performed induce snap-back responses, the Newton-Raphson iteration is complemented
by an arc-length strategy. The methodology utilized here is identical to the one used in the original work of Li et al.!, and for
this reason it will only be described briefly.

In the version of the arc-length method we propose, the control variable is tuned to scale with the crack opening w,,(u). Let
wah denote the set of quadrature points g of position x,, for the edges/faces of the surrogate cohesive zone I, ,,. The control
parameter A/ in the arc-length method is defined as the norm of the vector of crack opening increments at the quadrature points
on the surrogate crack:

> (Aw,w(x,))’ = AP (41a)

9€2r,,,

a,w,,\>2 Rl =) [t w. \° G
AP =n, N (28— g2y BUZVD (Tt \© ) g2 \2) OE (41b)
qs 2N, P EGg 4 p 4y E
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where Ny, if the number of quadrature points per edge/face of the elements attached to the fracture surface (in two/three
dimensions, respectively). Note that equation (41a) is the constraint that characterizes the size of an increment in this crack-
opening arc-length control strategy, whereas equation is an estimate that was derived by Li et al.'l, based on mechanics
considerations.

Consider now a discretization of the solution (in our case, by piecewise-linear approximating finite element spaces), so that
the unknown u is approximated in terms of the degrees-of-freedom array x, that is u(x) = u[x](x). Then the variational form (30)
leads to the algebraic system

R(x; 4) = F,,(x) — AF,,, =0, (42)

where F,,,x is associated with the internal mechanical forces and F,, is a reference external load, with the parameter A controlling
the amount of load applied. We present next a strategy to relate the increment A4 to Al defined in @1)), which in turns relates
A with the fracture energy G, the elasticity moduli E and G, and the grid spacing A. For a step » in the loading process, the
system of equations (42)) can be linearized about the iterate (i) as

OF,, 01" . A A o D .
OFin ) )] 8x — (AW + 5AMF R (x5 49) + KV 6xD — 619F (43)

0= Fin,(x§j>)+[ ax

where K = [9F,,,(x)/0x] s). The solution of (43)) is

oxV = ox)  + 54D x() (44)

extn ?
where éxgzm = —[KP1' R (x?; 40) and x,, = [K¥]"' F,,. Equation (@3) needs to be solved at each iterate of the Newton-
Raphson procedure associated with a specific loading step n. The overall solution and load control parameter at step # and a
final iterate (1) can be expressed as

n—1 I n—1 I
xD = x, + ZAxk+25XS) ; Al = /10+ZA/1,C+25255) ; 3)
k=1 i=1 k=1 i=l
—_——— —— —_—— ——
X, AXD Ao NG

where x¥ = x,_; and A” = 1,_,. Then (@) can be used to define the arc-length control strategy

2
-1 i ) 2
Y (g (X 40X, + 62050, 1)) = w,, (%, 1)) ) = AP, (46)
9€2r,
where (@3) has been restricted to only the unknown x, with x(=" + x? + 620" = x0. Equation (@) is a quadratic
equation in éﬂs) that has in general two roots. The root that satisfies the condition

E=Aw! ,  (Awl D +swl) )= Aw! _ Awl) >0, (47)

eq,n eq,n—1 eq,n —
is selected, implying that the increment Aw,, ,_
length strategy is summarized in Algorithm 2]

1 and Awfj) must be roughly pointing in the same direction. The overall arc-
q.n

2.8 | Numerical results

A number of computational benchmarks in two and three dimensions are presented next, in which the simple SFM proposed
here is compared with the original SFM of Li et al.' and other well-known references. The plane strain assumption is adopted
for all two-dimensional numerical simulations.

2.8.1 | Two-dimensional three-point bending specimen

The geometry of the three-point bending specimen is shown on the left of Figure [7]and consists of a rectangular beam of height
b =0.15m, length | = 4b, and thickness s = b. The material properties are: E = 36.5 GPa, v = 0.1, ¢, = 3.19 MPa, where E is
Young’s modulus, v is Poisson’s ratio and ¢, is the normal critical stress. The load F is distributed over a strip of length 0.01 m,
symmetric with respect to the midpoint of the beam. The beam is simply supported at both ends and the horizontal displacement
is prevented by the right support, as shown on the left of Figure [/l The performance of the SFM is assessed for values of the
fracture energy G, = 5 N/m, G = 50 N/m and G = 200 N/m, which span from brittle to ductile fracture behavior. Because
the setup of this test induces a Mode I fracture, we set the shear effect parameter g to zero. The true crack path is computed from
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Algorithm 2 Arc-length method based on the crack opening control.

1:
2
3
4
5:
6
7
8
9

17:

while [|R(x; AD)|| > £, [IRXQ; AO)|| (with R(x); A) defined in #2))

Compute 5x') = —[KP1IR (x?; A7) and X0 = [KY1'F,,

int;n ext;n
Substitute 6x§;)t;n and xi’it;n into (@6) and find the two roots to the quadratic equation in & ifj)
for each of the roots 6 /13_)1 and 6/1;".)2
Compute 6x” using #3) ’
Update the total increments Ax?”) = Ax(=1 4 5x(
Compute E[§4] = AweTq’n_lAwg;’n
end for
if max(8[64" 1, E[64")]) < O then
exit the while loop ’
return to line|1|and increase the arc-length radius Al? (to avoid the closing of the crack)
else
Set A9 = arg max(Z[647), 1, E[54 1)
Update x(" and A" using equations #3)
Update iterate (i) - (i + 1)
dC(')tr.npute the residual R(x(*"; 20+D) in equation (@2)
end i

18: end while

<
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FIGURE 7 Left: Geometry and setup of the three-point bending specimen. Right: Non-dimensional load-deflection curves for
brittle response (G = 5 N/m). The simple SFM is used on four different meshes and compared to references in the literature.

the surrogate crack path using the distance vector 6 and the maximal principal tensile stress criterion is adopted to choose the
fracture propagation direction.

Four computational grids (denoted Mesh 1, 2, 3 and 4 and detailed in Table |I[) are used in the calculations, with an average
mesh size in proximity of the crack path of 4 = 5 mm, A = 2.5 mm, 2 = 1.25 mm and A = 0.625 mm, respectively. Meshes 2,
3, and 4 are obtained by nested refinement of Mesh 1.
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Meshes Number of elements Number of nodes Average element size around crack path
Mesh 1 1,565 851 5 mm

Mesh 2 3,477 1,828 2.5 mm

Mesh 3 10,513 5,385 1.25 mm

Mesh 4 19,318 9,774 0.625 mm

TABLE 1 Mesh properties for the three-point bending specimen.

—*—NRT, Mesh 1, h=5 mm
0.3 & NRT, Mesh 2, h=2.5 mm
- SFM, Mesh 1, h=5 mm
—--SFM, Mesh 2, h=2.5 mm
0.251 4 Li et al. Mesh 1, h=5 mm

cr
e
[}

Load/(t_b?%)
IS

0.1

0.05

{ g : |
0 1 2 3 4 5 6 7

Mesh 2 Mesh 3 Deflection/b x10™

FIGURE 8 Three-point bending specimen with fracture energy Gy = 5 N/m. On the left, the crack path for the NRT (green,
continuous) and the SFM (blue, continuous) on different meshes. The black dashed line shows the exact vertical crack path and
the blue dashed line the reference solution of Li ez al.Y. On the right, the non-dimensional load-deflection curves for the NRT
(green curves), the simple SFM (blue curves) and the original SFM of Li et al.' (magenta curves).

As the load F increases, the bottom of the mid section is the location where the maximal principal stress first reaches the
normal critical stress 7,,, and a crack develops upward. Because of the symmetry of the problem, the crack path is vertical.

The right of Figure [7|shows the non-dimensional load-deflection curves for G = 5 N/m, which induces a sharp snap-back
response. The simple SFM described in this work produces results in excellent agreement with the SFM by Li et al.'!, the adaptive
mesh refinement approach of Carpinteri and Colombo~?, and the XFEM of Moés and Belytschko®!,

A comparison of crack paths is shown in Figure (8| where the simple SFM is compared to the original SFM of Li et al.' and
the Node Release Technique (NRT, clearly mesh dependent). For the NRT, the approximate crack path follows the edges of the
grid, and the cohesive interface conditions are imposed on the approximate crack (depicted in green in the two plots on the left of
Figure [). This difference in approximation has also very important consequences in the profiles of the non-dimensional load-
deflection curves, shown in the right panel of Figure[8] The NRT produces large oscillations in the load-deflection curves and
a large overshoot for the peak load, because the direction of propagation of the crack is highly influenced by the orientation of
the fractured edges. Instead, for the simple SFM proposed here, the crack direction is not tied to the edges’ orientation, and, as a
consequence, we obtain very smooth load-deflection curves without overshoots or oscillations. The simple SFM also compares

well with the SFM solution obtained by Li et al. I since both introduce the area correction factor n - fi discussed in Remark@of
Section



16 Li, Rodriguez-Ferran, Scovazzi

-e-SFM True Crack
-e-SFM Surrogate Crack
-e-NRT Crack

-A-Lj et al. True Crack
-A-Li et al. Surrogate Crack
—--Reference First Order

FIGURE 9 Three-point bending specimen with fracture energy G = 5 N/m. On the left, graphical sketch of the crack position
error e, depicted as the dark gray area between the surrogate crack path (red) and the exact path (black). On the right, con-
vergence of e, for the simple SFM (solid red/blue curves, for the surrogate/true fractures, resp.), the original SFM of Li et al. 1
(dashed red/blue curves, for the surrogate/true fractures, resp.), and the NRT (solid green).

We consider next, as a measure of the numerical error in simulations, the integral of the gap between the computed and exact
crack trajectory, that is the shaded area shown on the left of Figure[0] Namely

ep=/|xe—xp||np-ne|de (48)
Fp

where I', is a computed crack path, and x, and x,, are the x-components of points x, and x, on the exact and computed crack
paths I'.., and I, respectively. In the specific case of the SFM, can be evaluated with I", = [, for the surrogate crack path,
orT", =T, for the estimated true crack path. In the case of the NRT, instead, (48) can only be evaluated on T, = fc;NRT, that is
a fracture path composed of full edges of the grid, where, in general, I',.\gr # I'.. Note also that the exact crack path is vertical,
so thatn, = (1,0).

The right panel of Figure E] shows the convergence of the error e, for the three-point bending specimen test, comparing
the simple SFM, the original SFM, and the NRT results. The crack position error e, does not converge for the NRT, while it
converges with approximately first-order accuracy for the simple SFM and the original SFM. The SFM of Li et al.'is clearly
showing superior accuracy, but the slope of the error is similar for both SFM versions. In combination with the results depicted
in Figure@, the e, plots demonstrate that discrete fracture produced by the simple SFM correctly converges to the exact fracture
location, and this in turn produces the correct energy release, minimizing if not eliminating spurious mesh dependencies.

For completeness, we show in Figure[I0]the results from three-point bending specimen simulations with the SFM and higher
levels of fracture energy, which induce more ductile behavior. In particular, Figure[T0|shows the non-dimensional load-deflection
curves with fracture energy G = 50 N/m and G = 200 N/m. Also in this case both the SFM implementations agree closely
with classic references®38l, Similar fracture energetic considerations apply in this case.

2.8.2 | Two-dimensional L-shaped panel
In this second numerical example, a mixed-mode crack is investigated in an L-shaped panel 8282, The geometry, loading and
boundary conditions are shown in Figure[ITa] where a = 0.25 m, b = 0.22 m and the thickness ¢ = 0.1 m.

The material properties are Young’s modulus E = 20 GPa, Poisson’s ratio v = 0.18, fracture energy G = 100 N/m, normal
critical stress 7, = 2.2 MPa and shear effect parameter § = 1.5. The load F is distributed over a strip of length 0.01 m centered
at the location indicated in Figure [ITa] Stress Intensity Factors (SIFs) are used to select the direction of propagation of the
crack 87,
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FIGURE 10 Three-point bending specimen. Non-dimensional load-deflection curves for the fracture energy G, = 50 N/m and
G =200 N/m.

Experiment
~4-Mesh 1, h=6 mm
—-Mesh 2, h=3 mm
—--Dumstorff & Meschke
—--Li et al.

(a) Geometry and setup. (b) Comparison of crack paths. (¢) Comparison of crack paths (zoom).

FIGURE 11 L-shaped panel test. Left: geometry and setup. Center: true crack paths, for the simple SFM (blue), the SEM of
Li et alV (magenta), the XFEM of Dumstorff and Meschke™ (red), the experiments of Winkler82 (gray). Right: zoomed view
of crack paths. True crack for simple SEM (blue, continuous), true crack for the SEM of Li et al.l (blue, dashed), surrogate
crack for the simple SFM (red, continuous), surrogate crack for the SFM of Li et all (red, dashed), NRT crack path (green),
uncertainty band from Winkler®? (gray).

Figure [TTb] shows the comparison of the true crack path for both implementations of the SFM, against the computations of
Dumstorff and Meschke and the experiments of Winkler®2,

Both the simple and standard SFM solutions agree well with the reference numerical result of Dumstorff and Meschke and
lie within the experimental uncertainty bracket of the experiments of Winkler®2. As expected, the simple version of the SFM
produces slightly noisier crack trajectories, but still well within the uncertainty of the experimental results. Figure shows a
comparison of the crack paths obtained from the two SFM implementations and the NRT for Mesh 1. The NRT crack path does
not match the experimental results.
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gl Experiment 1
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FIGURE 12 Load-deflection curve for the L-shaped panel test: simple SFM (blue), NRT (green), SFM of Li et al.l' (magenta),
Dumstorff and Meschke 8 (red), Winkler experiments®2 (gray).

In Figure the load-deflection curves of the simple and originall' SFM implementations also match the reference numerical
and experimental results. The NRT produces a higher peak load compared with the SFM and the reference computational and
experimental results.

2.8.3 | Two-dimensional four-point bending specimen

Next, we consider the four point bending specimen®?, described by the setup of Figure The geometrical parameters are
b=02m,! =4b,a = 0.2b, c = 0.4b and the material properties are Young’s modulus E = 28 GPa, Poisson’s ratio v = 0.1,
fracture energy G = 100 N/m, normal critical stress ¢,, = 1.75 MPa and shear effect parameter § = 0. Both loads F; and
F, are distributed over a strip of length 0.02 m centered at the locations indicated in Figure Figure and show a
comparison of the crack paths for the two SFM implementations and for different meshes against the classical references in the
literature® 183,

As shown in Figure[I3B] the curved crack paths computed with both versions of the SFM and the maximal principal tensile
stress criterion agree well with the numerical results of Carpinteri et al.®3, in which the same criterion was used. Similarly, in
Figure the SFM crack paths agree well with the XFEM computations of Moés and Belytschko®, where in this case both
methods use the SIF criterion for fracture propagation.

Figure [13d/and[13¢]show that the load-deflection curves for both F, and F, are in good agreement with the numerical data®153,
In particular, when using the stress intensity factor criterion to estimate the direction of the fracture propagation, the SFM results
are in very good agreement with the numerical results of8, which also proposed stress intensity factors for propagating cracks.
A very severe snap-back is observed for the F; — A curve, where A, is the deflection under the load F;.

Figure[I4]compares both SFM versions with the NRT crack paths at different loading stages on Mesh 1. The top row refers to
the maximal principal tensile stress criterion. As in previous tests, the SFM provides mesh independent and overall more accurate
crack paths, compared to NRT. The bottom row refers to the SIF approach to select the fracture propagation direction. Also in
this case we see good agreement between the original and simple version of the SFM, without the obvious mesh dependencies
of the NRT.
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(b) Simple SFM true crack path (maximal tensile princi-
pal stress criterion) compared with references.
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(d) Load-deflection curves for the loads F| (triangular
markers) and F, (circular markers), using the maximal
tensile principal stress criterion.
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(e) Load-deflection curves for the loads F, (triangular
markers) and F, (circular markers), using the SIF crite-
rion.

FIGURE 13 Four-point bending specimen test®83. On the top, the geometry and setup of the problem. Crack paths are depicted
on the middle row of plots and load-deflection curves on the bottom row. The results in Figures [I3b] and [T3d] are computed
estimating the crack propagation direction with the maximal tensile principal stress criterion. The results in Figures and[13¢]
are computed estimating the crack propagation direction with the stress intensity factor (SIF) criterion.
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FIGURE 14 Crack paths at different loading stages for the four-point bending problem. The plots on the top row were computed
using the maximal principal tensile stress criterion for crack propagation. The plots on the bottom row were computed using
stress intensity factors as crack propagation criterion. Simple SFM true crack (blue, continuous), true crack for the SFM of Li et
al ' (blue, dashed), simple SFM surrogate crack (red), surrogate crack for the SFM of Li et al.! (red, dashed), NRT crack paths
(green).

It becomes clear from this test, that the simple implementation of the SFM, if complemented with appropriate strategies for
estimating the direction of fracture propagation, is in very good agreement with the original SFM and the more complicated
implementations of XFEM/GFEM.
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2.8.4 | Three-dimensional three-point bending specimen

This example revisits the numerical test in Section[2.8.1] now extended to three dimensions. The material properties, boundary
and loading conditions are the same, except that here the thickness of the specimen is also considered, for the case in which
G =50 N/m.

Two computational grids are employed: Mesh 1 (with 5,118 tetrahedral elements and 1,087 nodes) and Mesh 2 (with 19,130
elements and 3,657 nodes), with mesh sizes in proximity of the fracture of 13 mm and 6.5 mm, respectively.

The results are similar to the two-dimensional version of the test. Figure [I5]shows the propagation of the true (blue) and
surrogate (red) crack surfaces at different loading stages. The true crack surface of the simple SFM (blue) is nearly vertical and
very close, in location, to the true fracture surface obtained with the SFM of Li et all (magenta). Figure shows the non-
dimensional load-deflection curves obtained with the two grids employed. The simulations show convergence and the results
are not dissimilar from the two-dimensional case. The agreement between the simple and original SFM is remarkable.

-

FIGURE 15 Three-dimensional three-point bending specimen test (G = 50 N/m). The top row shows the true crack surface
(blue), surrogate crack surface (red), and the true crack surface for the SFM of Li er all (magenta) at different steps in the
evolution of the fracture. Observe that the estimated true surface of the fracture is virtually flat and vertical for both the simple
and original versions of the SFM. The bottom row shows a side view of the surrogate fracture surface.

2.8.5 | Three-dimensional pull-out test

Next, we consider a pull-out test of a steel anchor embedded in a concrete cylinder. The geometry and boundary conditions
are shown in Figure The material properties are Young’s modulus £ = 30 GPa, Poisson’s ratio v = 0.2, fracture energy
G = 106 N/m, normal critical stress t,, = 3 MPa and shear effect parameter f = 1.0. Load F is applied on the green surface
in Figure [I7] Table [2]shows the average sizes and properties of the three meshes used in the SFM computations.
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FIGURE 16 Three-dimensional three-point bending specimen test with fracture energy G = 50 N/m. Non-dimensional load-

deflection curves.
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FIGURE 17 Geometry and setup of the three-dimensional pull-out test.
Meshes Number of elements Number of nodes Average element size around crack path
Mesh 1 10,690 2,176 50 mm
Mesh 2 13,122 2,745 30 mm
Mesh 3 23,443 4,791 15 mm

TABLE 2 Mesh properties for three-dimensional pull-out test.

Figure [T8]shows the propagation of the true (blue) and surrogate (red) crack surfaces at different loading stages. The true
crack surface computed with the simple SEM develops a conical shape that agrees well with the results of the SEM of Li ez al.™

(the magenta surface virtually overlapped with the blue surface).
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FIGURE 18 Three-dimensional pull-out test: True crack surface (blue), surrogate crack surface (red) and the true crack surface
for the SFM of Li ez al.T (magenta).

Figure[T9|shows the very good agreement of the load-deflection curves computed with the simple SFM and the earlier version
of the SEM of Li ef al ¥ (in magenta).

3 | BLENDING THE SIMPLE SFM WITH A PHASE-FIELD METHOD

The simple SFM described so far can also be combined with a Phase-Field approach, similar to Li ef al.5¥ In this case, as
shown in Figure, the phase field model is restricted to a neighborhood f!, of the tip of the crack, where it governs the fracture
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FIGURE 19 Load-deflection curves for the three-dimensional pull-out test. Comparison of the simple SEM results for the three
grids of Tableagainst the results of the SFM of Li et al.' on Mesh 3.

processing zone. As the crack evolves, if an element leaves the neighborhood Q, of the crack tip, its damage field variable is set
to zero and is not computed any longer.

The advantage of a blended SFM/Phase-field approach is primarily in the treatment of crack branching, since the Phase-Field
can be effectively used to describe the behavior of the crack tip, but the SFM is more efficient than the Phase-Field model for
the tail of the crack, by representing it as a sharp surface of discontinuity.

As done in Li et al.”%, we consider a Phase-Field Model in which the strain energy is additively decomposed into tensile and
compressive parts, which we refer as the fension-compression split model:

Yo(e) = ‘P0+(£) + ¥ () . (49)

Various splittings of the type in (@9) have been proposed, among which the popular spectral decomposition of the strain tensor
of Miehe er al.*® Let {¢,},_; , be the principal strains and {e,},_; , the principal strain directions, so that € = &, +¢&_
withe, = Y < ¢, >, e; ® e;, where < a >, = (a + |a|)/2. Then,

W = 2i(w(@), + p(e) (50)

The corresponding regularized total energy functional is such that only the tensile strain energy is affected by the degradation
function g(d):

2
E(u,d) = / (8% (ew)) +¥; (e@)) AV + GF/ (% + é|w|2> v . 51)
Q Q
Minimizing (5T)) leads to the phase-field equations. We consider here a hybrid approach suggested by Ambati et al.®:
V-o(ew),d) =0, (52a)
Pad+d= ZLa—aym+, (52b)
Gr
with
oY,
o(ew),d) = gd)— , (52¢)
oe

_ a2 + -
() 1= { (1-d)* where V7 >Y, (52d)

1 elsewhere .
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FIGURE 20 A sketch of the basic idea behind the blended Shifted-Fracture/Phase-Field Method. The phase field damage model
is defined over the domain Q, (the set of dark grey elements that intersect a ball of radius r, from the estimated location of the
crack tip T',) and it is used to propagate and branch the fracture from the tip T, (the dashed blue lines in the sketch). A shifted
representation of the sharp fracture also coexists with the phase field in the domain Q,, with shifted zero traction boundary
conditions imposed over T',.

Here, the history variable©6>

Ht(x,1) = 512?2?’3(8(30, 7)) (53)

is used to incorporate damage irreversibility in the model. In this hybrid model, the equilibrium equation (52a)) is the same as
in a model without splitting between tensile and compressive strain energies. The damage equation (32b), on the other hand,
is the same as in the tension-compression splitting approach and only the maximal tensile strain energy H*t drives damage.
The energy splitting is also accounted for in equation (52d), as damage degrades the stiffness in zones where tension dominates
over compression, whereas the full elastic stiffness is retained if compression is dominant. With this hybrid model, no spurious
compressive cracks are obtained, while keeping the two subproblems linear in the staggered solution approach7¥

In terms of boundary conditions, referring again to Figure shifted traction-free boundary conditions (%,,, = 0) are applied
on I, in conjunction with a shifted version of the boundary condition Vd - n = 0 for the damage variable. The boundary
condition Vd - n = 0 for the damage field is also enforced on the frontier Q, of the neighborhood L.

3.1 | The shifted phase-field variational equations

The first step in the derivation of (shifted) variational form for the phase-field is the definition of . d" «Q, \T",), the discrete space
of functions used to approximate the damage d:

IIQN\T)={qe CO/Q\T) : ¢y € 2'(T).T€ Z,.TNQ, #0}. (54)

Hence, .7 dh(fl, \ I',) is a space of globally continuous functions except across the surrogate crack interface I', that are also
compatible with the boundary conditions on dQ \ I",.. Note in particular that the space .7 d" (Q, \T",) is defined only over Q,, since
we restrict to this region the phase field model. Specifically, €2, is the set of elements T' € .7}, that intersect the ball B(T ., r,)
centered at the crack tip T', and of radius r, = 8h, where A is the average mesh size near T',. Namely,

Q, ={Ures T : TOB(T,,r)# B}, (55)
as shown in Figure We also define the test function space
YO NT) = MO N\T ). (56)
Testing (52B) against g € ¥/(Q, \ T",) yields
(¢.~1Ad +d)g . = <q, 2La- d)H+> , 57)
L Gr B\,
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where the numerical solution is in general discontinuous across I',. Integration by parts of (57) yields

Gyl Gpl = Gr + +
<Vq, TVd> ) +<[[11]] HVd}},l e +(faki_, > [[Vd]]'n>fc+< < 5 T H >d> = (¢.H )Q,\f . (58)
AV QNI ¢

The shifted version of the boundary condition Vd-n = 0 can be derived with steps similar to the ones followed for the equilibrium
equations in Section [2.5] again neglecting V(Vd) since d is represented by a piecewise linear function basis:
(Lqll, §Vd}, - A) = (gl {(V)}, - (R -mn+ {Vd}, - (R -7)7,)p
= (gl {Va}, - @a- 1']‘)1'1‘>1~"C
= (lqll. {Vd}, - (A — (@ - mn)r . (59
(fad,_- VAl = ({a},_ 1 IV - (- mn+ [Vd] - (A - T))7))r,
=({lg},_;. Vd] - (a- Tj)"’j)fc
=({a} -1, IVd] - (A = (A - )y . (60)
Substituting (39) and into (38) we obtain

Gpl Gpl
<Vq, —Fw> + == (gl {VdY, - G = G- mm); +{{qh—, [V - (i = @ - mm)y. )

2 OF,

G
+ ( <7 + H+> d> ~ =(@HY)g\ - (6D
QAT
Hence, combining (29) and (61)), the final variational problem reads
Findu € SMQ\T,) and d € /] (Q,\T,) such that, Vvw € ¥"Q\T,) andvqg € Y} Q\T,),
B s p) = L9 @) (62a)
AN N d g = LV g (62b)

where %’gﬁd\r Yu; ) and zgiﬁ\ﬁv](@ are defined as in (02) with t.,, = 0 and the damaged stress model (52c)-(B2d), and

O\F Gl Gl
BN dg) = (w%w)~ = (gl VD, - (o= G mm)e + (b, VA - @ = @ - mm)yr, )
QI

+< <G—+H+> d> , (620)
21 QN

D%E:Q’\F ](q) ( q, )Qt\f*z . (62d)

Due to the fact that the material on either side of the fracture is the same, we decided to choose the averaging parameter A = 1/2
also for the damage evolution equation.

Remark 10. When a high-order discretization is used, using higher-order Taylor expansions, the following generalization
of is obtained

O \F Gl Gyl
B M) = T (V. Vo, + =~ (gl (VdY, -~ (S (V)Y - (- mm)r.

GFI ~ m—1 ~ G +
+t- (g} VD -2 = 1SS (VDI - (- n)n))r + —21 +H" )d - (63)
QNI

c

3.2 | The Euler-Lagrange from of the shifted phase-field equations

The Euler-Lagrange equations associated with the blended shifted Phase-Field approach can be obtained integrating by parts
equation (61) and carefully accounting for potential discontinuities across the surrogate crack [",. After manipulating and
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FIGURE 21 Crack branching. Schematics of the propagation of the sharp crack representation using the blended SFM and
phase field model. Fracture propagation is constrained to occur in a ball B(T .,,, r,) of radius r;, and centered at the location T .,
of the crack tip at the nth step of the fracture update algorithm.

c;n2

simplifying the boundary terms on I",, we have

Gl Gl
- (q, —V- w) - —— (Iqll, {Va}, - @-mn)e +({qh,_;, [Vd] - (@ - m)n)y. )
2 o\ 2

G
+<q,<2—f+H+>d> = (. H )g\p » (69
AVM e

which corresponds to

—I’Ad +d - 2—1(1 -d)H =0, inQ\T,, (65a)
F

Vd-n=0, ondQ,, (65b)

(f-n){Vd},-n=0, onl,, (65¢)

@-n)[Vd]-n= 0, onT, . (65d)

In particular, (63d) is the damage evolution equation, (63b) enforces the Neumann boundary conditions on dQ,, and (65¢)—(63d),
considered together, enforce the Neumann boundary condition Vd -n = 0 on [, (instead of ", in contrast with the work of Li et
al%). When linear interpolation is used, this discrepancy in principle introduces first-order errors, but that has minimal effects
on the overall accuracy of the numerical results. Note again the presence of the area correction factor (7 - n) in (65¢)—(65d).

Remark 11. When the high-order discretization of Remark [[T]is used, the Euler-Lagrange conditions (65¢)—(65d) are replaced
by

@-m{S;y ' (Vd)}, -n= 0, onl , (66a)

c

@-n)[S; ' (V) -n= 0, onl, . (66b)

3.3 | Implementation of the blended shifted-fracture/phase-field method

In this section, we discuss the blended shifted-fracture/phase-field method’s practical implementation and in particular how to
realize the transition from the diffuse to the sharp representation of cracks. The procedures and data structures described here
are very similar to the ones described in the original work of Li et al.®8.

We assume that we are at the step » of the crack evolution procedure, that the sharp tip of the crack has reached the point T ..,
and that, accordingly, the domains Qt;n and Qf;,, have been defined. Hence, the solution of (62)) provides a damage field d over
Q,. We proceed next to describe the procedure with which the location of the true crack tip T e is updated to T so that a
new problem (62)) can be defined and solved and the stepping can continue.

The key idea in this regard, taking a cue from Figure 21] is to use the damage field d to construct a sharp representation of
the fracture in the form of a ray segment emanating from T, and of a specific length. To fix the ideas, let B(T ,.,,, r;) be the ball

c;n+1>

cin?
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Algorithm 3 Topological update of the fracture in two dimensions. The evolution of a fracture is tracked by storing in appropriate
lists the sequences of true and surrogate crack tips locations, T(f ) and T(J ) , for each of the crack branch, where n is the counter
of the crack evolution step and (j) is the index identifying the crack branch

1: begin initialization

22 Create #7 = J ; JL’}(FE’: ()J), the history list of crack tips associated with the crack branch Fi’ ()] (at stage n = 0)
3: Initialize /7, = 0

4. Create the list of possible new crack origins & = J i ﬁ(T’ ), to branch new cracks from the “tail” old ones

5. Initialize O = @

6:  loop (j) over each initial crack branches Fi’ ()) cTy=U; Fi’ ()] (Fi’; ())Acould just represent nucleation points)

7: Define the initial location of the true/surrogate crack tip pair [T(’ ) ij())]

8: Append [Ti’: ) (’)] to jfT(F(’ ), the history list of crack tips associated with the crack branch F(’ )

9: Append [Tg) E’())] to ﬁ(TJ 4

10:  end loop over (j)

11:  Create the set %, of elements for which the damage d needs to be reset to 0 before the next crack evolution step
12: end initialization

13: for 0 < n < N (step to evolve the fracture topology)

14 Solve the variational form (62))

15:  Reset (or initialize for n = 0) Z, = 0

16:  loop over each crack branch Fij 2, cI',., indexed by (j)

17: loop over each history crack tip [T(’ ) Tijl] in ﬁ(Tj )

18: Setup the ball B(TY r,) = {x € R2: llx —TY || < r,} with r, = ah (see Fig. [21a)

19: Construct the set %(TU)) of elements with d > d = 0.8 and fully contained in B(T' /|, ;) (in light grey in Fig.|2 i
20: Construct the set . (T(f )) of elements with d > d = 0.8 and intersected by 0B(T(’ ) ry) (in dark grey in F1g )
21: Use Algorithm to spllt /(TU)) =, [J(TU))]k into separate subsets J(TU)) ], (see Fig. and

22: loop over the kth subsets [.¥ (T(cf;zl)] cs (T(c’;;)

23: Use Algorithm 4] to:

24 « extend the true crack l"(cjz, by segments [ E’L] « from TE’;, with k > 1 (k > 1 if branching occurs)

25: « extend T'Y), by [[Y)],, with k > 1

26: Compute and store a new crack tip pair [T(’l)7 0 T(j) a1 10to the list F27.(I ,)1)

27: If crack branching occurs, create a new list %(F(J M) for J = 14+ max{,j} and add to it [T(’ ) T, v 1)

28: Store the elements that have an intersection with B(T(’) ro)\ B(T(’ i l® r,) into Z, (see Fig.

29: Remove from %, the elements that have an intersection with B(T(’ SARPLY )

30: end loop over [.7(TY)], (i.e., k)

31 end loop over [ng, T? ;]

32:  end loop over Fﬁ’; (.e., j)

33: Use Algorithm@to update O, to setup the balls B(TE{Z,, r,) and the domain ng ), for all branches §))]

34:  Setup Q(ff) for all branches (j)

35:  Reset the damage d and its history to O for the elements in %, (i.e., elements falling outside the active phase-field regions)
36:  Duplicate nodes on FC = U F , to represent a sharp surrogate crack

37: end for

centered at T',.,, and of radius of r, (see Figureor. Specifically, we take r, = ah with & = 4, where A is the approximate
grid size near the tip T .., of the fracture. This is to say that approximately four edges of the surrogate fracture are allowed to
release from the surrogate crack tip Tn (see Figure or .

The proposed crack propagation strategy, detailed in Algorithm[3]and sketched in Figures[2T)and[22] allows for multiple edges
on T, to release, as long as they are fully contained in or intersect the ball B(T,.,,rp). As the edges are released, the degrees of
freedom are duplicated on these edges to represent the discontinuities, and the displacement and damage variable solutions on
the new duplicated nodes are directly copied from the original nodes.
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Algorithm 4 This method computes the new orientation of the true crack path segment [FE’;Z,] « and builds the associated surrogate

crack path segment [f‘gz,] k-

1. Define the subset [.# (Tifi i C %(Ti{z) Urs(r g;)] . of elements T that are intersected by rays emanating from Ti’z and
connecting to the nodes of the elements in [.# (T(c{ ,)1)] « (intersections are easy to check using inner products of ray and node
coordinates, see the light and dark grey regions labeled “2” and “3” in Fig. [21c])

2: Seek the new orientation of the true crack path segment [F(cfz,] « by minimizing e; = ||d — d(x, [Fﬁ{i,]k)ll Lqaavy, Witha
bisection method, see in Fig. 2Ic|the two dashed true crack segments labeled “2” and “3”)

3:  Initialize the bisection algorithm using the pair of rays computed in stage[I| that span the widest angle

4 for p < 8 iterations

5 Compute the new e([ip I

6 iffle” — M) < 1078

7 exit the for loop

8 else choose a new direction using the bisection algorithm

9 end if

end for

11: Build the surrogate crack path segment [1:82,] « associated with [FE’:;] « and compute the corresponding distance vectors [63)] X

with a closest-point projection method (Fig. and Fig. show examples of [ng,]k and [1:2{,),] « for crack branching
and merging)

—_
@ ¢

(@ (b) (0 (a)

FIGURE 22 Crack merging. Schematics of the merging occurring between two cracks or a crack and the boundary, when using
the blended SFM and phase field model. The propagation of the fracture is constrained to occur in a ball B(T
and centered at T ..,, the location of the crack tip at the nth step of the fracture update algorithm.

rp) of radius r,

c;n’

c;ne

Let us consider first the case of crack branching shown in Figures 2TaH21d] (crack merging is similar). As shown in Figure
21a} the elements inside B(T .., r,) with d > d., are first selected (the elements shaded in grey). The default value d,, = 0.8
was used in the numerical experiments.

The set of elements satisfying the condition d > d., is further decomposed into branches using Algorithm [5|(see Figures[21b}-
[21c). A similar approach is used in the case of a crack merging with another crack or the boundary, as shown in Figures[22aH22d]

The strategy to detect the directions along which the fracture propagates, branches, or merges is inspired by Borden et al. 8+
and Geelen et al. 3, who proposed an analytical expression for the auxiliary damage field d(x,T",) in proximity of a sharp crack
pathT,:

] (67)

where dist(x,I",) is the distance from point x to I'.. The new segment y,.,,, to be added to the sharp crack path I, (already
present at step #) is computed from the continuous damage field d that solves (62)) by setting up the minimization problem

< dist(x,Fc)>
dx,T)=exp{ — | ,

Yemel = arg m?in |d —d(x.T,.,u )7)||L2(Q (68)

>
fsprop)
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Algorithm 5 This method updates the elements in ‘K(Tif: :l) and . (TE’,' Zl) and decomposes .¥ (Ti’_' 2‘) into separate groups, which
will be later exploited in crack branching and merging.

1: loop over each element T € %(T&’:;)
2:  if T shares a node with a surrog’ate crack f“g”;) with m # j (see the dark gray elements in region “1” of Fig. |
3 Add T to .# (Ti’: ZZ) and remove T" from %(Tﬁ’: ZZ), because the surrogate crack f‘é’; is about to merge into l:(c’"n)
4 endif ’ ’ ,
5. end loop over T

6: Decompose . (TE’:;) = U [SI (TE’:L)] « into disconnected, non-overlapping collections [.# (T g;)] «» by iteratively grouping

elements that connect through a node (see the dark grey regions labeled “1,” “2,” and “3” in Flg [21D)

7: loop over T € [.7(TY)],
8:  if T is connected to fﬁ’l (e.,T € Qg), see the dark grey region labeled “1” in Fig. b
9: Remove [ . (T(c{ ,)1)]  from & (TEJ;;), because these elements track the existing fracture path.
10:  endif

11: end loop over [.7(TY)],

Algorithm 6 This method constructs the sets ij) where the Phase-Field Method is active, for all branches (j), and the data

structure O, used to branch new cracks from the tail of preexisting cracks. Specifically, 07 = |J i 0, where ﬁ(Tj ) =
{[T(’:) s T(J_) 1, [T(J,') s T@ ], ...} is the list of potential origins of new crack branches.
0;1 0;1 0;2 0;2

1: Initialize the list of possible new crack origins & (used to branch a new crack from the “tail” of an old one) as &, = §
2: loop over each surrogate crack branch 1‘82,
3. loop over each node ng) S fﬁ’i,

4: if the damage d (x[ng ) > d,,e; = 0.5 (check if the damage level can potentially produce a new crack)
5. loop over [T, T,] € #-(TY))

6: if ||x[ng)] —x[T ]|l £r,/2 (T, is chosen sufficiently close to ng))

7: Construct the ball B(T ., r,) around T,

8 Construct the domain Qy) associated with B(T ., r,) and add it to Q, = | J i f!;j )

9: Append [T, T,.] to Or(j)

10: end if

11 end loop over JfT(FE{))

12: end if

13:  end loop over nzj)

()
14: end loop over I';,

where ', =T, U7,.,, and the minimization occurs over a region .., that will be subsequently specified, and in general
restricts the length of the new sharp crack segment. In particular, Algorithm 4] details the steps of this process, which results in
the addition of a new crack segment to I', and, by closest-point projection techniques, the extension of the surrogate crack path
[, and the computation of its distance & from I, (see Figures . The detailed steps that have been briefly described here
can be found in Algorithm|I]

The previous discussion describes a simplified approach for the propagation of a single crack, and roughly relates to the sketch
on the left of Figure [20] However, this strategy cannot represent the evolution of secondary cracks emanating from the sharp
“tail” of an existing fracture, since the ball B(T.,, r,) is centered at the tip T ..,. To obviate this issue, a new crack propagation
ball is instantiated every time the damage field d surpasses a lower critical value d, ., = 0.5 inside an element in Q, \ &, (i.e.,
an element that lies on the tail of the surrogate crack). Hence, new fractures are allowed to grow from crack tail, if sufficient
damage accumulates. Algorithm [6] presents more details on the construction of these additional fracture propagation regions.
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FIGURE 23 Asymmetric branching test: Geometry and setup (left) and load-deflection curves (right). On the right, load-
deflection curves obtained with the simple SFM+PF are computed on three grids generated by nested refinement (blue curves),
with characteristic element size indicated in the legend. These computations are compared with the results from the original
SFM+PM of Li et al.” (dashed magenta curve) on the finest of the three grids.

3.4 | Numerical results

We consider two prototypical tests for a comparison between the proposed simple version of the Shifted-Fracture/Phase-Field
Method and its original form=®. In what follows, we will use the acronym SFM+PF for the Shifted-Fracture/Phase-Field Method
and we will specify if we refer to the original version by Li et al.* or the simple version detailed in Section

3.4.1 | Asymmetric branching test

We consider first an example of asymmetric crack branching, induced by specific boundary conditions rather than material
heterogeneities.

Figure 23] shows, on the left, the geometry and load/displacement boundary conditions. The domain size of the square plate
is [-1,1] X [—1, 1] mm with a horizontal notch (of length 0.1L = 0.1 mm) on the left at mid-height. Vertical displacement
boundary conditions are applied on the top and bottom of the square plate as depicted in Figure 23] with
(x=1)

6 ) ’
g0 = up S (69b)
Both horizontal and vertical displacements are imposed to vanish on the right boundary of the square plate. The material prop-
erties are: Young’s modulus E = 20 GPa, Poisson’s ratio v = 0.3 and fracture toughness G = 8.9 X 107> kN/mm. The length
scale parameter in the phase field model is set to / = 0.006 mm. The displacement increment on both top and bottom boundaries
are set to Auy, = 0.00012 mm.

Since f(x) > g(x), the displacement is more pronounced at the top boundary than the bottom boundary and a primary crack
nucleates from the tip of the notch and propagates to the right and upward. Then, as shown in Figure 24] a secondary crack
branch is initiated when u, ~ 0.0655 mm.

To capture the propagation of the secondary crack, both the simple and original SFM+PF formulations automatically establish
another local phase-field computational domain at points along the primary crack where the damage variable d reaches the
threshold nucleation value of d,,,.,, = 0.5. Note that this feature is essential to capture the secondary branch: models that assume
that cracks can only propagate from crack tips”**23 would only detect the primary crack.

The right of Figure [24] shows a comparison between the load-deflection curves obtained with original and simple SFM+PF
formulations. In particular three grids obtained by nested refinement are considered for the simple version SEFM+PF (blue solid

J(x) = up (69a)
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FIGURE 24 Asymmetric crack branching test computed with the simple SFM+PF formulation. The three pictures in the top
row show the evolution of the phase-field computational domain Q,, while the three pictures on the bottom row show contours of
the damage variable d. From left to right, the snapshots correspond to an applied displacement u;, = 0.02136 mm, 0.0708 mm
and 0.08 mm, respectively. As shown in the pictures in the center column, two overlapping phase-field regions f}, are present for
the upper branch of the crack, since at some point on the surrogate crack “tail” the condition d > d,,,.;, = 0.5 is met. Later on,
however, the propagation of the tip of the crack releases the stress in the tail, and the condition d > d,,,., = 0.5 is not met. Then
the additional phase-field region is suppressed, but a new one appears in the lower branch of the crack, as seen in the pictures
in the right column.

curves), with characteristic element sizes 4 = 0.016 mm, 0.008 mm, and 0.004 mm, respectively. The simple SEFM+PF is then
compared to the original SFM+PF of Li er al.58 (magenta dashed curve) for the finest grid. The two methods deliver virtually
identical results, as also shown in the crack patterns depicted in Figure 23]

Figure 26| shows the effect of changing the radius r, (i.e., the size of the region f), where the phase-field model is active,
described in Figureand Sectionrazl) and the radius r,, (i.e., the size of the sharp crack propagation neighborhood B(T,.,, r;),
described in Section [3.3). The force-deflection plots indicate that r, < r, is a necessary condition to avoid spurious effects on
the solutions and that the numerical results are not particularly dependent on the choices of r and r, as long as r, > r, + 3h.

3.4.2 | Multiple cracks test

In this example, we consider a multiply cracked plate test inspired by Muixi ef al. 73, in which cracks can merge. We consider a
square plate occupying the domain [0, 2] X [0, 2] mm, with three pre-existing cracks. Figure [27)shows the geometry, loading and
boundary conditions. The bottom and left boundaries of the plate are held in the vertical and horizontal directions respectively.
The right and top boundaries are displaced horizontally and vertically, respectively, by the same amount u, = u, = up. The
material properties are: Young’s modulus E = 210 GPa, Poisson’s ratio v = 0.3, and fracture toughness G = 7.5 X 107>
kN/mm. The length scale parameter for the phase-field model is / = 0.01 mm and the increment of the imposed displacement u ,
is Auy, = 1 x 107> mm. Three grids are considered, again obtained with nested refinement and of average mesh size 4 = 0.016
mm, A = 0.008 mm and 2 = 0.004 mm, near the fracture locations.
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FIGURE 25 Asymmetric crack branching test. Left: crack paths over the deformed configuration are shown for simple SFM+PF.
Right: zoomed view of the true (blue) and surrogate (red) crack paths around the branching point, on the finest grid. The simple
SFM+PF results are plotted with continuous lines, while the original SFM+PF results are plotted with dashed lines: very little
difference is observed between the two.
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FIGURE 26 Asymmetric crack branching test. Load-deflection curves obtained with the simple SFM+PF approach for Mesh
2 with different choices of the radius r, (associated with the size of the phase-field region &,) and the radius r, (associated with
the crack propagation neighborhood B(T.,.,, r;)). On the left, r, = 4h and r, = 10h on the right.

n?

As shown in Figure @ when u;, increases, the vertical pre-existing crack 2 will first start to propagate and merge into crack
3, then crack 1 starts to propagate and merges into crack 2, and, eventually, the plate is broken into four pieces.

Figure [29] shows that very similar crack paths are obtained with the simple or original SFM+PF formulation. This result
is further demonstrated in Figure [30] where the load-deflection curves for the simple and original version of the SFM+PF are
indistinguishable on the finest grids used in computations.
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FIGURE 27 Geometry and setup of the multiple cracks test. The overall computation domain is Q = [0, 2] mm X[0, 2] mm.

0.8 0.8

—0.7 —0.7
—0.6 —0.6
—05 —05
—04 —04

0.3

0.2

0.9
0.8
—-0.7
—0.6
—04
0.3
0.2

FIGURE 28 Multiple cracks test computed with the simple SFM+PF formulation. The three pictures in the top row show the
evolution of the phase-field computational domain fl,, while the three pictures in the bottom row show contours of the damage
variable d. From left to right, the snapshots corresponds to an applied displacement u;, = 0.001904 mm, 0.003128 mm and
0.0032 mm, respectively.
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FIGURE 29 Multiple cracks test. Left: crack paths over the deformed configuration are shown for simple SFM+PF. Center and
right: zoomed views of the true (blue) and surrogate (red) crack paths near the merging points, on the finest grid. The simple
SFM+PF results are plotted with continuous lines, while the original SFM+PF results are plotted with dashed lines: very little
difference is observed between the two.
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FIGURE 30 Horizontal (left) and vertical (right) load-deflection curves for the multiple cracks test, obtained with the simple
SFM+PF on three grids generated by nested refinement (blue curves, with characteristic element size indicated in the legend).
These computations are compared with the results from the original SFM+PM of Li et al.”® (dashed magenta curves) on the
finest of the three grids.

4 | CONCLUSIONS

We have presented a simplified implementation of the Shifted Fracture Method, which does not rely on a mixed displacemen-
t/strain variational formulation in the vicinity of the fracture, as in the original implementations 8. This new formulation of
the SFM vastly reduces the computational burden of the original approach, while maintaining its accuracy and robustness and
avoiding mesh dependencies in practical numerical computations. We argue that the main reason for the good quality of the pro-
posed simplified SFM is the accurate representation of the area of the fracture surface and the associated fracture energy release.
Because also this new version of the SFM does not introduces cut cells, it completely avoids all difficulties of other embedded
interface methods, related to numerical integration and data-structure management for elements intersected by fractures.
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In summary, we argue that one should always prefer the simple SFM approach presented here rather than the original SFM
approaches'®%, since there are no significant differences in the numerical results and the simple SFM offers a simpler and more
flexible implementation as well as faster solution times.
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