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Abstract

A strategy to construct physics-based local surrogate models for parametric Stokes flows and coupled Stokes-
Darcy systems is presented. The methodology relies on the proper generalized decomposition (PGD) method
to reduce the dimensionality of the parametric flow fields and on an overlapping domain decomposition (DD)
paradigm to reduce the number of globally coupled degrees of freedom in space. The DD-PGD approach provides
a non-intrusive framework in which end-users only need access to the matrices arising from the (finite element)
discretization of the full-order problems in the subdomains. The traces of the finite element functions used for
the discretization within the subdomains are employed to impose arbitrary Dirichlet boundary conditions at
the interface, without introducing auxiliary basis functions. The methodology is seamless to the choice of the
discretization schemes in space, being compatible with both LBB-compliant finite element pairs and stabilized
formulations, and the DD-PGD paradigm is transparent to the employed overlapping DD approach. The local
surrogate models are glued together in the online phase by solving a parametric interface system to impose
continuity of the subdomain solutions at the interfaces, without introducing Lagrange multipliers to enforce
the continuity in the entire overlap and without solving any additional physical problem in the reduced space.
Numerical results are presented for parametric single-physics (Stokes-Stokes) and multi-physics (Stokes-Darcy)
systems, showcasing the accuracy, robustness, and computational efficiency of DD-PGD.

Keywords: Reduced order models; Proper generalized decomposition; Overlapping domain decomposition; Non-
intrusiveness; Stokes-Darcy; Parametric flows

1 Introduction

The simulation of highly viscous flows and their interaction with permeable environments is a relevant problem
in many fields, from environmental sciences (e.g., subsurface pollution transport) [1] and microfluidics (e.g., lab-
on-chip design) [2] to chemical engineering (e.g., filtration systems) [3] and biomedical engineering (e.g., blood
flow perfusion in tissues) [4]. Physical models describing these interactions of free-flow regions and porous media
classically rely on coupled Stokes-Darcy models [5].

Whilst the computation of one instance of such problems has been extensively studied in the literature, the case
in which physical and material parameters, boundary conditions, geometric configurations, and operating scenarios
depend on user-defined parameters still represents a computational challenge for existing methodologies. Difficulties
of the resulting parametric Stokes-Darcy model include: (i) high-dimensionality of the parametric problems; (ii)
large number of globally coupled degrees of freedom in space; (iii) multi-physics nature of the system. It is worth
noticing that effective solutions have been proposed to tackle (i) and (ii)+(iii) independently. The former rely on
reduced order models (ROMs), e.g., reduced basis, proper orthogonal decomposition and, more recently, scientific
machine learning to circumvent the curse of dimensionality [6–9]. The latter employ either non-overlapping or
overlapping domain decomposition (DD) strategies to reduce the number of coupled unknowns in the physical
domain [10–14].

This work aims to go beyond this dichotomy by concurrently exploiting the dimensionality reduction capabilities
provided by proper generalized decomposition (PGD) to represent parametric flow fields [15–17], and the reduction
of the size of the spatial problems obtained by means of the interface control domain decomposition (ICDD)
paradigm [18, 19]. The proposed methodology builds upon the DD-PGD framework introduced in [20, 21] for
parametric scalar convection-diffusion-reaction equations, inheriting its appealing properties, while extending and
generalizing multiple aspects of this approach. For the sake of completeness, note that DD for local surrogate
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modelling has been extensively studied in recent years in conjunction with a posteriori ROMs, relying on both
overlapping [22, 23] and non-overlapping [24–26] strategies. Interested readers can also refer to [27, 28] for some
recent reviews.

The DD-PGD strategy constructs a physics-based a priori ROM as a rank-one approximation in each subdomain
by means of a greedy algorithm. In the offline phase, this approach circumvents the need for sophisticated sampling
strategies that would be needed, e.g., in the context of proper orthogonal decomposition (POD) and a posteriori
ROMs, where a reliable dataset of solutions spanning the whole parametric space is required . A detailed comparison
between a priori and a posteriori approaches can be found, e.g., in [29].

Surrogate models based on PGD are here coupled with overlapping DD strategies to decouple the degrees
of freedom of the different spatial subdomains, avoiding the introduction of a global parametric solution at the
interface and the imposition of continuity of fluxes required in non-overlapping approaches. In this context, this
work presents a demonstrator of the suitability of the DD-PGD framework to construct non-intrusive, physics-
based local surrogate models for parametric multi-physics systems governed by systems of linear partial differential
equations. In particular, the end-user only needs access to the matrices arising from the spatial discretization of the
full-order problem in each subdomain, with arbitrary Dirichlet boundary conditions imposed at the interface. Such
conditions are obtained by introducing a parameterized representation of the trace of the solution at the interface,
exacerbating the high-dimensionality of the problem mentioned above. The linearity of the operator is thus exploited
to reduce the dimensionality of the local parametric problems via superposition. Once the PGD local surrogate
models are computed, they are evaluated in the online phase by simply performing interpolation in the parametric
space, without the need to solve any additional problem in the reduced space, exploiting the non-intrusiveness of
PGD-ROMs [30–36]. Finally, the local surrogate models are glued together solving a small interface problem in
real time, without any call to the full-order solver. It is worth noticing that the DD-PGD strategy introduces
a computational advantage also with respect to local POD-Galerkin approaches. Indeed, in the online stage, at
each iteration of the algorithm solving the interface problem, POD-Galerkin requires the preliminary solution of a
set of reduced problems to generate the local surrogate models. Alternative a posteriori strategies, closer to the
rationale of the proposed DD-PGD method, could be devised exploiting data-driven approaches, e.g., using POD
with interpolation or machine learning-based ROMs. Interested readers are referred to the recent review [37].

In addition, the present work goes beyond the state of the art by presenting, for the first time, PGD-based
local surrogate models for a coupled, multi-physics problem, involving both scalar (i.e., pressure) and vector-valued
unknowns (i.e., velocity). More precisely, the DD-PGD method is extended to parametric Stokes problems and
coupled Stokes-Darcy systems. The methodology is completely transparent to the choice of the full-order solver
and numerical experiments show that both LBB-compliant and stabilized finite element formulations, see [38, 39],
are suitable for the construction of accurate and stable local surrogate models. Moreover, the overlapping approach
underpinning the DD-PGD method only requires imposing equality of the local PGD velocity (or pressure) at
the interface. This enables our approach to outperform existing PGD strategies based on domain decomposition
by circumventing the need to introduce separated representations of either the Lagrange multiplier that imposes
continuity of the solution on the entire overlap as in [40], or the trace of the unknown solution as employed in [41].

The rest of this article is organized according to the following structure. Section 2 describes the multi-domain
formulation of the parametric Stokes problem, extending the DD-PGD framework to the offline construction of
local ROMs for incompressible flows and their online coupling via a surrogate-based ICDD method. In Section
3, the local surrogate model for the mixed formulation of the parametric Darcy equation is introduced, together
with a surrogate version of the ICDD algorithm for the online phase of the parametric Stokes-Darcy simulation.
Numerical experiments, reported in Section 4, are presented to verify the accuracy and efficiency of the DD-
PGD method for both parametric Stokes-Stokes and Stokes-Darcy problems. Moreover, a cross-flow simulation is
presented to showcase the capability of the proposed methodology to perform parametric studies of interest in the
design of filtration systems. Section 5 summarizes the results of this work and A reports some implementation
details for the construction of the local surrogate models using the Encapsulated PGD Algebraic Toolbox [42].

2 Parametric Stokes problem

In this section, after introducing a two-domain formulation of the parametric Stokes problem based on an over-
lapping domain decomposition approach (Sect. 2.1), we obtain the associated standard algebraic form by means
of a finite element discretization (Sects. 2.2 and 2.3). This is used as the starting point to devise a non-intrusive,
surrogate-based algorithm, where the solution of the local subproblems via finite elements is replaced by PGD-
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ROMs (Sect. 2.4). Finally, the construction of the local surrogate models is described starting from the variational
formulation of the local problems (Sect. 2.5).

2.1 Two-domain formulation of the parametric Stokes problem

Consider an open bounded domain Ω ⊂ Rd (d = 2, 3) with Lipschitz boundary ∂Ω partitioned into two non-
empty disjoint parts ΓD and ΓN , and with n being the unit normal vector to ∂Ω pointing outwards of Ω. Let
µ = (µ1, . . . , µNp) ∈ P be a tuple of Np ∈ N problem parameters with P = I1 × · · · × INp ⊂ RNp and each Ij
compact (j = 1, . . . , Np). The parametric Stokes problem describing the motion of a steady, viscous, incompressible
fluid confined to Ω can be written as: for all µ ∈ P, find the fluid velocity u(µ) and pressure p(µ) such that

−∇ · σ(u(µ), p(µ);µ) = f(µ) in Ω, (1a)

∇ · u(µ) = 0 in Ω, (1b)

u(µ) = gD(µ) on ΓD, (1c)

σ(u(µ), p(µ);µ)n = gN (µ) on ΓN , (1d)

where σ(u(µ), p(µ);µ) = 2ν(µ)∇su(µ)−p(µ)I represents the Cauchy stress tensor with∇su(µ) = 1
2

(
∇u(µ) + (∇u(µ))T

)
.

For all values of the problem parameters µ ∈ P, f(µ), gD(µ) and gN (µ) are regular-enough given functions, and
the fluid viscosity is always positive, i.e., ν(µ) > 0 in Ω.

We decompose Ω into two overlapping subdomains Ω1 and Ω2: Ω = Ω1 ∪ Ω2, Ω12 := Ω1 ∩ Ω2 6= ∅, and, for
i = 1, 2, let ΓDi = ΓD ∩ ∂Ωi and ΓNi = ΓN ∩ ∂Ωi. The width of the overlapping region should be selected following
standard practice in domain decomposition methods (see, e.g., [43]), typically choosing it proportional to the size
of the elements of the computational mesh. To reformulate problem (1) into an equivalent two-domain form, we
assume that ΓN ∩ ∂Ω12 6= ∅ to fix the pressure in a unique way (see [44] for details). Moreover, let Γi = ∂Ωi \ ∂Ω
be the interfaces (i = 1, 2) that we assume do not intersect, i.e., dist(Γ1,Γ2) > 0.

Then, a straightforward adaptation of the proof of Proposition 2.1 in [44], to account for the presence of the
problem parameters µ, shows that the Stokes problem (1) can be rewritten in the equivalent two-domain formulation:
for all µ ∈ P and i = 1, 2, find the local fluid velocity ui(µ) and pressure pi(µ) such that

−∇ · σ(ui(µ), pi(µ);µ) = f i(µ) in Ωi, (2a)

∇ · ui(µ) = 0 in Ωi, (2b)

ui(µ) = gDi (µ) on ΓDi , (2c)

σ(ui(µ), pi(µ);µ)n = gNi (µ) on ΓNi , (2d)

u1(µ) = u2(µ) on Γ1 ∪ Γ2, (2e)

where f i(µ) = f(µ)|Ωi , g
D
i (µ) = gD(µ)|ΓDi and gNi (µ) = gN (µ)|ΓNi . The equivalence between (1) and (2) implies

that, for all µ ∈ P, u1(µ) = u2(µ) and p1(µ) = p2(µ) in Ω12, and that

u(µ) =

{
u1(µ) in Ω1

u2(µ) in Ω2 \ Ω12
and p(µ) =

{
p1(µ) in Ω1

p2(µ) in Ω2 \ Ω12 .
(3)

Remark 1. The two-domain formulation (2) only enforces the continuity of the velocity at the interface. However,
this condition and the assumption that ΓN∩∂Ω12 6= ∅ ensure also the continuity of the pressure in Ω. For more details
about this approach, we refer to [44], where alternative formulations involving normal stresses at the interfaces are
also discussed. Formulation (2) is chosen both considering its accuracy and its simplicity of implementation in the
computational framework developed in this work, as we further discuss in Remark 2 at the end of this section.
An example of parametric Stokes problem is provided in A.1.

2.2 Galerkin approximation and algebraic form of the Stokes-Stokes problem

We now consider two regular computational meshes Ti in Ωi (i = 1, 2) made of simplices or quadrilaterals/hexahedra.
For simplicity of presentation, we assume that the meshes coincide in the overlapping region Ω12, and that they are
conforming with the interfaces Γ1 and Γ2. For a suitable integer r ≥ 1, let Pr and Qr be the spaces of polynomials of
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degree less than or equal to r with respect to each variable for simplices and quadrilaterals/hexahedra, respectively.
Let Xr

i = {v ∈ C0(Ω̄i) : v|K ∈ Pr or v|K ∈ Qr for all K ∈ Ti}, and, for i = 1, 2, define the finite dimensional spaces

V h
i = {v ∈ [H1(Ωi) ∩Xr

i ]d : v = 0 on ΓDi ∪ Γi}, Wh
i = L2(Ωi) ∩Xs

i ,

for suitable polynomial degrees r, s ∈ N. Moreover, consider the discrete trace space Y h
i = [Y hi ]d with

Y hi = {λ ∈ C0(Γi) : λ = 0 on Γ
D

i ∩ Γi if Γ
D

i ∩ Γi 6= ∅, and ∃ v ∈ H1(Ωi) ∩Xr
i s.t. v = λ on Γi}.

Then, at the discrete level (but still writing the problems in strong form for the sake of clarity) in each subdomain
Ωi, we introduce the following splitting of the local Stokes problem.

1. Local Stokes problem depending on the assigned data: find ufi,h(µ) and pfi,h(µ) such that

−∇ · σ(ufi,h(µ), pfi,h(µ);µ) = f i(µ) in Ωi, (4a)

∇ · ufi,h(µ) = 0 in Ωi, (4b)

ufi,h(µ) = gDi (µ) on ΓDi , (4c)

σ(ufi,h(µ), pfi,h(µ);µ)n = gNi (µ) on ΓNi , (4d)

ufi,h(µ) = g̃Di (µ) on Γi . (4e)

To avoid incompatible boundary conditions at the intersection of ΓDi and Γi, the function g̃Di (µ) is introduced

in (4e). More precisely, g̃Di (µ) is defined as

g̃Di (µ) =

{
ĝDi (µ) if Γ

D

i ∩ Γi 6= ∅,
0 if Γ

D

i ∩ Γi = ∅,
(5)

where ĝDi (µ) is a suitable continuous prolongation of gDi (µ) onto Γi. Moreover, let gDΩi(µ) ∈ [H1(Ωi) ∩Xr
i ]d

be a suitable continuous extension of the Dirichlet data gDi (µ) and g̃Di (µ) such that gDΩi(µ) = gDi (µ) on ΓDi
and gDΩi(µ) = g̃Di (µ) on Γi (i = 1, 2).

2. Local Stokes problem depending on auxiliary interface data: find uλi,h(µ) and pλi,h(µ) such that

−∇ · σ(uλi,h(µ), pλi,h(µ);µ) = 0 in Ωi, (6a)

∇ · uλi,h(µ) = 0 in Ωi, (6b)

uλi,h(µ) = 0 on ΓDi , (6c)

σ(uλi,h(µ), pλi,h(µ);µ)n = 0 on ΓNi , (6d)

uλi,h(µ) = λi,h(µ) on Γi . (6e)

The auxiliary trace function λi,h(µ) ∈ Y h
i must be determined to guarantee that

ui,h(µ) = ufi,h(µ) + uλi,h(µ) and pi,h(µ) = pfi,h(µ) + pλi,h(µ) in Ωi ,

where ui,h(µ) and pi,h(µ) are the Galerkin approximations of the velocity and pressure in (2). (Note that,

due to the definition of Y h
i , λi,h(µ) = 0 on Γ

D

i ∩ Γi if Γ
D

i ∩ Γi 6= ∅ to avoid a possible discontinuity in the
boundary condition for the velocity uλi,h(µ).)

Let λΩi,h(µ) ∈ [H1(Ωi)∩Xr
i ]d denote a suitable continuous extension of λi,h(µ) such that λΩi,h(µ)|Γi = λi,h(µ)

and λΩi,h(µ) = 0 on ΓDi for i = 1, 2. A possible way to construct the extensions λΩi,h(µ) is the following. For each

k = 1, . . . , d, let Λk,ji (µ), with j = 1, . . . , NΓi , be the nodal values of the kth component λki,h(µ) of λi,h(µ) at the
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NΓi degrees of freedom (dofs) on Γi, and let ΛΓi be the d×NΓi dimensional vector that collects such coefficients.
Then, we can write λi,h(µ) = (λ1

i,h(µ), . . . , λdi,h(µ)) with

λki,h(µ) = λki,h(x;µ) =

NΓi∑
j=1

Λk,ji (µ) ηji,h(x), k = 1, . . . , d, (7)

where ηji,h(x) are the basis functions of Y hi associated with the NΓi nodes on Γi. A possible strategy to select the

basis functions ηji,h(x) is to consider the non-null restrictions on Γi of the basis functions, say, ϕji,h(x), used inside

Ωi to discretize the various components of the velocity: ηji,h(x) = ϕji,h(x)|Γi . We can then express λΩi,h(µ) =

(λ1
Ωi,h

(µ), . . . , λdΩi,h(µ)), with each component defined as

λkΩi,h(µ) = λkΩi,h(x;µ) =

NΓi∑
j=1

Λk,ji (µ)ϕji,h(x), k = 1, . . . , d. (8)

This is the choice made in the rest of this work due to its simple implementation and non-intrusiveness with respect
to the underlying finite element code. Numerical experiments in Sect. 4 show the feasibility of this approach for
typical discretizations used in 2D applications. However, we remark that the method can be easily adapted to
account for other suitable bases that represent the traces λi,h(µ) on Γ. Such alternative representations could
involve global basis functions as proposed, e.g., in [41], or focus on port-reduction approaches as suggested, e.g.,
in [45, 46] to reduce the offline cost, especially in 3D simulations. This aspect is also discussed in [20], and it will
be considered in future work.

Now, we can split

ufi,h(µ) = u0,f
i,h (µ) + gDΩi(µ) and uλi,h(µ) = u0,λ

i,h (µ) + λΩi,h(µ),

with u0,f
i,h (µ),u0,λ

i,h (µ) ∈ V h
i . Denoting

u0
i,h(µ) = u0,f

i,h (µ) + u0,λ
i,h (µ) ∈ V h

i ,

the Galerkin approximation of the velocity ui(µ) in (2) can finally be expressed as

ui,h(µ) = u0
i,h(µ) + λΩi,h(µ) + gDΩi(µ) . (9)

Therefore, using (9), the discrete counterpart of the interface condition (2e) can be written as

λ1,h(µ)− λΩ2,h(µ)|Γ1
− u0

2,h(µ)|Γ1
= (−gDΩ1

(µ) + gDΩ2
(µ))|Γ1

on Γ1, (10a)

λ2,h(µ)− λΩ1,h(µ)|Γ2
− u0

1,h(µ)|Γ2
= ( gDΩ1

(µ)− gDΩ2
(µ))|Γ2

on Γ2. (10b)

For all u,v ∈ [H1(Ωi)]
d and p, q ∈ L2(Ωi), consider the bilinear forms

Ai(u,v;µ) =

∫
Ωi

2ν(µ)∇su : ∇sv dx+Astabi (u,v;µ) ,

Bi(q,v;µ) = −
∫

Ωi

q∇ · v dx+ Bstabi (q,v;µ) ,

Ci(p, q) = Cstabi (p, q) ,

and the functionals

Fi(v;µ) =

∫
Ωi

f i(µ) · v dx+

∫
ΓNi

gNi (µ) · v dx+ Fstabi (v;µ), Gi(q;µ) = Gstabi (q;µ) ,

where all the contributions denoted by stab are either identically null if the spaces V h
i and Wh

i are inf-sup stable,
or they introduce suitable stabilizing terms if the inf-sup condition is not satisfied, following the classical finite
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element theory for the Stokes problem (see, e.g., [38, 39]). For example, in the case of the Galerkin Least Squares
stabilization, for all u,v ∈ [H1(Ωi)]

d and q ∈ L2(Ωi), one would have

Astabi (u,v;µ) = − δ
∑
Ki

h2
Ki

∫
Ki

(∇ · (ν(µ)∇su)) · (∇ · (ν(µ)∇sv)) dx ,

Bstabi (q,v;µ) = δ
∑
Ki

h2
Ki

∫
Ki

∇q · (∇ · (ν(µ)∇sv)) dx ,

Cstabi (p, q) = − δ
∑
Ki

h2
Ki

∫
Ki

∇p · ∇q dx ,

Fstabi (v;µ) = δ
∑
Ki

h2
Ki

∫
Ki

f i(µ) · (∇ · (ν(µ)∇sv)) dx ,

Gstabi (q;µ) = − δ
∑
Ki

h2
Ki

∫
Ki

f i(µ) · ∇q dx ,

where Ki ∈ Ti is a generic element of size hKi of the computational mesh, and δ > 0 is a positive stabilization
coefficient.

Then, the Galerkin finite element approximation of the two-domain formulation (2) with interface conditions
(2e) expressed as in (10) becomes: for all µ ∈ P and i = 1, 2, find (u0

i,h(µ), pi,h(µ)) ∈ V h
i ×Wh

i and λi,h(µ) ∈ Y h
i

such that, for all (vi,h, qi,h) ∈ V h
i ×Wh

i ,

Ai(u0
i,h(µ) + λΩi,h(µ),vi,h;µ) + Bi(pi,h(µ),vi,h;µ) = Fi(vi,h;µ)−Ai(gDΩi(µ),vi,h;µ), (11a)

Bi(qi,h,u0
i,h(µ) + λΩi,h(µ);µ) + Ci(pi,h(µ), qi,h) = Gi(qi,h;µ)− Bi(qi,h, gDΩi(µ);µ) , (11b)

λ1,h(µ)− λΩ2,h(µ)|Γ1
− u0

2,h(µ)|Γ1
= (−gDΩ1

(µ) + gDΩ2
(µ))|Γ1

on Γ1, (11c)

λ2,h(µ)− λΩ1,h(µ)|Γ2
− u0

1,h(µ)|Γ2
= ( gDΩ1

(µ)− gDΩ2
(µ))|Γ2

on Γ2. (11d)

To write the algebraic form of (11), we use the following notation. If Mi
:: denotes a generic finite element matrix

associated with the dofs in Ωi, we replace the sub-index : by I (respectively, Γi) to denote that only the rows/columns
associated with the dofs internal to Ωi excluding Γi (respectively, the dofs on Γi) are retained, with the index for
rows preceding the one for columns. Moreover, let IΓiΓi be the identity matrix associated with the dofs on Γi, and
RΩi→Γj (i, j = 1, 2, i 6= j) be the restriction matrix that, given any vector of nodal values in Ωi, returns the vector
of nodal values on the interface Γj inside Ωi. Similarly, uiI and pi: denote the vector of the nodal values associated
with the finite element discretization of velocity and pressure, respectively, in subdomain Ωi, and ΛΓi represents
the vector of the nodal values of the interface variable on Γi. Finally, we denote by EΓi→ΩiΛΓi ∈ [Xr

i ]d, with
EΓi→ΩiΛΓi = 0 on ΓDi , a suitable algebraic extension operator of the interface nodal values ΛΓi that corresponds,
e.g., to (8) at the algebraic level.

Then, with additional self-explanatory notation, the linear system corresponding to the Galerkin approximation
(11) becomes

A1
II (B1

:I)
T 0 0 A1

IΓ1
0

B1
:I C1

:: 0 0 B1
:Γ1

0

0 0 A2
II (B2

:I)
T 0 A2

IΓ2

0 0 B2
:I C2

:: 0 B2
:Γ2

0 0 −RΩ2→Γ1 0 IΓ1Γ1 −RΩ2→Γ1EΓ2→Ω2

−RΩ1→Γ2
0 0 0 −RΩ1→Γ2

EΓ1→Ω1
IΓ2Γ2





u1
I

p1
:

u2
I

p2
:

ΛΓ1

ΛΓ2


=



f1
I

g1
:

f2
I

g2
:

gΓ1

gΓ2


. (12)

Remark 2. Other possible multi-domain formulations than (2) can be considered for the Stokes problem (1) as
discussed in [44]. Indeed, one could impose the continuity of the normal component of the Cauchy stress tensor
on Γ1 ∪ Γ2 instead of (2e), or the continuity of the velocity, say, on Γ1, and of the normal stress on Γ2. The
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associated algebraic system would then be modified accordingly. As pointed out in [44], imposing the continuity of
the normal stress on at least one of the interfaces generally results in a lower number of iterations of the coupling
algorithm, because this approach leads to a better control not only of the velocity but also of the pressure on the
interfaces and across the whole overlapping region. However, the choice of considering here only the continuity of
the velocity traces on the interfaces is due to the simplicity of handling parametric boundary conditions of Dirichlet
type in the context of a continuous Galerkin finite element approximation of the Stokes problem. Indeed, as we
will see in Sect. 2.5, we can easily parametrise the interface conditions (11c) and (11d) in the offline phase, and
efficiently identify and exchange information about the velocity on the interfaces in the online phase without solving
any interface problem. This would not be the case if Neumann boundary conditions – which would be imposed
weakly on the interfaces – were considered. A more convenient way to handle natural boundary conditions in the
computational framework developed in this work would be to use different discretization techniques such as, e.g.,
discontinuous Galerkin methods. This will be the object of future work.

2.3 Full-order interface system for the Stokes-Stokes problem

The algebraic problem (12) can very conveniently be equivalently reformulated in terms of the interface variables
ΛΓ1

and ΛΓ2
only. Indeed, by static condensation, one can easily obtain the interface system((

IΓ1Γ1
−RΩ2→Γ1

EΓ2→Ω2

−RΩ1→Γ2
EΓ1→Ω1

IΓ2Γ2

)
−
(

0 0
RΩ1→Γ2

0

)(
A1
II (B1

:I)
T

B1
:I C1

::

)−1(−A1
IΓ1

0
−B1

:Γ1
0

)
−
(

RΩ2→Γ1
0

0 0

)(
A2
II (B2

:I)
T

B2
:I C2

::

)−1(
0 −A2

IΓ2

0 −B2
:Γ2

))(
ΛΓ1

ΛΓ2

)
=

(
gΓ1

gΓ2

)
+

(
0 0

RΩ1→Γ2
0

)(
A1
II (B1

:I)
T

B1
:I C1

::

)−1(
f1
I

g1
:

)
+

(
RΩ2→Γ1 0

0 0

)(
A2
II (B2

:I)
T

B2
:I C2

::

)−1(
f2
I

g2
:

)
.

(13)

System (13) has a much smaller dimension than (12), and it can be solved by an iterative matrix-free Krylov method
(e.g., GMRES) without ever explicitly constructing the inverse matrices(

Ai
II (Bi

:I)
T

Bi
:I Ci

::

)−1

i = 1, 2. (14)

Indeed, we observe that applying the inverse matrix (14) to a given vector implies solving a Stokes problem in the
subdomain Ωi. More precisely, to construct the right-hand side of system (13), one must solve the two local Stokes
problems (

Ai
II (Bi

:I)
T

Bi
:I Ci

::

)−1(
f iI
gi:

)
, i = 1, 2, (15)

that depend on the problem data but that are independent of the interface variables ΛΓi . Solving these problems,

that are the algebraic counterpart of (4), provides, for a fixed µ̄ ∈ P, the vector (ufi,FEM(µ̄),pfi,FEM(µ̄))T representing
the full-order solution. Moreover, at each iteration n of the Krylov method, the local problems(

Ai
II (Bi

:I)
T

Bi
:I Ci

::

)−1(−Ai
IΓi

−Bi
:Γi

)
Λ

(n)
Γi

i = 1, 2, (16)

must be solved at the left-hand side. These are the algebraic counterpart of the local Stokes problems (6) with
homogeneous data and homogeneous boundary conditions, except for the Dirichlet boundary conditions on Γi that

impose that the discretized velocity is equal to the nodal values Λ
(n)
Γi

. Let (ui,FEM(µ̄,ΛΓi), pi,FEM(µ̄,ΛΓi))
T be the

vector of the (full-order) solution of the local problem (16) for a fixed value of the parameter µ̄ ∈ P and for given
velocity nodal values ΛΓi on the interface.
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For i = 1, 2, we can thus introduce the full-order operators associated with the finite element discretization of
the Stokes equations, namely

SFEMu,i : ΛΓi → ui,FEM(µ̄,ΛΓi) + EΓi→ΩiΛΓi , (17a)

SFEMp,i : ΛΓi → pi,FEM(µ̄,ΛΓi). (17b)

Then, simple algebraic calculations permit to equivalently express system (13) as: for any assigned set of parameters
µ̄ ∈ P, find ΛΓ1

and ΛΓ2
such that(

IΓ1Γ1 −RΩ2→Γ1 SFEMu,2

−RΩ1→Γ2
SFEMu,1 IΓ2Γ2

)(
ΛΓ1

ΛΓ2

)
=

(
gΓ1

gΓ2

)
+

(
RΩ2→Γ1 uf2,FEM(µ̄)

RΩ1→Γ2
uf1,FEM(µ̄)

)
. (18)

GMRES iterations on (18) (equivalently, (13)) are computationally expensive due to the fact that whenever the
full-order Stokes operator SFEMu,i is applied, the local full-order problem (16) must be solved for a given interface
vector ΛΓi . In the parametric setting that we are considering here, the computational cost becomes even higher
because, whenever a new set of parameters, say, µ̄ ∈ P, is considered, the whole procedure must be executed from
the beginning, possibly starting from the assembly of the matrices Ai, Bi and Ci, since these might depend on the
parameters themselves.

Therefore, following the approach proposed in [20,21], we reformulate the algorithm to solve the interface problem
(18) (equivalently, (13)) by identifying an offline phase and an online phase to efficiently handle the presence of the
physical parameters µ ∈ P.

2.4 Reduced-order interface system for the Stokes-Stokes problem

This section illustrates how the splitting between offline and online phase is performed.

In the offline phase, we construct local surrogate models that are used to approximate the full-order solutions
of the parametric problems (15) and (16). In our approach, all local surrogate models are constructed using PGD

as detailed in Sect. 2.5. More precisely, for selected µ̄ ∈ P, we denote by u0,f
i,PGD(µ̄) and pfi,PGD(µ̄) the vectors of the

nodal values of the surrogate approximating the finite element solution of problem (15) at the dofs in Ωi, , that is,

ufi,FEM(µ̄) ≈ u0,f
i,PGD(µ̄) and pfi,FEM(µ̄) ≈ pfi,PGD(µ̄) .

Moreover, let {ek,jΓi
}k=1,...,d, j=1,...,NΓi

be the standard basis of RdNΓi . For example, if Ωi ⊂ R2 (d = 2), the vectors
of the basis are defined as

e1,1
Γi

= (1, 0, . . . , 0︸ ︷︷ ︸
NΓi

, 0, . . . , 0︸ ︷︷ ︸
NΓi

)T , e1,2
Γi

= (0, 1, 0, . . . , 0︸ ︷︷ ︸
NΓi

, 0, . . . , 0︸ ︷︷ ︸
NΓi

)T , . . . ,

e2,1
Γi

= (0, . . . , 0︸ ︷︷ ︸
NΓi

, 1, 0, . . . , 0︸ ︷︷ ︸
NΓi

)T , . . . , e
2,NΓi

Γi
= (0, . . . , 0︸ ︷︷ ︸

NΓi

, 0, . . . , 0, 1︸ ︷︷ ︸
NΓi

)T .

Then, for all k = 1, . . . , d and j = 1, . . . , NΓi , we compute the surrogates approximating the finite element solution

of (16) with ek,jΓi
instead of ΛΓi . The corresponding vectors of nodal values at the dofs in Ωi, for selected µ̄ ∈ P, are

denoted by uk,ji,PGD(µ̄) and pk,ji,PGD(µ̄). Finally, by linearity, for any vector ΛΓi of components Λk,ji (e.g., if d = 2, ΛΓi

is ΛΓi = (Λ1,1
i , . . . ,Λ

1,NΓi
i ,Λ2,1

i , . . . ,Λ
2,NΓi
i )T ), we can approximate the finite element solution in each subdomain

as

ui,FEM(µ̄,Λi) ≈
d∑
k=1

NΓi∑
j=1

Λk,ji (µ̄) uk,ji,PGD(µ̄) and pi,FEM(µ̄,Λi) ≈
d∑
k=1

NΓi∑
j=1

Λk,ji (µ̄) pk,ji,PGD(µ̄) .

In the online phase, the precomputed local surrogate models are coupled to approximate the global solution of
the Stokes problem (1) for any given set of parameters µ̄ ∈ P. The coupling is performed by solving the interface
system (18) after replacing the full-order Stokes operators (17) by PGD-based reduced-order Stokes operators that
involve the evaluation of the precomputed surrogate models for the assigned set of parameters µ̄ ∈ P, thus allowing
a real-time execution of the coupling algorithm.
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More precisely, the right-hand side of (18) is formed by evaluating the surrogate u0,f
i,PGD(µ̄) at µ̄ instead of

computing the full-order models ufi,FEM(µ̄). Moreover, to define the matrix at the left-hand of the interface system,
for i = 1, 2, we introduce the PGD-based Stokes operators

SPGDu,i : ΛΓi →
d∑
k=1

NΓi∑
j=1

Λk,ji (µ̄) uk,ji,PGD(µ̄) + EΓi→ΩiΛΓi , (19a)

SPGDp,i : ΛΓi →
d∑
k=1

NΓi∑
j=1

Λk,ji (µ̄) pk,ji,PGD(µ̄), (19b)

that perform linear combinations of the precomputed local surrogate models for any given vector ΛΓi . These
operators replace the computationally expensive full-order Stokes operators (17), thus avoiding solving the full-
order problems (16) at each iteration of the GMRES procedure.

Therefore, the interface system (18) can be reformulated as: for any assigned set of parameters µ̄ ∈ P, find ΛΓ1

and ΛΓ2 such that(
IΓ1Γ1 −RΩ2→Γ1 SPGDu,2

−RΩ1→Γ2
SPGDu,1 IΓ2Γ2

)(
ΛΓ1

ΛΓ2

)
=

(
gΓ1

gΓ2

)
+

(
RΩ2→Γ1 u0,f

2,PGD(µ̄)

RΩ1→Γ2
u0,f

1,PGD(µ̄)

)
. (20)

System (20) is still solved iteratively using GMRES. However, at the kth GMRES iteration, the multiplication

of the off-diagonal blocks of the matrix in (20) times suitable given vectors, say Λ
(k)
Γ1

and Λ
(k)
Γ2

, corresponds to
performing the linear combinations (19a) in the local subdomains Ω1 and Ω2 using the precomputed local surrogate

Stokes velocities uk,ji,PGD(µ̄). No solution of local problems is thus required at this stage.
At convergence of the GMRES iterations, the obtained vectors ΛΓ1 and ΛΓ2 ensure the smooth coupling of the

local PGD solutions, and the global PGD approximation of the Stokes problem (1) is defined as

uPGD(µ̄) =

S
PGD
u,1 ΛΓ1 + u0,f

1,PGD(µ̄) + gDΩ1
(µ̄) in Ω1,

SPGDu,2 ΛΓ2
+ u0,f

2,PGD(µ̄) + gDΩ2
(µ̄) in Ω2 \ Ω12,

(21a)

pPGD(µ̄) =

S
PGD
p,1 ΛΓ1 + pf1,PGD(µ̄) in Ω1,

SPGDp,2 ΛΓ2
+ pf2,PGD(µ̄) in Ω2 \ Ω12,

(21b)

where gDΩi(µ̄) is the vector of nodal values of the function gDΩi(µ̄) (see Sect. 2.2) at the dofs in Ωi for µ̄ ∈ P.
The overall computational cost of the online phase is due to two main components:

1. The evaluation of the precomputed local surrogate models at the selected parameter µ̄, which is done before
starting the iterations to solve system (20).

2. The computation of the PGD-based operators SPGDu,i . This corresponds to performing the linear combinations
(19a) for any given set of coefficients ΛΓi at each iteration of the GMRES method.

As no solution of local problems is involved, the cost of the DD-PGD approach is much cheaper than working on
(18) directly.

Remark 3. We observe that the proposed formulation (20) is highly flexible and fully non-intrusive. First, although
we employ PGD to construct the local Stokes surrogate models, any alternative efficient technique capable of
producing reduced-order operators analogous to (19) could be used in its place. Second, because the structure of
the interface system (20) is preserved exactly as in the full-order formulation (18), it is, in principle, straightforward
to construct hybrid models that combine full- and reduced-order models based solely on accuracy or computational
cost requirements. For instance, the interface system(

IΓ1Γ1
−RΩ2→Γ1

SFEMu,2

−RΩ1→Γ2 SPGDu,1 IΓ2Γ2

)
can be employed to seamlessly couple a full-order finite element model in subdomain Ω2 and a reduced-order PGD
model in subdomain Ω1.
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2.5 Construction of PGD-based local surrogate models for the Stokes problem

In this section, we explain in detail how to construct PGD-based local surrogate models for the Stokes problems
(15) and (16) in the offline phase.

We begin by introducing the discrete vectorial trace function 1k,ji,h ∈ Y
h
i whose d components are identically null

on Γi, except for its kth component that is equal to the basis function ηji,h(x) on Γi (see equation (7) and Fig. 1).

Note that, at the finite element level, the functions 1k,ji,h play the role of the vectors ek,jΓi
discussed in Sect. 2.4.

Ωi

λi,h(x)

Γi

Ωi

η1
i,h(x)

Γi

Ωi

ηji,h(x)

Γi

Ωi

η
NΓi

i,h (x)

Γi

. . . . . .

↓ ↓ ↓
11,1
i,h = (η1

i,h(x), 0)T

12,1
i,h = (0, η1

i,h(x))T

11,j
i,h = (ηji,h(x), 0)T

12,j
i,h = (0, ηji,h(x))T

1
1,NΓi

i,h = (η
NΓi

i,h (x), 0)T

1
2,NΓi

i,h = (0, η
NΓi

i,h (x))T

Figure 1: Sketch illustrating the basis functions ηji,h(x) and the corresponding discrete vectorial trace function

1k,ji,h ∈ Y
h
i in a 2D setting.

Moreover, let 1k,jΩi,h
∈ [Xr

i ]d be a suitable continuous extension of 1k,ji,h in Ωi. Then, consider the local subprob-

lems: for all µ ∈ P, for i = 1, 2, k = 1, . . . , d and j = 1, . . . , NΓi , find (uk,ji,h(µ), pk,ji,h(µ)) ∈ V h
i ×Wh

i such that, for

all (vi,h, qi,h) ∈ V h
i ×Wh

i ,

Ai(uk,ji,h(µ),vi,h;µ) + Bi(pk,ji,h(µ),vi,h;µ) = −Ai(1k,jΩi,h
,vi,h;µ) , (22a)

Bi(qi,h,uk,ji,h(µ);µ) + Ci(pk,ji,h(µ), qi,h) = −Bi(qi,h,1k,jΩi,h
;µ) . (22b)

Using the expansion (7) and exploiting the linearity of the Stokes problem, by construction there holds

u0,λ
i,h (µ) =

d∑
k=1

NΓi∑
j=1

Λk,ji (µ)uk,ji,h(µ), pλi,h(µ) =

d∑
k=1

NΓi∑
j=1

Λk,ji (µ) pk,ji,h(µ) . (23)

Notice that if ΛΓi (i = 1, 2) satisfies the interface system (13), the solution of (11) can be written as

u0
i,h(µ) = u0,f

i,h (µ) + u0,λ
i,h (µ), pi,h(µ) = pfi,h(µ) + pλi,h(µ).

Now, we can proceed to formulate the problems that must be solved to compute the local surrogate models
for Stokes using PGD. As usual when constructing PGD approximations, we assume that problem data have a
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separable representation – be that their given form, or the one that can be constructed numerically, see, e.g., [47].
Therefore, we can write

ν(µ) =

Nν∑
`=1

ξ`ν(µ)b`ν(x) , f i(µ) =

Nf∑
`=1

ξ`i,f (µ)b`i,f (x) ,

gNi (µ) =

NN∑
`=1

ξ`i,N (µ)b`i,N (x) , gDΩi(µ) =

ND∑
`=1

ξ`i,D(µ)b`i,D(x) ,

with the parametric modes assumed to be the product of scalar functions depending on a single parameter, e.g.,

ξ`ν(µ) =

Np∏
k=1

ξ`,kν (µk).

Consider the local problem (4) whose Galerkin approximation reads: for all µ ∈ P and for i = 1, 2, find

(u0,f
i,h (µ), pfi,h(µ)) ∈ V h

i ×Wh
i such that, for all (vi,h, qi,h) ∈ V h

i ×Wh
i ,

Ai(u0,f
i,h (µ),vi,h;µ) + Bi(pfi,h(µ),vi,h;µ) = Fi(vi,h;µ)−Ai(gDΩi(µ),vi,h;µ) , (24a)

Bi(qi,h,u0,f
i,h (µ);µ) + Ci(pfi,h(µ), qi,h) = Gi(qi,h;µ)− Bi(qi,h, gDΩi(µ);µ) . (24b)

In the PGD context, the contribution of the Dirichlet boundary condition due to gDΩi(µ) is accounted for by
introducing ad-hoc smooth modes. Then, following [16], the velocity and the pressure are approximated as

u0,f
i,h (µ) ≈ u0,f

i,PGD(µ) =

Mu∑
m=1

Um
i (x)φmi (µ) , pfi,h(µ) ≈ pfi,PGD(µ) =

Mp∑
m=1

Pmi (x)φmi (µ) . (25)

Here, Um
i (x) and Pmi (x) are the mth spatial modes that are discretized by the Galerkin finite element method,

while φmi (µ) are the corresponding parametric modes that, following [16], are the same for velocity and pressure,
and are discretized by pointwise collocation.

Assuming an affine parameter dependence for the bilinear forms and for the linear functionals in (24), for all
u,v ∈ [H1(Ωi)]

d, p, q ∈ L2(Ωi) and µ ∈ P, we define

APGD
i (u,v;µ) = Ah,PGDi (u,v;µ) +Astab,PGDi (u,v;µ),

BPGDi (q,v;µ) = −
∫

Ωi

q∇ · v dx+ Bstab,PGDi (q,v;µ),

FPGD
i (v;µ) = Fh,PGDi (v;µ) + Fstab,PGDi (v;µ),

GPGDi (q;µ) = Gstab,PGDi (q;µ),
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where

Ah,PGDi (u,v;µ) =

Nν∑
`=1

ξ`ν(µ)

∫
Ωi

2 b`ν(x)∇su : ∇sv dx ,

Astab,PGDi (u,v;µ) = −δ
Nν∑
`=1

Nν∑
m=1

ξ`ν(µ) ξmν (µ)

(∑
Ki

h2
Ki

∫
Ki

(∇ · (b`ν(x)∇su)) · (∇ · (bmν (x)∇sv)) dx

)
,

Bstab,PGDi (q,v;µ) = δ

Nν∑
`=1

ξ`ν(µ)

(∑
Ki

h2
Ki

∫
Ki

∇q · (∇ · (b`ν(x)∇sv)) dx

)
,

Fh,PGDi (v;µ) =

Nf∑
`=1

ξ`i,f (µ)

∫
Ωi

b`i,f (x) · v dx+

NN∑
`=1

ξ`i,N (µ)

∫
ΓNi

b`i,N (x) · v dx ,

Fstab,PGDi (v;µ) = δ

Nf∑
`=1

Nν∑
m=1

ξ`i,f (µ)ξmν (µ)

(∑
Ki

h2
Ki

∫
Ki

b`i,f (x) · (∇ · (bmν (x)∇sv)) dx

)
,

Gstab,PGDi (q;µ) = −δ
Nf∑
`=1

ξ`i,f (µ)

(∑
Ki

h2
Ki

∫
Ki

b`i,f (x) · ∇q dx

)
.

Remark that all integrals in space correspond to standard finite element matrices and vectors that can be
assembled using any suitable finite element code, while the dependence on each parameter µj is treated by pointwise
collocation in the space of parameters Ij (j = 1, . . . , Np). The construction of the whole PGD bilinear and linear
forms at the algebraic level is detailed for an analytical example in A.1.

Then, the PGD velocity u0,f
i,PGD(µ) and pressure pfi,PGD(µ) are computed by solving the parametric problem

APGD
i (u0,f

i,PGD(µ),vi,h;µ) + BPGDi (pfi,PGD(µ),vi,h;µ)

= FPGD
i (vi,h;µ)−APGD

i (

ND∑
`=1

ξ`i,D(µ)b`i,D(x),vi,h;µ) , (26a)

BPGDi (qi,h,u
0,f
i,PGD(µ);µ) + Ci(pfi,PGD(µ), qi,h)

= GPGDi (qi,h;µ)− BPGDi (qi,h,

ND∑
`=1

ξ`i,D(µ)b`i,D(x);µ), (26b)

for all (vi,h, qi,h) ∈ V h
i ×Wh

i and for all µ ∈ P.

An analogous procedure permits to obtain the PGD problems associated with (22). More precisely, we compute

the local surrogate models uk,ji,PGD(µ) and pk,ji,PGD(µ) by solving the local problem

APGD
i (uk,ji,PGD(µ),vi,h;µ) + BPGDi (pk,ji,PGD(µ),vi,h;µ) = −APGD

i (1k,jΩi,h
,vi,h;µ) , (27a)

BPGDi (qi,h,u
k,j
i,PGD(µ);µ) + Ci(pk,ji,PGD(µ), qi,h) = −BPGDi (qi,h,1

k,j
Ωi,h

;µ) , (27b)

for all (vi,h, qi,h) ∈ V h
i ×Wh

i and for all µ ∈ P.

We remark that the functions

{uk,ji,PGD(µ), pk,ji,PGD(µ)}j=1,...,NΓi
, k=1,...,d (28)

computed in (27) form a PGD expansion for the Stokes problem in Ωi. Together with u0,f
i,PGD(µ) and pfi,PGD(µ), the

PGD expansion permits to obtain the local surrogate models for the local problem (11) through the computationally
cheap linear combinations (19) analogous to (23), as shown in Sect. 2.4. We refer to A.1 for algorithmic details for
the practical computation of the local surrogate Stokes models in the offline phase.
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3 Parametric Stokes-Darcy problem

This section is devoted to the Stokes-Darcy coupled parametric problem. To avoid introducing further notation,
the same letters used in Sect. 2 will still denote velocity, pressure and external forces/boundary data. However,
throughout this section, all quantities labelled with a lower index ‘1’ are associated with the Stokes problem, while
the lower index ‘2’ denotes physical quantities in the Darcy domain.

3.1 Two-domain formulation of the parametric Stokes-Darcy problem

To couple the Stokes and the Darcy models, we consider the ICDD concept [19] that uses a thin overlapping region
between the free fluid and the porous medium to model the transition between the two fluid regimes.

Differently from the widely used non-overlapping Stokes-Darcy model (see, e.g., [5]) based on a set of coupling
conditions defined at a sharp, ideal interface separating the free fluid and the porous medium domains, the ICDD
concept assumes the existence of a thin transition region between the two subdomains, where a change of fluid regime
is localized. In such modelling framework, the Stokes regime remains valid within the whole transition region in
agreement with physical observations [48], while the Darcy regime holds in the porous medium domain, outside of
the transition region. The ICDD model was validated in [19], comparing the results with full-order direct numerical
simulations of the fluid flow at the pore scale, showing very good agreement for a wider range of configurations than
those accounted for by the sharp-interface model. Moreover, its non-intrusive implementation relying exclusively
on Dirichlet-type boundary conditions in each subdomain makes it very attractive in the computational framework
proposed here, so that we focus on the ICDD approach in the following. However, note that the DD-PGD method
proposed in this section can also be adapted to the non-overlapping Stokes-Darcy models that use the so-called
Beavers-Joseph-Saffman interface conditions. This can be achieved by extending the DD-PGD framework to non-
overlapping formulations studied in [49, Chapter 5] for the scalar elliptic case. Let us now focus on the formulation
of the Stokes-Darcy problem in the ICDD context.

Let Ω1,Ω2 ⊂ Rd (d = 2, 3) be the Stokes and the Darcy domains, respectively, with Ω = Ω1 ∪ Ω2, and
Ω12 = Ω1 ∩ Ω2 6= ∅ being the transition region whose thickness should be selected using the approach studied
in [19]. The parts of the boundary where different boundary conditions are imposed and the interfaces are denoted
like in Sect. 2.1 (i.e., ΓDi , ΓNi , Γi, for i = 1, 2), and we still assume that the interfaces do not intersect, i.e.,
dist(Γ1,Γ2) > 0. The two-domain formulation of the parametric Stokes-Darcy problem then becomes: for all
µ ∈ P, find the Stokes velocity u1(µ) and pressure p1(µ), and the Darcy velocity u2(µ) and pressure p2(µ) such
that

−∇ · σ(u1(µ), p1(µ);µ) = f1(µ) in Ω1, (29a)

∇ · u1(µ) = 0 in Ω1, (29b)

u1(µ) = gD1 (µ) on ΓD1 , (29c)

σ(u1(µ), p1(µ);µ)n = gN1 (µ) on ΓN1 , (29d)

and

ν(µ)K(µ)−1u2(µ) +∇p2(µ) = f2(µ) in Ω2, (30a)

∇ · u2(µ) = 0 in Ω2, (30b)

p2(µ) = gD2 (µ) on ΓD2 , (30c)

u2(µ) · n = gN2 (µ) on ΓN2 , (30d)

with the coupling conditions

u1(µ) = u2(µ) on Γ1, (31a)

p1(µ) = p2(µ) on Γ2. (31b)

The regular enough functions f1(µ), gD1 (µ), gN1 (µ), f2(µ), gD2 (µ) and gN2 (µ) represent external forces and
boundary conditions, and K(µ) is the parametric permeability tensor such that, for all µ ∈ P, xTK(µ)x > 0 for
all x ∈ Rd, x 6= 0. The global velocity and pressure are defined as in (3).
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3.2 Galerkin approximation and algebraic form of the Stokes-Darcy problem

Using (31a) as a boundary condition for the Stokes problem (29), the latter can be treated following the same
procedure described in Sect. 2. Therefore, we focus here on Darcy’s problem and we consider the discrete case
using computational meshes that coincide in the transition region Ω12 and are conforming with the interfaces like in
the Stokes case (see Sect. 2.1). In general, the Stokes and the Darcy problems are discretized using different finite
element spaces, e.g., Taylor-Hood for Stokes and Raviart-Thomas elements for Darcy [50]. Our approach can easily
accommodate this situation because the local Stokes and Darcy problems exchange data only through the interface
conditions (31), so that interpolation operators can be easily used to transfer information between one interface
grid and another. However, for the sake of simplicity of exposition, we assume that the same continuous linear
finite element basis functions are used to discretize both problems. For this purpose, we consider the stabilized
formulation for Stokes introduced in Sect. 2.1, while for Darcy we adopt the Masud-Hughes stabilized form [51].
More precisely, let

Ṽ
h

2 = {v ∈ [X1
2 ]d : v · n = 0 on ΓN2 ∪ Γ2}, W̃h

2 = X1
2 ∩ L2(Ω2),

Ỹ h2 = {λ ∈ C0(Γ2) : λ = 0 at Γ
D

2 ∩ Γ2 if Γ
D

2 ∩ Γ2 6= ∅, and ∃w ∈ W̃h
2 s.t w = λ on Γ2}.

Then, at the discrete level, we can decompose the Darcy problem (30) by introducing the following problems (using
the strong form for the sake of clarity):

1. Darcy problem depending on assigned data: find uf2,h(µ) and pf2,h(µ) such that

ν(µ)K(µ)−1uf2,h(µ) +∇pf2,h(µ) = f2(µ) in Ω2, (32a)

∇ · uf2,h(µ) = 0 in Ω2, (32b)

pf2,h(µ) = gD2 (µ) on ΓD2 , (32c)

uf2,h(µ) · n = gN2 (µ) on ΓN2 , (32d)

pf2,h(µ) = g̃D2 (µ) on Γ2, (32e)

where g̃D2 (µ) on Γ2 is introduced to avoid possible discontinuities in the pressure near the interface Γ2. This
auxiliary function is defined as

g̃D2 (µ) =

{
ĝD2 (µ) if Γ

D

2 ∩ Γ2 6= ∅,
0 if Γ

D

2 ∩ Γ2 = ∅,

where ĝD2 (µ) is a suitable continuous prolongation of gD2 (µ) on Γ2. Letting gNΩ2
(µ) ∈ [X1

2 ]d be a suitable

continuous extension of gN2 (µ) such that gNΩ2
(µ) · n = gN2 (µ) at the dofs on ΓN2 , we can split

uf2,h(µ) = u0,f
2,h(µ) + gNΩ2

(µ).

2. Darcy problem depending on auxiliary interface data: find uλ2,h(µ) and pλ2,h(µ) such that

ν(µ)K(µ)−1uλ2,h(µ) +∇pλ2,h(µ) = 0 in Ω2, (33a)

∇ · uλ2,h(µ) = 0 in Ω2, (33b)

pλ2,h(µ) = 0 on ΓD2 , (33c)

uλ2,h(µ) · n = 0 on ΓN2 , (33d)

pλ2,h(µ) = λ2,h(µ) on Γ2, (33e)

where the auxiliary function λ2,h(µ) ∈ Ỹ h2 is chosen in such a way that

u2,h(µ) = uf2,h(µ) + uλ2,h(µ) and p2,h(µ) = pf2,h(µ) + pλ2,h(µ) in Ω2,

with u2,h(µ) and p2,h(µ) being the Galerkin approximations of the Darcy velocity and pressure in (30).
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The discrete counterpart of the coupling conditions (31) can be written as

λ1,h(µ)− u0
2,h(µ)|Γ1

= (−gDΩ1
(µ) + gNΩ2

(µ))|Γ1
on Γ1, (34a)

λ2,h(µ)− p1,h(µ)|Γ2
= −g̃D2 (µ) on Γ2, (34b)

where we denoted
u0

2,h(µ) = u0,f
2,h(µ) + uλ2,h(µ) .

Following [51], we define the bilinear forms and functionals: for all u,v ∈ Ṽ
h

2 , q ∈ W̃h
2 , and µ ∈ P,

Ã2(u,v;µ) =
1

2

∫
Ω2

(
ν(µ)K−1(µ)u

)
· v dx

B̃2(q,v) = −
∫

Ω2

q∇ · v dx− 1

2

∫
Ω2

∇q · v dx,

C̃2(p, q;µ) = −1

2

∫
Ω2

∇q · (ν−1(µ)K(µ)∇p) dx,

F̃2(v;µ) =
1

2

∫
Ω2

f2(µ) · v dx−
∫

ΓD2

gD2 (µ)(v · n) dx,

G̃2(q;µ) = −1

2

∫
Ω2

∇q · (ν−1(µ)K(µ)f2(µ)) dx.

Then, the Galerkin approximation of the Stokes-Darcy problem (29)-(30) with the coupling conditions expressed as

in (34) becomes: for all µ ∈ P, find (u0
1,h(µ), p1,h(µ)) ∈ V h

1 ×Wh
1 , (u0

2,h(µ), p2,h(µ)) ∈ Ṽ
h

2 × W̃h
2 , λ1,h(µ) ∈ Y h

1

and λ2,h(µ) ∈ Ỹ h2 such that, for all (v1,h, q1,h) ∈ V h
1 ×Wh

1 and (v2,h, q2,h) ∈ Ṽ
h

2 × W̃h
2 ,

A1(u0
1,h(µ) + λΩ1,h(µ),v1,h;µ) + B1(p1,h(µ),v1,h;µ)

= F1(v1,h;µ)−A1(gDΩ1
(µ),v1,h;µ), (35a)

B1(q1,h,u
0
1,h(µ) + λΩ1,h(µ);µ) + C1(p1,h(µ), q1,h) = G1(q1,h;µ)− B1(q1,h, g

D
Ω1

(µ);µ) , (35b)

Ã2(u0
2,h(µ),v2,h;µ) + B̃2(p2,h(µ),v2,h) +

∫
Γ2

λ2,h(µ)(v2,h · n) dx

= F̃2(v2,h;µ)− Ã2(gNΩ2
(µ),v2,h;µ), (35c)

B̃2(q2,h,u
0
2,h(µ)) + C̃2(p2,h(µ), q2,h;µ) = G̃2(q2,h;µ)− B̃2(q2,h, g

N
Ω2

(µ)) , (35d)

λ1,h(µ)− u0
2,h(µ)|Γ1

= (−gDΩ1
(µ) + gNΩ2

(µ))|Γ1
on Γ1, (35e)

λ2,h(µ)− p1,h(µ)|Γ2
= −g̃D2 (µ) on Γ2. (35f)

Using an analogous notation to the Stokes-Stokes coupling (see (12)), the algebraic form of the two-domain
Stokes-Darcy problem (35) can be written as

A1
II (B1

:I)
T 0 0 A1

IΓ1
0

B1
:I C1

:: 0 0 B1
:Γ1

0

0 0 Ã2
II (B̃2

:I)
T 0 M2

IΓ2

0 0 B̃2
:I C̃2

:: 0 0

0 0 −RΩ2→Γ1
0 IΓ1Γ1

0

0 −RΩ1→Γ2
0 0 0 IΓ2Γ2





u1
I

p1
:

ũ2
I

p̃2
:

ΛΓ1

Λ̃Γ2


=



f1
I

g1
:

f̃2
I

g̃2
:

g̃Γ1

g̃Γ2


. (36)
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In this case, the equivalent Stokes-Darcy interface system becomes((
IΓ1Γ1

0
0 IΓ2Γ2

)
−

(
0 0
0 RΩ1→Γ2

)(
A1
II (B1

:I)
T

B1
:I C1

::

)−1(−A1
IΓ1

0
−B1

:Γ1
0

)
−

(
RΩ2→Γ1

0
0 0

)(
Ã2
II (B̃2

:I)
T

B̃2
:I C̃2

::

)−1(
0 −M2

IΓ2

0 0

)(ΛΓ1

Λ̃Γ2

)
=

(
g̃Γ1

g̃Γ2

)
+

(
0 0
0 RΩ1→Γ2

)(
A1
II (B1

:I)
T

B1
:I C1

::

)−1(
f1
I

g1
:

)
+

(
RΩ2→Γ1 0

0 0

)(
Ã2
II (B̃2

:I)
T

B̃2
:I C̃2

::

)−1(
f̃2
I

g̃2
:

)
.

(37)

The interface system (37) involves solving the same Stokes problems (15) and (16) in Ω1, and, in Ω2, the Darcy
problems (

Ã2
II (B̃2

:I)
T

B̃2
:I C̃2

::

)−1(
f̃2
I

g̃2
:

)
and (38a)

(
Ã2
II (B̃2

:I)
T

B̃2
:I C̃2

::

)−1(
−M2

IΓ2

0

)
Λ̃Γ2

(38b)

that are, respectively, the counterparts of (32) and (33).

Similarly to what done in Sect. 2.3 for Stokes, we denote by (uf2,FEM(µ̄), pf2,FEM(µ̄))T and (u2,FEM(µ̄, Λ̃Γ2
),p2,FEM(µ̄, Λ̃Γ2

))T

the vectors of the (full-order) solutions of the local Darcy problems (38) for fixed µ̄ ∈ P and for given nodal values

Λ̃Γ2
of the Darcy pressure on the interface Γ2. Then, we can introduce the full-order finite-element based Darcy

operators

DFEM
u,2 : Λ̃Γ2 → u2,FEM(µ̄, Λ̃Γ2), (39a)

DFEM
p,2 : Λ̃Γ2

→ p2,FEM(µ̄, Λ̃Γ2
) . (39b)

Using (39a) and the full-order Stokes operator (17a), the interface system (37) can be rewritten in the equivalent

form: for any assigned set of parameters µ̄ ∈ P, find ΛΓ1
and Λ̃Γ2

such that(
IΓ1Γ1

−RΩ2→Γ1
DFEM
u,2

−RΩ1→Γ2 SFEMp,1 IΓ2Γ2

)(
ΛΓ1

Λ̃Γ2

)
=

(
g̃Γ1

g̃Γ2

)
+

(
RΩ2→Γ1 uf2,FEM(µ̄)

RΩ1→Γ2 pf1,FEM(µ̄)

)
. (40)

In the next section, we explain how to replace this full-order interface system by a PGD-ROM based one to reduce
the computational cost of solving (40) by an iterative method like GMRES.

3.3 Reduced-order interface system for the Stokes-Darcy problem

Following the rationale presented in Sect. 2.4 for the Stokes-Stokes coupling, the solution of the reduced-order
problem is split into an offline and an online phase also for the Stokes-Darcy interface system (40).

While the offline phase for Stokes in Ω1 is exactly the same as in Sects. 2.4 and 2.5, for Darcy in Ω2 we use PGD
to obtain the local surrogate models u0,f

2,PGD(µ) and pf2,PGD(µ). The corresponding vectors of nodal values at the dofs

in Ω2, denoted by u0,f
2,PGD(µ̄) and pf2,PGD(µ̄) for selected µ̄ ∈ P, approximate the (full-order) solution of (38a), namely

uf2,FEM(µ̄) ≈ u0,f
2,PGD(µ̄) and pf2,FEM(µ̄) ≈ pf2,PGD(µ̄).

Moreover, for j = 1, . . . , NΓ2 , let ejΓ2
be the vectors of the standard basis of RNΓ2 , i.e.,

e1
Γ2

= (1, 0, . . . , 0︸ ︷︷ ︸
NΓ2

)T , . . . , e
NΓ2

Γ2
= (0, . . . , 0, 1︸ ︷︷ ︸

NΓ2

)T .
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Then, we obtain the local Darcy surrogate models uj2,PGD(µ) and pj2,PGD(µ) approximating the finite element solution

of (38b) with ejΓ2
instead of Λ̃Γ2

. The corresponding vectors of nodal values at the dofs in Ω2, for selected µ̄ ∈ P, are

denoted by uj2,PGD(µ̄) and pj2,PGD(µ̄). Exploiting the linearity of the Darcy problem, for any Λ̃Γ2
= (Λ̃1

2, . . . , Λ̃
NΓ2
2 )T ,

we can then approximate the finite element solution in the Darcy subdomain as

u2,FEM(µ̄, Λ̃Γ2) ≈
NΓ2∑
j=1

Λ̃j2(µ̄) uj2,PGD(µ̄) and p2,FEM(µ̄, Λ̃Γ2) ≈
NΓ2∑
j=1

Λ̃j2(µ̄) pj2,PGD(µ̄).

Full details on the construction of the local surrogate models for Darcy are provided in Sect. 3.4.

In the online phase, the local surrogate models for Stokes in Ω1 and for Darcy in Ω2 are coupled to obtain
global surrogate Stokes-Darcy models for any given set of parameters µ ∈ P. This is achieved by iteratively solving
the interface system (40) after replacing the solution of the local problems by the evaluation of precomputed local
surrogate models. To this aim, for Stokes we still consider the same PGD operators defined in (19), while for Darcy
we introduce the PGD-based operators

DPGD
u,2 : Λ̃Γ2

→
NΓ2∑
j=1

Λ̃j2(µ̄) uj2,PGD(µ̄), (41a)

DPGD
p,2 : Λ̃Γ2

→
NΓ2∑
j=1

Λ̃j2(µ̄) pj2,PGD(µ̄), (41b)

that perform linear combinations with coefficients Λ̃j2(µ̄) of the precomputed local PGD Darcy surrogate models.
Then, the full-order interface system (40) is replaced by its PGD-based counterpart: for any µ̄ ∈ P, find ΛΓ1 and

Λ̃Γ2 such that (
IΓ1Γ1 −RΩ2→Γ1DPGD

u,2

−RΩ1→Γ2
SPGDp,1 IΓ2Γ2

)(
ΛΓ1

Λ̃Γ2

)
=

(
g̃Γ1

g̃Γ2

)
+

(
RΩ2→Γ1

u0,f
2,PGD(µ)

RΩ1→Γ2
pf1,PGD(µ)

)
. (42)

This linear system can be solved using GMRES. At the kth iteration of GMRES, the multiplication of the off-

diagonal blocks of the matrix in (42) times suitable given vectors, say Λ
(k)
Γ1

and Λ̃
(k)

Γ2
corresponds to performing

the linear combinations (19b) and (41a) using the local surrogate Stokes pressures pk,ji,PGD(µ̄) and the local surrogate

Darcy velocities uj2,PGD(µ̄) precomputed in the offline phase .
At convergence, the velocity and pressure of the global PGD surrogate model for Stokes-Darcy are obtained as

uPGD(µ̄) =

S
PGD
u,1 ΛΓ1

+ u0,f
1,PGD(µ̄) + gDΩ1

(µ̄) in Ω1

DPGD
u,2 Λ̃Γ2 + u0,f

2,PGD(µ̄) + gNΩ2
(µ̄) in Ω2 \ Ω12,

(43a)

pPGD(µ̄) =

S
PGD
p,1 ΛΓ1

+ pf1,PGD(µ̄) in Ω1,

DPGD
p,2 Λ̃Γ2

+ pf2,PGD(µ̄) in Ω2 \ Ω12,
(43b)

where gNΩ2
(µ̄) is the vector of the nodal values in Ω2 of the function gNΩ2

(µ̄) at µ̄ ∈ P (see Sect. 3.2).
Like for the Stokes-Stokes case (see Sect. 2.4), the computational cost of the online phase is due to the evaluation

of the Stokes and Darcy precomputed local surrogate models at µ̄, and to the computation of the linear combinations
involved in the definition of the PGD-based operators SPGDp,1 and DPGD

u,2 . The latter operation must be computed at
each iteration of GMRES, while the former is performed once µ̄ is selected, before starting the iterative method to
solve system (42).
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3.4 Constructioin of PGD-based local surrogate models for the Darcy problem

Analogously to Sect. 2.5, we assume that the data of the Darcy problem is expressed in separable form. In particular,
we write

ν(µ)−1 =

N̂ν∑
`=1

ξ̂`ν(µ)̂b`ν(x) , f2(µ) =

N2,f∑
`=1

ξ`2,f (µ)b`2,f (x) ,

K(µ) =

Nκ∑
`=1

ξ`κ(µ)b`κ(x) , gD2 (µ) =

N2,D∑
`=1

ξ`2,D(µ)b`2,D(x) ,

K(µ)−1 =

N̂κ∑
`=1

ξ̂`κ(µ)b̂
`

κ(x) , gNΩ2
(µ) =

N2,N∑
`=1

ξ`2,N (µ)b`2,N (x) .

Remark 4. Note that if ν(µ) and K(µ) are given in separable form, ν(µ)−1 and K(µ)−1 will not typically be
separable, at least analytically. One can circumvent this issue by numerically constructing a separable approximation
of these quantities (see [42] and A.2 for details).

We focus now on problem (32). We still consider approximations of the velocity u0,f
2,h and pressure pf2,h in the

form (25) with the Dirichlet datum gNΩ2
(µ) accounted for by ad-hoc smooth modes. Assuming affine parameter

dependence, for all u,v ∈ Ṽ
h

2 , p, q ∈ W̃h
2 and µ ∈ P, we introduce the bilinear forms

ÃPGD
2 (u,v;µ) =

1

2

Nν∑
`=1

N̂κ∑
m=1

ξ`ν(µ)ξ̂mκ (µ)

∫
Ω2

(b`ν(x)b̂
m

κ (x)u) · v dx ,

C̃PGD2 (p, q;µ) = −1

2

N̂ν∑
`=1

Nκ∑
m=1

ξ̂`ν(µ)ξmκ (µ)

∫
Ω2

∇q · (̂b`ν(x)bmκ (x)∇p) dx ,

and the functionals

F̃PGD
2 (v;µ) =

1

2

N2,f∑
`=1

ξ`2,f (µ)

∫
Ω2

b`2,f (x) · v dx−
N2,D∑
`=1

ξ`2,D(µ)

∫
ΓN

b`2,D(x) (v · n) dx ,

G̃PGD2 (q;µ) = −1

2

N̂ν∑
`=1

Nκ∑
m=1

N2,f∑
n=1

ξ̂`ν(µ)ξmκ (µ)ξn2,f (µ)

∫
Ω2

∇q ·
(
b̂`ν(x)bmκ (x)bn2,f (x)

)
dx .

Note that, similarly to what observed in Sect. 2.5, the integrals in space correspond to standard finite element
matrices and vectors to be assembled using a user-selected finite element code, whereas the parametric functions
are discretized using pointwise collocation in the space Ij for each parameter µj (j = 1, ..., Np).

Then, the PGD approximations u0,f
2,PGD(µ) and pf2,PGD(µ) of the Darcy velocity u0,f

2,h(µ) and pressure pf2,h(µ) in
(32) are computed in the offline phase as the solution of the parametric problem:

ÃPGD
2 (u0,f

2,PGD(µ),v2,h;µ) + B̃2(pf2,PGD(µ),v2,h)

= F̃PGD
2 (v2,h;µ)− ÃPGD

2 (

N2,N∑
`=1

ξ`2,N (µ)b`2,N (x),v2,h;µ) , (44a)

B̃2(q2,h,u
0,f
2,PGD(µ)) + C̃PGD2 (pf2,PGD(µ), q2,h;µ)

= G̃PGD2 (q2,h;µ)− B̃2(q2,h,

N2,N∑
`=1

ξ`2,N (µ)b`2,N (x)), (44b)

for all v2,h ∈ Ṽ
h

2 , q2,h ∈ W̃h
2 , and for all µ ∈ P.

To deal with the generic trace function λ2,h(µ) on Γ2 in (33), we follow a similar approach to the one for the
Stokes problem and express

λ2,h(µ) = λ2,h(x;µ) =

NΓ2∑
j=1

Λ̃j2(µ) ηj2,h(x) ,
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where now ηj2,h(x) are the basis functions of Ỹ h2 associated with the NΓ2
dofs on Γ2, and Λ̃j2(µ) are real coefficients.

Here, the basis functions ηj2,h(x) play the role of the vectors ejΓ2
of the basis of RNΓ2 considered at the algebraic

level in Sect. 3.3. Then, for all µ ∈ P and j = 1, . . . , NΓ2
, we consider the auxiliary Darcy problems: find

(uj2,h(µ), pj2,h(µ)) ∈ Ṽ
h

2 × W̃h
2 such that, for all (v2,h, q2,h) ∈ Ṽ

h

2 × W̃h
2 ,

Ã2(uj2,h(µ),v2,h;µ) + B̃2(pj2,h(µ),v2,h) = −
∫

Γ2

ηj2,h (v2,h · n) dx ,

B̃2(q2,h,u
j
2,h(µ)) + C̃2(pj2,h(µ), q2,h;µ) = 0 .

Owing to the linearity of the Darcy problem, by construction it holds

uλ2,h(µ) =

NΓ2∑
j=1

Λ̃j2(µ)uj2,h(µ) and pλ2,h(µ) =

NΓ2∑
j=1

Λ̃j2(µ) pj2,h(µ) . (45)

Then, the local surrogate models uλ2,PGD(µ) and pλ2,PGD(µ) can be obtained using linear combinations like (45), but

replacing the finite element velocity and pressure uj2,h(µ) and pj2,h(µ) by the PGD expansion

{uj2,PGD(µ), pj2,PGD(µ)}j=1,...,NΓ2
. (46)

These are computed offline by solving the NΓ2 local PGD problems

ÃPGD
2 (uj2,PGD(µ),v2,h;µ) + B̃2(pj2,PGD(µ),v2,h) = −

∫
Γ2

ηj2,h (v2,h · n) dx , (47a)

B̃2(q2,h,u
j
2,PGD(µ)) + C̃PGD2 (pj2,PGD(µ), q2,h;µ) = 0 , (47b)

for all (v2,h, q2,h) ∈ Ṽ
h

2 × W̃h
2 , µ ∈ P, and for j = 1, . . . , NΓ2

. In practice, problems (44) and (47) are solved
using the non-intrusive Encapsulated PGD Algebraic Toolbox [42]. The algorithmic details provided in A.1 for the
Stokes problem can be straightforwardly adapted to construct the local surrogate Darcy models required in the
offline phase.

4 Numerical results

In this section, we present numerical tests to assess the performance of the DD-PGD method in the context of
multi-variable (i.e., velocity and pressure) and multi-physics (i.e., viscous flows and porous media) problems within
the overlapping domain decomposition setting used in Sects. 2 and 3. More precisely, we consider a Stokes-Stokes
problem (Sect. 4.1) and a Stokes-Darcy problem (Sect. 4.2) both with analytic solution, and a Stokes-Darcy problem
to simulate a cross-flow membrane filtration problem (Sect. 4.3) to test the method in the presence of physically
relevant data.

To compute the local surrogate models using the procedures explained in Sects. 2.5 and 3.4, we use the
Encapsulated PGD Algebraic Toolbox [42] with the mask option to effectively handle multiple variables as explained
in A.1.1. For all problems we employ tolerance 10−4 for the enrichment process and 10−3 for the PGD compression
procedure. In the online phase, we use GMRES [52] without restart, with tolerance 10−6 on the relative residual
to solve the systems (20) or (42) to couple the local surrogate models.

The numerical results presented in this section have been obtained using a PC with CPU Intel® Core™ i5-
11400 @ 2.60GHz and 8GB RAM. Notice that, to ensure a fair comparison with the DD-PGD approach developed
in this work, the computational costs reported for full-order FE models were obtained using the same in-house finite
element library employed in the offline phase, and DD-FEM methods solve the analogous interface systems (13) for
Stokes-Stokes or (37) for Stokes-Darcy.

4.1 Stokes-Stokes problem with analytic solution in two subdomains

The aim of this test is to study the performance and accuracy of the DD-PGD approach considering a reference
analytic solution.
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Consider the Stokes problem (1) in the spatial domain Ω = [0, 1]× [0, 1], whose boundary is split into the disjoint
subsets ΓN = [0, 1]×{0} and ΓD = ∂Ω \ΓN . Let ν(µ) = (1− y) + yµ be the space-dependent parametric viscosity,
with µ ∈ [1, 5] a scalar parameter. The force f(µ) and the boundary data gD(µ) and gN (µ) are chosen such that
the exact solutions for velocity and pressure are

uex(µ) =
1

100

[
3x− y

3x2 − 3y − x

]
+

[
x2(1− x)2(2y − 6y2 + 4y3)
−y2(1− y)2(2x− 6x2 + 4x3)

]
µ,

pex(µ) = y(3− y) + x(1− x2)µ.

We partition the domain Ω into two overlapping subdomains Ω1 = [0, 0.55]× [0, 1] and Ω2 = [0.45, 1]× [0, 1], so that
the interfaces are Γ1 = {0.55}× [0, 1] and Γ2 = {0.45}× [0, 1]. For the space discretization, we use the inf-sup stable
Q2−Q1 Lagrangian finite elements [50] on a uniform mesh with local mesh size h = 5× 10−2, while the parametric
domain P is discretized using pointwise collocation with spacing hµ = 10−3. Since the velocity is discretized using
Q2 elements and considering the Dirichlet boundary condition on ΓD, there are 40 dofs for each component of the
velocity on each interface Γi (i = 1, 2).

Table 1 summarizes the computational cost of the offline phase, while Table 2 compares various approaches to
obtain the global solution in Ω.

Problems (26) Problems (27) PGD modes CPU
Ω1 Ω2 Ω1 Ω2 Ω1 Ω2 time
80 80 1 1 244 245 120 s

Table 1: Number of local problems, PGD modes (after compression) and CPU time for the offline phase of the
Stokes problem of Sect. 4.1.

Online Parameter GMRES CPU
strategy value µ iterations time
DD-PGD 3 27 0.04 s (0.15 s)
DD-FEM 3 27 5.50 s

Global FEM 3 – 0.19 s

Table 2: Cost of the online phase for the Stokes problem of Sect. 4.1. The CPU reported in brackets for DD-PGD
includes the precomputations to setup the interface system (20) for the given value of the parameter µ (see Sect.
2.4).

The numerical results show that the DD-PGD approach has a computational cost comparable to a standard
global FE solution, but it has a significant speed-up compared to the standard DD-FEM approach, with the
computation time being 36 times faster, even when including the precomputations. Moreover, the results of the
offline phase can be further exploited for new parameter evaluations, without the need for new computations or
re-training activities.

To quantify the accuracy of the method, we compute the relative error in the norm L2(Ω) between the exact
solution vex, the global finite element solution vhΩ, the solution vh obtained by DD-FEM, and the DD-PGD solution
vPGD computed as in (21), where v denotes either the pressure or any component of the velocity. The numerical
errors reported in Table 3 show that the relative error for the velocity components computed by the DD-PGD
procedure is slightly higher than its counterparts obtained by finite elements, while the pressure is approximated
with similar accuracy.

In Figure 2, for µ = 3, we plot the error log10(|vPGD(µ) − vex(µ)|/maxΩ |vex(µ)|), with v equal to the pressure
or to either component of the velocity, and we remark that there is no localized loss of accuracy in the overlapping
region. (Note that since we compute the log10 of the scaled error, no values are plotted for the velocity components
along the top and lateral edges of the domain where the solution is imposed exactly and the nodal error is 0.)

Finally, in Figure 3 we present the absolute value in the overlapping region of the difference between the
local solutions in Ω1 and Ω2 for each of the variables and components. From these plots, it is clear that the
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Velocity
(x component) (y component) Pressure

DD-PGD:
‖vPGD−vex‖L2(Ω)

‖vex‖L2(Ω)
8.64× 10−4 1.65× 10−3 1.32× 10−3

DD-FEM:
‖vh−vex‖L2(Ω)

‖vex‖L2(Ω)
1.90× 10−5 3.81× 10−5 1.98× 10−3

Global FEM:
‖vhΩ−vex‖L2(Ω)

‖vex‖L2(Ω)
4.14× 10−6 4.15× 10−6 9.87× 10−4

Table 3: Relative L2(Ω) error for each component of the velocity and the pressure between the exact solution, the
DD-PGD solution, the DD-FEM solution and a monolithic finite element solution on the global domain.
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Figure 2: For µ = 3, plot of log10(|vPGD(µ) − vex(µ)|/maxΩ |vex(µ)|) for v corresponding to the x component of
velocity (right), to the y component of the velocity (middle), and to the pressure (right).

coupling algorithm has correctly imposed the continuity of the velocity along the interface (the difference is 0 along
the interface edges). Moreover, whilst the pressure coupling has not been directly controlled, there is still good
agreement between the local pressure solutions in the overlapping region, with the maximum difference of order
10−3, which is smaller than the local mesh size. These results agree with those in [44] and, if stronger agreement
between the local pressures in the overlapping region is desired, coupling techniques based on the Cauchy stress
should be used (see [44]) but, as discussed in Remark 2 in Sect. 2.1, this would increase the computational cost of
the online phase.

Numerical studies on the influence of the PGD and GMRES tolerances, and of the width of the overlapping
region on the convergence of the DD-PGD method are omitted for the sake of conciseness. Indeed, such tests were
performed in [20, 21] for the case of scalar elliptic problems, and no significant novelties are present in the case of
Stokes-Stokes. Therefore, we have focussed here on aspects inherent to the Stokes problem only, and we will adopt
the same approach for the Stokes-Darcy problem in the next sections.

4.2 Stokes-Darcy problem with analytic solution in two subdomains

The second test is a Stokes-Darcy problem with analytic solution that serves two purposes. The first purpose is to
demonstrate that the choice of the space discretization method does not impact the quality of the local surrogate
models; the second is to assess the performance of the DD-PGD method in the context of a multi-physics problem.

Let Ω1 = [0, 1] × [0.45, 1] and Ω2 = [0, 1] × [0, 0.55] be the Stokes and Darcy subdomains, respectively, with
Dirichlet and Neumann boundary conditions as shown in Fig. 4. We adapt the Stokes-Darcy problem from [53] in
such a way that the exact velocity and pressure for both problems are

uex(x;µ1, µ2) =

 sin
(
xµ1√
νK

+ µ2

)
e
yµ1√
νK

− cos
(
xµ1√
νK

+ µ2

)
e
yµ1√
νK

 , (48a)

pex(x;µ1, µ2) =

√
ν

K

(
1

µ1
− µ1

)
cos

(
xµ1√
νK

+ µ2

)
e

µ1
2
√
νK + y − 1

2
. (48b)
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Figure 3: Absolute value of the difference |vPGD|Ω1
− vPGD|Ω2

| between the local PGD solutions in the overlapping region,

for the x component of velocity (left), the y component of velocity (centre), and the pressure (right).

The fluid viscosity is ν = 0.1, the scalar Darcy permeability is K = 1, and µ1 ∈ [0.1, 1] and µ2 ∈ [1, 2] are two
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Figure 4: Computational domain for the Stokes-Darcy problem with analytic solution of Sect. 4.2.

scalar parameters. The boundary data and forcing terms are reported in A.2. Note that the boundary data and
the forces f i(µ) that correspond to the exact solution (48) do not have analytic separated expressions. Hence,
the construction of a separated form of the data is performed numerically via the pgdTensorSeparation routine
described in A.2.

For the space discretization, we consider structured meshes with h = 2.5 × 10−2 both in Ω1 and Ω2, and
hµ1

= 10−1 and hµ2
= 5× 10−2 for the parametric domains of µ1 and µ2, respectively. We use stabilized Q1 − Q1

elements both for Stokes and Darcy as discussed in Sects. 2.1 and 3.1. We set δ = 5.5 in the Galerkin Least Squares
stabilization for Stokes, while for Darcy, being K a scalar permeability, we slightly modify the definition of the
bilinear form Ã2 to include an additional term that accounts for the zero-divergence constraint [51]. More precisely,
we consider

Ã2(u,v;µ) =
1

2

∫
Ω2

(
νK−1u(µ)

)
· v(µ) dx+

1

2

∫
Ω2

νK−1 h2 (∇ · u(µ)) (∇ · v(µ)) dx .

First, to quantify the impact of the stabilized Q1−Q1 discretization versus the Q2−Q1 used in Sect. 4.1, we focus
on the Stokes problem only, and we solve the local problems (26) and the independent problems (27) to construct
the PGD expansion (28). Then, we compute ΛΓ1

= uex(x;µ1, µ2) for x ∈ Γ1, and we use the values of ΛΓ1
at the

dofs on Γ1 to construct the Stokes surrogate models in Ω1. Considering the Dirichlet boundary condition on ΓD1 ,
there are 40 dofs for each component of the velocity for Q1 elements and 80 dofs for Q2 elements. The number of
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local problems solved in the offline phase for Stokes and the computational cost is reported in Table 4, which shows
that the stabilized Q1 − Q1 method leads to a reduction of the computational cost by 2 minutes.

Discretization Problems (26) Problems (27) PGD modes CPU time
Stabilized Q1 − Q1 1 80 94 (139) 103 s

Q2 − Q1 1 160 172 (210) 223 s

Table 4: Number of local problems solved, PGD modes and CPU time for the Stokes problem using two space
discretizations. (The number of PGD modes in brackets is before compression.)

Analogously to Sect. 4.1, we can compare the accuracy of the two discretization approaches by computing the
relative L2(Ω) error for each of the variables and components with respect to the known analytical solution for a
fixed set of parameter values. The errors computed for µ1 = 0.5 and µ2 = 1.05 are presented in Table 5, where we
can see that the two methods provide comparable accuracy.

Velocity
Discretization (x-component) (y-component) Pressure

Stabilized Q1 − Q1 1.32× 10−3 3.35× 10−3 9.78× 10−3

Q2 − Q1 6.77× 10−4 1.79× 10−3 1.40× 10−2

Table 5: Relative L2(Ω) error for each component of the velocity and pressure between the exact solution (48a)-
(48b) and the PGD solutions for the Stokes problem taking µ1 = 0.5 and µ2 = 1.05.

Then, we proceed to compute the local surrogate models for Darcy in Ω2. The cost of the offline phase for Darcy
is summarized in Table 6.

Problems (44) Problems (47) PGD modes CPU time
1 41 57 (113) 181 s

Table 6: Number of local problems, PGD modes (the number in brackets refers to the number of modes before
compression), and CPU time for the offline phase of the Darcy problem of Sect. 4.2.

Considering the case of the stabilized Q1−Q1 discretization also for the Stokes problem, the total computational
cost of the offline phase for Stokes-Darcy is thus 284 s. Note that the higher computational cost of the offline phase
compared to the one for the Stokes-Stokes problem of Sect. 4.1 is mainly because the numerical separated forms
of forces and boundary conditions were stored to disk, thus requiring loading and reading from disk each time the
separated form of the data is evaluated.

In Table 7, we report the cost of the online phase to solve the interface system (42) for selected values of the
parameters, and the relative L2 error in Ω between the computed solution (43) and the exact solution (48).

Similarly to Sect. 4.1, we notice that the errors agree with the expected finite element accuracy, O(h2), for the
chosen mesh size h. Moreover, in Fig. 5, we plot the global DD-PGD solution and the absolute value of the pointwise
difference between the DD-PGD and the analytical solutions for each variable and component. We remark that,
while the errors are all of the same order, the higher values of the error for the pressure are near the interface
Γ1, where the coupling condition (31a) imposes the continuity of the velocity only, so a non-perfect match of the
pressures can be expected.

4.3 Stokes-Darcy membrane cross-flow problem

We now focus on the physically relevant test case of cross-flow membrane filtration proposed in [54,55]. The domain
geometry is illustrated in Fig. 6, with the free flow domain Ω1 overlapping by a small width w the Darcy domain
Ω2. Gravitational effects are neglected, hence f i(µ) is zero in both subdomains. For the Stokes problem, on the
inlet Γin

1 = {0} × (0.0025, 0.0075) m, we impose the parametric inflow velocity profile

gD1 (µ1) = (−16000y2 + 160y − 0.3)

[
cos(µ1)
sin(µ1)

]
m/s, (49)
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Parametric values GMRES CPU Relative error in L2 norm
µ1 µ2 iterations time velocity (x) velocity (y) pressure
0.5 1.05 33 0.05 s (0.15 s) 1.37× 10−3 3.96× 10−3 8.45× 10−3

Table 7: Cost of the online phase for the Stokes-Darcy problem of Sect. 4.2 and relative L2 error with respect to
the exact solution (48). The CPU reported in brackets includes the precomputations to setup the interface system
(42) for the given parametric values.

where the parameter µ1 ∈ [−π/2, π/2] is used to vary the angle of attack of the inflow profile, with the case µ1 = 0
corresponding to the setting in [55]. On Γout

1 , a traction-free condition σ(u(µ), p(µ);µ)n = 0 is imposed to model
an outflow boundary. On the remaining boundary ∂Ω1 \ (Γin

1 ∪ Γout
1 ∪ Γ1), no-slip conditions are enforced. For the

Darcy domain Ω2, we consider the homogeneous boundary conditions p2(µ) = 0 on ΓD2 = (0.00375, 0.010625)×{0}
m, and the non-penetration condition u2(µ) · n = 0 on ∂Ω2 \ (ΓD2 ∪ Γ2).

Following [55], we move to a dimensionless setting using the scalings X1 = 5 × 10−3 m, U1 = 10−1 m/s, and
P1 = 10 kg/(m s2) for the space, velocity and pressure, respectively. Then, we set the dimensionless non-parametric
viscosity ν = 2× 10−3, and we introduce the scalar parametric permeability K = µ2 with µ2 ∈ [2× 10−6, 2× 102].

Remark that, despite the global solution depending on both parameters µ = (µ1, µ2), since we employ domain
decomposition, we only need to compute local surrogate models that depend on the parameter that is active in each
subdomain, i.e. µ1 in Ω1 and µ2 in Ω2. This leads to a reduction in the computational cost of the offline phase,
with both Stokes and Darcy problems featuring two spatial and one parametric dimensions.

For the space discretization based on Q1−Q1 stabilized finite elements, the computational mesh is characterized
by h = 1.5625 × 10−2, and includes a localized refinement in the vertical direction near the overlapping region
in such a way that w/X1 = h/4. Notice that the width the overlapping region is very thin, since this represents
the narrow transition region between the free fluid regime and the porous medium regime (see [19] for a detailed
discussion of the physical interpretation). Each component of the velocity and of the pressure has 14,178 dofs in
Ω1 and 3,649 dofs in Ω2, with 87 dofs on Γ1 for each component of the Stokes velocity and 89 on Γ2 for the Darcy
pressure. The different number of dofs on the interfaces is due to the Dirichlet boundary condition imposed on the
edges adjacent to the interface in the Stokes domain.

The parametric interval for µ1 is discretized using hµ1
= π/8, while the one for µ2 is replaced by the discrete

set of nine points Iµ2 = {2× 10i : i = −6, . . . , 2}.
Table 8 indicates the cost of the offline phase for this physically relevant Stokes-Darcy problem. It is worth

noticing that the solution of the parametric Darcy problem requires the computation of a significant number of
modes before PGD compression. This can be attributed to the parameter µ2 varying 8 orders of magnitude in Iµ2

.
It follows that the fields (u2(µ), p2(µ)) need to account for a physical behaviour spanning from a permeable porous
medium to an almost impermeable cavity depending on the value of µ2.

Local problems
Problem (26) (27) (44) (47) PGD modes CPU time
Stokes 1 174 – – 176 (176) 67 min
Darcy – – 0 98 178 (4,840) 52 min

Table 8: Number of local problems, PGD modes (the number in brackets refers to the number of modes before
compression), and CPU time for the offline phase of the Stokes-Darcy problem of Sect. 4.3.

In the online phase, we consider two parameter configurations that correspond to the case of significant flow
into the Darcy domain: µ̄ = (0, 20) and µ̄ = (−π/4, 20), and the configuration µ̄ = (0, 2× 10−5) where there is not
significant flow into the porous medium due to low permeability.

The velocity fields computed for these sets of parameters are shown in Fig. 7, while the corresponding pres-
sure fields in Ω2 are shown in Fig. 8. Figures 7 and 8 also respectively show the errors log10(|uPGD(µ̄) −
uh(µ̄)|/maxΩ |uh(µ̄)|) and log10(|pPGD(µ̄)− ph(µ̄)|/maxΩ2 |ph(µ̄)|), where uh(µ̄) and ph(µ̄) are the finite element
solutions computed by the DD-FEM approach on the same mesh used to obtain the local PGD surrogate models.
The error plots show that there is very good agreement between the DD-PGD and DD-FEM solutions, with differ-
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Figure 5: The global DD-PGD surrogate model for the parameter configuration µ1 = 0.5 and µ2 = 1.05 (top)
and the absolute nodal difference between the DD-PGD solution and the analytical solution (bottom) for the x-
component of the velocity (left), the y component of the velocity (middle), and the pressure (right).

ences of order 10−2 near the corners of the overlapping region, where the interfaces meet the external boundaries
and boundary conditions of different types are imposed. Note also that the pressure solutions vary by more than
one order of magnitude across the different parameter configurations and yet the local surrogate PGD models can
accurately capture this behaviour.

Finally, Table 9 compares the cost of the DD-PGD method to solve (42) and of the DD-FEM approach for (37)
in terms of the number of iterations and CPU time. We remark that the number of iterations is much higher for the
first two parametric configurations because of the more complex flow features to represent in the interfacial region.
For these cases, due to the high number of iterations, the CPU time to perform GMRES iterations (approximately
0.75 s) takes up the bulk of the online phase timing. Nonetheless, the corresponding DD-FEM simulations require
24 minutes, that is, the DD-PGD achieves a speed-up factor of approximately 1, 800 for each instance of the
problem. If we consider also the CPU time spent in the offline phase to construct the local surrogate models
(i.e., 119 minutes, see Table 8) and we compare it to the cost of one DD-FEM solution in Table 9, we notice that
computing 5 parametric instances using the full-order DD-FEM solver already exceeds the computational cost of
the entire DD-PGD pipeline, confirming the superiority of the latter approach for many-queries problems.
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Figure 6: The physical domain for the Stokes-Darcy crossflow problem.

Online Parametric values GMRES CPU
strategy µ1 µ2 iterations time

0 20
144 0.75 s (0.8 s)

DD-PGD −π/4 20
0 2× 10−5 7 0.08 s (0.18 s)
0 20

78 24 min
DD-FEM −π/4 20

0 2× 10−5 3 2 min

Table 9: Cost of the online phase for the Stokes-Darcy problem of Sect. 4.3 for different values of the parameters
and comparison with a standard DD-FEM approach. The CPU reported in brackets includes the precomputations
to setup the interface system (42) for the given parametric values.

5 Conclusions

In this work, a strategy to construct physics-based local surrogate models was presented for parametric Stokes and
Stokes-Darcy problems. The method relies on coupling an overlapping domain decomposition approach to reduce
the number of globally coupled degrees of freedom in space with the proper generalized decomposition to reduce
the dimensionality of parametric problems. The DD-PGD method defines arbitrary Dirichlet boundary conditions
at the interfaces between the subdomains and constructs low-dimensional local surrogate models exploiting the
linearity of the underlying PDEs. Hence, in the online phase, the subdomains are coupled by solving a parametric
interface equation to determine the weighting factors associated with each of the previously computed local surrogate
models, without the need to solve any additional PDE in the reduced space.

The method inherits the advantages of the DD-PGD paradigm presented in [20, 21]. The arbitrary Dirichlet
boundary conditions at the interfaces are imposed using the traces of the finite element functions employed for the
discretization within the subdomains, avoiding the introduction of new auxiliary basis functions for the solution
at the interfaces. The surrogate models are glued together by enforcing the continuity of the local parametric
solutions at the interface, circumventing the imposition of the continuity on the entire overlapping region and the
introduction of Lagrange multipliers.

This work goes beyond the state-of-the-art by showing the suitability of the DD-PGD approach to treat physical
problems with multiple fields (velocity and pressure), with vector-valued unknowns, and involving multiple physics
(viscous incompressible flows and flows in porous media). The resulting DD-PGD approach is shown to be non-
intrusive with respect to the employed solution strategy, exclusively requiring access to the matrices arising from
the discretization of the full-order problem, thanks to the framework provided by the Encapsulated PGD Algebraic
Toolbox [42]. Moreover, the DD-PGD approach is independent of the choice of the full-order discretization. The
formulation and the numerical experiments showcase that local surrogate models can be seamlessly constructed
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Figure 7: Magnitude of the DD-PGD velocity uPGD(µ̄) (left) and error log10(|uPGD(µ̄)−uh(µ̄)|/maxΩ |uh(µ̄)|) (right)
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Figure 8: Darcy pressure pPGD(µ̄)|Ω2
(top) and error log10(|pPGD(µ̄)|Ω2

− ph(µ̄)|Ω2
|/maxΩ2 |ph(µ̄)|) (bottom) for

µ̄ = (0, 20) (left column), µ̄ = (−π/4, 20) (right column), and µ̄ = (0, 2× 10−5) (right column).

using either LBB-compliant finite element pairs or stabilized formulations for incompressible Stokes flows, as well
as mixed formulations for the Darcy problem. Finally, different overlapping DD strategies are employed, from the
overlapping Schwarz method of the parametric Stokes-Stokes problem, to the interface control domain decomposition
method for the parametric Stokes-Darcy system.

Numerical experiments are presented to assess the accuracy, robustness and computational efficiency of the DD-
PGD method for single-physics (Stokes-Stokes) and multi-physics (Stokes-Darcy) problems. Finally, a cross-flow
system commonly employed as benchmark problem for membrane design is employed to showcase the suitability
of the method to handle parametric studies in coupled, multi-physics settings of interest in chemical engineering,
outperforming standard high-fidelity DD-FEM approaches in terms of computing times.
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A Implementation details

A.1 Implementation of multi-variable problems in the Encapsulated PGD Algebraic
Toolbox

To clarify how the implementation of the PGD problems (26), (27), (44) and (47) is performed, let us refer to a
Stokes model problem with two parameters µ1 and µ2, and ν(µ) = µ1 + xµ1µ

2
2.

The Neumann data is homogeneous, i.e., gNi (µ) = 0, and the source term and the extension of the Dirichlet
data are given in separated form as

f i(µ) =

[
sin(x)
cos(y)

]
+

[
5x cos(y)

7

]
µ1 ,

gDΩi(µ) =

[
5y
2x

]
µ2

2 .

Note that data used for this model problem is chosen for the purposes of clarity of exposition and is not related to
any of the numerical tests implemented in Sect. 4.

To compute the local surrogate models, we must construct the matrix(
Ai Bi

BT
i 0

)
(50)

where Ai and Bi are block separated tensors that correspond to the terms in the weak formulation,

(Ai)m,n = APGD
i (ϕni ,ϕ

m
i ;µ) ,

(Bi)m,n = BPGDi (ϕni ,ϕ
m
i ) ,
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with ϕmi and ϕni , and ϕni the finite element basis functions for velocity and pressure, respectively. For simplicity of
exposition we have assumed that a LBB-stable discretization has been employed. In Table 10, we identify the finite
element matrices and vectors that must be assembled using a finite element library along with the notation we use
in Algorithm 1, which explains how to construct the matrix (50). Note that Nv and Np represent the number of
nodes in the finite element discretization of velocity and pressure, respectively.

Terms in the Algebraic Dimensions of algebraic counterpart
weak form counterpart

Spatial modes∫
Ωi

2∇sϕni : ∇sϕmi dx (A1
i )m,n dNv × dNv finite element matrix with constant viscosity b1ν(x) = 1∫

Ωi

2x∇sϕni : ∇sϕmi dx (A2
i )m,n dNv × dNv finite element matrix with space-dependent viscosity

b2ν(x) = x∫
Ωi

ϕni ∇ ·ϕmi dx (B1
i )m,n dNv ×Np finite element matrix

0 (Z)m,n Np ×Np finite element matrix of zeros∫
Ωi

[
sin(x)
cos(y)

]
·ϕni dx (F1

i )n dNv × 1 finite element vector with space dependent source term

b1
i,f (x) =

[
sin(x)
cos(y)

]
∫

Ωi

[
5x cos(y)

7

]
·ϕni dx (F2

i )n dNv × 1 finite element vector with space dependent source term

b2
i,f (x) =

[
5x cos(y)

7

]
[
5y
2x

]
gD dNv × 1 vector of the values of the non-parametric component of the

function gDΩi at the nodes used to discretize the velocity

Parametric modes

1 Ξconst
ν,1 ,Ξconst

ν,2 Nµ × 1 vector with discrete values of ones

µ1 Ξlinear
ν,1 Nµ × 1 vector with discrete values of µ1 ∈ (µ1,min, µ1,max)

µ2
2 Ξquad

ν,2 Nµ × 1 vector with discrete values of µ2
2 ∈ (µ2

2,min, µ
2
2,max)

Table 10: Differential and algebraic formulation of the terms in the parametric problem for the setup of the
Encapsulated PGD Algebraic Toolbox.

In Algorithm 1, we present pseudocode for the construction of the matrix (50), following the syntax of the
variable type ‘separated tensor’ in the Encapsulated PGD Algebraic Toolbox. Note that concatenation of separated
tensors behaves in the same way as standard MATLAB matrix concatenation.
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Algorithm 1 Construction of the matrix (50) in the Encapsulated PGD Algebraic Toolbox.

Input: Spatial matrices (A1
i ,A

2
i ,B

1
i ,Z) obtained from a finite element library and parametric vectors

(Ξconst
ν,1 ,Ξlinear

ν,1 ,Ξconst
ν,2 ,Ξquad

ν,2 ) constructed via collocation

1: Initialization of separated tensors:
2: A_separated = separatedTensor;

3: B_separated = separatedTensor;

4: Z_separated = separatedTensor;

5: Setup of the spatial modes for Ai:
6: A_separated.sectionalData{1,1} = A1

i ;

7: A_separated.sectionalData{1,2} = A2
i ;

8: Setup of the parametric modes for Ai:
9: A_separated.sectionalData{2,1} = Ξlinear

ν,1 ;

10: A_separated.sectionalData{3,1} = Ξconst
ν,2 ;

11: A_separated.sectionalData{2,2} = Ξlinear
ν,1 ;

12: A_separated.sectionalData{3,2} = Ξquad
ν,2 ;

13: Setup of the spatial modes for Bi:
14: B_separated.sectionalData{1,1} = B1

i ;

15: Setup of the parametric modes for Bi:
16: B_separated.sectionalData{2,1} = Ξconst

ν,1 ;

17: B_separated.sectionalData{3,1} = Ξconst
ν,2 ;

18: Setup of the spatial modes for zero matrix:
19: Z_separated.sectionalData{1,1} = Z;

20: Setup of the parametric modes for zero matrix:
21: Z_separated.sectionalData{2,1} = Ξconst

ν,1 ;

22: Z_separated.sectionalData{3,1} = Ξconst
ν,2 ;

23: Creation of the full tensor representing the matrix (50):
24: LHS = [A_separated, B_separated’; B_separated, Z_separated];

Output: The matrix (50) in form of a separated tensor LHS

For the right-hand side, we need to construct the vector of separated tensors(
Fi
Gi

)
, (51)

as described in Algorithm 2.
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Algorithm 2 Construction of the vector (51) in the Encapsulated PGD Algebraic Toolbox.

Input: Spatial matrices and vectors (A1
i ,A

2
i ,B

1
i ,F

1
i ,F

2
i ,g

D) obtained from a finite element library and parametric

vectors (Ξconst
ν,1 ,Ξlinear

ν,1 ,Ξconst
ν,2 ,Ξquad

ν,2 ) constructed via collocation

1: Initialization of separated tensors:
2: F_separated = separatedTensor;

3: G_separated = separatedTensor;

4: Setup of the spatial modes for Fi:
5: F_separated.sectionalData{1,1} = F1

i ;

6: F_separated.sectionalData{1,2} = F2
i ;

7: F_separated.sectionalData{1, 3} = −A1
i ∗ gD;

8: F_separated.sectionalData{1, 4} = −A2
i ∗ gD;

9: Setup of the parametric modes for Fi:
10: F_separated.sectionalData{2,1} = Ξconst

ν,1 ;

11: F_separated.sectionalData{3,1} = Ξconst
ν,2 ;

12: F_separated.sectionalData{2,2} = Ξlinear
ν,1 ;

13: F_separated.sectionalData{3,2} = Ξconst
ν,2 ;

14: F_separated.sectionalData{2,3} = Ξlinear
ν,1 . ∗Ξconst

ν,1 ; . Elementwise multiplication

15: F_separated.sectionalData{3,3} = Ξconst
ν,2 . ∗Ξquad

ν,2 ;

16: F_separated.sectionalData{2,4} = Ξlinear
ν,1 . ∗Ξconst

ν,1 ;

17: F_separated.sectionalData{3,4} = Ξquad
ν,2 . ∗Ξquad

ν,2 ;

18: Setup of the spatial modes for Gi:
19: G_separated.sectionalData{1,1} = −B1

i ∗ gD;

20: Setup of the parametric modes for Gi:
21: G_separated.sectionalData{2,1} = Ξconst

ν,1 . ∗Ξconst
ν,1 ;

22: G_separated.sectionalData{3,1} = Ξconst
ν,2 . ∗Ξquad

ν,2 ;

23: Creation of the full tensor representing the vector (51):
24: RHS = [F_separated; G_separated];

Output: The vector (51) in form of a separated tensor RHS

The required PGD solution can then be obtained via the call

u0,f
i,PGD(µ) = pgdLinearSolve(LHS, RHS, <optional settings>).

For details of the optional settings of pgdLinearSolve we refer to the documentation [42]. However, we would like
to briefly discuss the optional setting ‘mask’ as this is essential when working with multi-variable problems.

A.1.1 Encapsulated PGD Algebraic Toolbox: mask for multi-variable problems

When using the pgdLinearSolve function provided in the Encapsulated PGD Algebraic Toolbox to solve problems
with multiple unknowns, e.g., velocity and pressure, a mask is useful for ensuring that the PGD algorithm converges
for all unknowns. A mask is a column vector of boolean values, indicating which part of the spatial solution
should be used when considering convergence. One can provide multiple masks by utilizing a matrix structure, and
pgdLinearSolve imposes that the convergence criteria must hold for each mask to ensure that, if the magnitudes
of the different variables differ significantly, the convergence is guaranteed for each variables.

Suppose that the spatial modes are ordered such that all velocity nodes come first and then the pressure nodes
follow, and let Nv and Np be the number of velocity and pressure nodes respectively. To ensure convergence with
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respect to both velocity and pressure, the required input mask would be

mask =

(
1Nv 0Nv

0Np 1Np

)
,

where, 1N? and 0N? represent vectors with dimension N? × 1 (? = v, p) consisting of 1’s and 0’s respectively. To
use the mask, the call to pgdLinearSolve is modified as

u0,f
i,PGD(µ) = pgdLinearSolve(LHS, RHS, ‘mask’, mask, <optional settings>).

A.2 Data for the Stokes-Darcy problem with analytic solution of Sect. 4.2

In this appendix, we indicate the data for the Stokes-Darcy problem with analytic solution studied in Sect. 4.2.
The source term for the Stokes problem is

f1(µ1, µ2) =

[(
µ2

1 − 1
)

sin
(
µ2

√
νK+xµ1√
νK

)
e

µ1
2
√
νK

1

]
.

The Dirichlet boundary condition on the left edge ΓD1 is imposed through the extension function

gDΩ1
(µ1, µ2) =

[
sin(µ2)e

yµ1√
νK

− cos(µ2)e
yµ1√
νK

]
.

The Neumann boundary condition on the top and right edges are respectively calculated to be

gN,top
1 (µ1, µ2) =


µ1ν sin

(
µ2

√
νK+xµ1√
νK

)
e
µ1√
νK

√
νK

ν

(
(µ2

1−1)e
µ1

2
√
νK +µ2

1e
µ1√
νK

)
cos
(
µ2

√
νK+xµ1√
νK

)
+
µ1

√
νK

2

µ1

√
νK


and

gN,right
1 (µ1, µ2) =

1

K


ν

(
(µ2

1−1)e
µ1

2
√
νK +µ2

1e
yµ1√
νK

)
cos
(
µ2

√
νK+µ1√
νK

)
−(y− 1

2 )µ1

√
νK

µ1

√
νK

µ1ν sin
(
µ2

√
νK+µ1√
νK

)
e
yµ1√
νK

√
νK

 .
The Darcy force term is given by

f2(µ1, µ2) =
1

K

sin
(
µ2

√
νK+xµ1√
νK

)(
µ2

1e
µ1

2
√
νK + νe

yµ1√
νK − e

µ1
2
√
νK

)
K − ν cos

(
µ2

√
νK+xµ1√
νK

)
e
yµ1√
νK

 .
The Neumann boundary condition u2(µ1, µ2) · n = gN2 (µ1, µ2), is enforced through the extension functions

gN,left
Ω2

(µ1, µ2) = sin(µ2)e
yµ1√
νK

and

gN,bottom
Ω2

(µ1, µ2) = − cos

(
xµ1√
νK

+ µ2

)
. (52)

Since the two edges on which the Neumann boundary condition is imposed are perpendicular to each other, and
hence the boundary condition for each edge enforces the velocity for different components, there is no need to
construct an extension for each edge that is zero on the other edge. The Dirichlet boundary condition is enforced
naturally with

gD2 (µ1, µ2) =

√
ν

K

(
1

µ1
− µ1

)
cos

(
µ1√
νK

+ µ2

)
e

µ1
2
√
νK + y − 1

2
.
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We remark that the data for this problem is not analytically separable, so we use the script pgdTensorSeparation
in the Encapsulated PGD Algebraic Toolbox [42] with tolerance 10−4 to numerically obtain separated representa-
tions needed for the numerical tests.

To this purpose, we must first obtain the 4D grid of spatial and parametric nodes that will be used to define
the functions to be separated. This can be done using the MATLAB function ngrid as

[X, Y, MU_1, MU_2] = ndgrid(x_nodes, y_nodes, mu_1_nodes, mu_2_nodes),

where x_nodes, y_nodes are the x and y coordinates of the nodes in the spatial finite element mesh, while
mu_1_nodes and mu_2_nodes are the coordinate of the nodes used to discretize the parametric intervals.

Then, to apply the numerical separation procedure to, e.g., gN,bottom
Ω2

in (52), we first define

discreteFunction = -cos((X.*MU_1)./(sqrt(nu*K)) + MU_2,

and finally call the function

separatedFunction = pgdTensorSeparation(discreteFunction, <optional settings>).

The output separatedFunction is a separated tensor with 4 rows (2 for the spatial dimensions and 2 for the
parameters) in the field sectionalData. The optional settings are similar to those for pgdLinearSolve, and we
refer again to the documentation [42] for details.
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