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   Motivations                                                                                    
• Why high-order?

high accuracy with complex physics and geometry
low dispersion and dissipation error 

 

• Why model order reduction?
necessity of testing different parametric settings
general vademecum with real time evaluation
circumvent the “curse of dimensionality”

high-order Hybridizable 
Discontinuous Galerkin 

(HDG) 

Proper Generalized 
Decomposition (PGD) 
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• Considering the steady Stokes equation on        for a 2nd order method

   Problem statement                                                                                     
Ωμ

   HDG mixed formulation                                                                                    
• In a mixed method framework as HDG [2] instead:

express u 
and p in 

terms of  û 
and 𝜌

(w, ∇ ⋅ L)Ωμ
= (w, J−1

μ ∇X ⋅ L |Jμ |)Ω
= (w, adj(J)μ ∇X ⋅ L)Ω

separable

L = − ∇u in Ωμ
e,

∇ ⋅ (νL + pI) = 0 in Ωμ
e,

∇ ⋅ u = 0 in Ωμ
e,

u = uD on Γμ
D,

u = û on Γμ,
⟨p,1⟩∂Ωμ

e
= ρe,

{[nμ ⋅ (νL(û) + p(û)I)] = 0 on Γμ

nμ ⋅ (νL(û) + p(û)I) = 0 on Γμ
N .

−∇ ⋅ (ν∇u − pI) = 0 in Ωμ,
∇ ⋅ u = 0 in Ωμ,

u = uD on Γμ
D,

nμ ⋅ (ν∇u − pI) = 0 on Γμ
N .

(∇w, ∇u)Ωμ

= (J−1
μ ∇X w, J−1

μ ∇X u |Jμ | ))Ω
= (J−1

μ ∇X w, adj(Jμ)∇X u)Ω

(w, ∇u)Ωμ

= (w, J−1
μ ∇X u |Jμ |)Ω

= (w, adj(Jμ)∇X u)Ω

(w, u)Ωμ

= (w, u |Jμ |)Ω

ndof DG vs  ndof HDG 
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   Results II year: 2D and Axi parameterised geometry                                                                                  

• Micro-swimmer HDG-PGD solutions for k=3 for different configurations:

Optimal convergence
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• Code validation for parametric Couette flow with                 :Rin = μ
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We know the exact 
separated 

representations of                       

but not for 
     [3,4].

|Jμ | , adj(Jμ)

J−1
μ

Ω(X, Y )
ℳμ1,μ2
⟼ Ωμ(x, y)

J−1
μ requires HO-SVD, 

computationally very expensive 

solve for 
û and 𝜌

• The mixed form enables an explicit separation of all the terms in the weak form

• By mapping the integrals that appear in a weak form on the reference domain:

“Curse of dimensionality”

Rref

uθ(r,1)

uθ(r,3)

μ
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   Results I year: parametric spatial dependent viscosity                                                                               

   Results II year: 3D parameterised geometry                                                                                  
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• Code validation for synthetic problem and application:

• Code validation for 3D problems with parameterised geometry: Rin = μ

μ1 = 1,μ2 = 20 μ1 = 20,μ2 = 1

Optimal convergence

• Application to a corrugated channel with parameterised wave amplitude:


