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Abstract

The present work provides the necessary tools for the dynamic modelling of flexible
mechanisms using the master-slave approach. The numerical modelling of this kind of
structures within the finite-element context encounters three main difficulties: the mod-
elling of beams, the time-integration of the equilibrium equations and the treatment of

the joint constraints.

Due to the presence of large displacements and rotations, the geometrically exact beam
theory (also known as the Reissner-Simo beam theory) has been chosen for its suitable
description of the kinematics and the demonstrated accuracy it gives. The finite-element
interpolation of large rotations is not unique and it strongly influences the strain-invariant
properties of the underlying model and the conserving characteristics of the resulting
time-integration schemes. These schemes are affected by the character of the differential
equations, which in turn depend on the modelling of the kinematic joints. In the present
thesis, they are modelled by resorting to the master-slave approach, a technique that
retains the minimum set of degrees of freedom within the equations of motion and has
the additional and important advantage of not including any constraint equations. In
doing that, we avoid the common use of algebraic-differential equations which in general

require more involved time-integration schemes.

We include a novel extension of the master-salve approach to more general contact
problems. With this new approach we are able to model sliding joints on flexible beams
while preserving some of the conserving properties of the underlying time-integration
algorithms. This method is also adapted for the modelling of joints with dependent
degrees of freedom like the cam joint, the screw joint, the rack-and pinion joint or the

worm joint.
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1. Introduction

1.1 Motivation

The study of flexible mechanisms has attracted a remarkable attention in recent years.
Some industrial applications that employ this kind of structures are telescopic booms,
deployable structures, spatial appendages, railway pantographs, light manipulators or
suspension systems, among others. The analysis of the deformations of the resulting
structural model requires accurate techniques in order to capture the flexibility of the

system.

A considerable amount of research has been dedicated to the numerical modelling of
flexible multibody systems. However, most of the models currently implement the kine-
matic constraints via Lagrange multipliers and penalty methods, and therefore deal with
the coupled system of differential and algebraic equations. The present work demonstrates
that the same systems can be alternatively modelled with the master-slave approach,
which avoids the use of algebraic equations and their associated complexities. We have
used the method for the modelling of beams with joints, and in particular, for modelling
sliding contact conditions. This work attempts to pave the way towards the modelling of

more general contact situations without the use constraint equations.

1.2 Scope of the thesis

Three basic ingredients must be addressed when modelling flexible mechanisms: the
modelling of beams (these are the elements most commonly used in the above-mentioned
applications), the time-integration of the equations of motion, and the modelling of joints.
Although these issues are not completely independent, we will describe them separately

in the following subsections.
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1.2.1 Beam models

It is desirable to have in hand a beam formulation capable of undergoing large dis-

placements and one that facilitates the modelling of joints.

One common practice is to describe the dynamics of a flexible beam via a rigid body
motion with a floating frame attached to the beam, and superimpose a linear deformation
referred to this floating frame [Sha98, |(GdB94]. Although this technique is acceptable for
small deformations, it yields inaccurate results when the bending deformation becomes
significant. We will instead base our beam formulation on the geometrically exact beam
theory (or Reissner-Simo beam theory), which allows to measure the strains and stresses
in any deformed configuration of the beam [Rei81, [Sim85] and to refer them directly to
an inertial coordinate system. The resulting formulation is especially suited for problems
with large displacements [SVQS88, ICG&8, TFK95, BDT95]; furthermore, since the kine-
matic description of the beam within this theory provides for each point of the deformed
centroid line an orthogonal unique triad, this theory becomes very appropriate for defining

kinematic joint conditions at any point of the beam [JC96, BBO01].

One of the major complexities of the finite-element implementation of the geometrically
exact beam theory is the temporal and spatial discretisation of the rotational field. It
has been proven that original implementations in statics [SVQ86] and dynamics [SVQS88,
CG88] suffer from being non-objective and path-dependent [JC99a]. Some alternative
interpolations of rotations have been proposed in order to avoid these pitfalls, such as the
the interpolation of the director vectors of the cross-section [BS02b, RA02]. Although
this technique solves the problems of invariance and retains the conserving properties of
certain time-integration schemes, it leads to a non-orthogonal triad at the integration
point and to potential singularities in the interpolation. We note that a similar approach
was introduced in [AdJ91], although no invariance issues were addressed. The present
work will alternatively use a consistent interpolation of local rotations (i.e. rotations
referred to an elemental triad [JC99al), which despite affecting the properties of the time-
integration, leads to an invariant and path-independent formulation with a well defined
orthogonal triad at the interpolated points of the centroid line. Effectively, the same

interpolation for the rotational field was proposed independently in [BB94a, BB94b].

1.2.2 Time-integration

Two main concerns arise when integrating in time the equations of motion of multibody
systems: the design of stable and accurate algorithms for the underlying beam elements,

and also the extension of these properties to problems with kinematic constraints. The
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latter is closely linked to the technique employed when modelling the joints and will be
discussed in the next section. The design of time-integration algorithms for unconstrained

beams is explored in the first part of the thesis.

We will distinguish between conserving (or conservation based) and non-conserving
algorithms. The former are specially designed to conserve the constants of motion such
as the total energy (for conservative problems) or the angular momentum (in the absence
of external loads) in the non-linear regime. Although the conservative and stability prop-
erties (if any) of the latter are only assured for linear systems, they require in general less
storage data than the conserving algorithms. We will restrain our study of non-conserving
algorithms to the Newmark [New59] and the HHT [HHT77, CH93| algorithms, which will
be adapted to the case of large 3D rotations.

With regard to the conservative algorithms, we will resort to the energy-momentum
method, originally developed by [STD95] in the context of geometrically exact beams.
We will use a strain-invariant version of this algorithm that interpolates local rotations
[CJ00). This is in contrast with other methods where the conservation is enforced by
resorting to Lagrange multipliers [KR96], but whose stability depends on the behaviour

of the underlying (non-conserving) algorithm.

It has been claimed in recent works [BT96, KC99,[AR01] that the strict conservation of
energy without effective numerical dissipation of high frequencies can lead to instabilities
when analysing problems with high frequencies. In some cases, these high frequency oscil-
lations arise when modelling the kinematic constraints with Lagrange multipliers [CG89).
In other cases, these oscillations are generated by the stiff nature of the physical problem
at hand. By adding numerical dissipation, the response may be smoothed and the stabil-
ity of the analysis improved. In most of the proposed formulations, the energy decaying
character of an algorithm is obtained from an initial conserving form. When deriving
time-integration algorithms for the modelling of joints, it is therefore useful to develop
primarily energy- and momentum-conserving algorithms for beams, and extend these al-
gorithms to the formulations of joints introduced in this thesis. From these algorithms,
introducing energy dissipation might be investigated with the techniques described in
[BT96l, KC99, [ARO1]. Nonetheless, we will develop a momentum-conserving algorithm
with dissipative properties. This should be regarded as a byproduct, rather than an

objective, of the thesis.

1.2.3 Modelling of joints

We can divide the techniques used for the modelling of constraints in the following two

main groups:
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1. The constraint equations are satisfied via the use of Lagrange multipliers and a
penalty function stemming from a potential associated with the violation of the

constraints.

2. The constraint equations are satisfied with the master-slave approach (also called
parent-child method or minimum set method). The displacements of a (slave) node
are related via the released displacements of a reference (master) node or reference

element.

The first technique is widely used in the context of rigid mechanisms and has been
extended to the modelling of flexible multibody systems (see [Nik88. [CG89, LCI7, [Cri97,
AP98a, (GCO1, BBN01, BS02al, TR03, LCGO04] for instance). Although this method allows
to model the constraints in a standard and general manner, it has the disadvantage of
using more degrees of freedom than the strictly necessary (a mild drawback for systems
with large number of degrees of freedom, though) and can lead to ill-posed system of
differential-algebraic equations (DAEs). It can be proven that for linear analysis, the
eigensolutions associated with the Lagrange multipliers have infinite frequencies [CG89],
which introduces instabilities in the response of the system (although the underlying
algorithm is unconditionally stable in linear unconstrained problems). Besides, the solu-
tion of DAE differs substantially from the well studied methods for ordinary differential
equations (ODE) [BCP89, HLR&9, GdB94, [AP98b, /GC01]. The DAE are normally trans-
formed into an ODE by differentiating the constraint equations, which is solved using
some of the methods available for these equations [GdB94, \GCO01, 'AP98b], in some cases
specially adapted for the kind of the resulting ODE. However, the stability of these algo-

rithms in the non-linear regime cannot be ensured in general.

The master-slave approach has similarities with some early techniques [CV7S8| [AS79)
where the system of equations with dependent and independent displacements was ma-
nipulated in order to obtain a reduced system with only independent degrees of freedom.
The main difference with respect to these methods is that we initially write the weak
form of the equations of motion for a system with no released displacements (the elements
are assembled in the conventional manner); in a second stage, we then add these released
degrees of freedom by extending the virtual work principle with the work associated to
the released displacements. This leads to a simpler and systematic way of embedding the

joint constraints.

Strong resemblances can be also found between the master-slave approach and the
constraint elimination or velocity transformations [Jer78, KV86] used in the context of
rigid multibody systems, or the embedding technique [Ros77, Sha98|. In these methods

the kinematic relationship between relative and slave (or, in their terminology, absolute)
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velocities and accelerations is inserted in the equations of motion in order to write them
as a function of the master and released velocities and accelerations (independent vari-
ables only). In contrast, we will derive a kinematic relationship between only the virtual
displacements (or incremental displacements in the conserving algorithms), but our equi-
librium equations will contain the (dependent) slave displacements. This circumvents the

use of a master-slave relationship for the velocities and the accelerations.

We point out that in contrast to methods with Lagrange multipliers and penalty meth-
ods, the variational principle (or incremental form in conserving algorithms) in the master-
slave approach does not have to be augmented with the constraint equations. It is shown
in the thesis that extending the residual vector using the master-slave relationship is
equivalent to imposing a zero virtual work (or increment of energy) along the virtual
released displacements. It is also worth emphasising that by avoiding the use of algebraic
equations (and hence DAEs), we can construct algorithms that inherit the unconditional
stability (in the sense that they are energy- and momentum-conserving) in the non-linear

regime.

The development of master-slave formulations in a non-linear environment with flexible
bodies is quite recent and, although it is less popular than the use of Lagrange multipliers,
we will show that the approach is not only perfectly suited for the modelling of flexible
mechanisms, but that it can also simplify the resulting equations and be inserted in a

straightforward manner into existing time-integration schemes.

We will develop two approaches: the node-to-node (NN) and the node-to-element (NE)
master-slave relationship. The former is adequate for joints with only rotational released
degrees of freedom, and the latter to sliding joints, i.e. joints with released translations
along a set of aligned elements or slideline. This presents a series of difficulties, namely
the preservation of the bilateral contact when the contact point jumps to an adjacent

element.

The use of NN master-slave approaches to flexible multibody systems can be found
in [PP91] for linear elastic deformations. Further developments for large displacements
is given in [JC96, Mit97, IMOOb], and their formulation within the energy-momentum
conserving time-integration schemes in beams is introduced in [JCO1]. A similar method
is also presented for contact of flexible-rigid bodies in [Pus02], and for revolute joints in
rigid bodies in [NLT03].

The NE approach derived here for sliding contact conditions is inspired by the work in
[JC02a]. We will reformulate the master-slave relationship given there in order to deal with
the transition of the contact point along a slideline and extend the method to conserving

algorithms. We observe that the use of sliding joints with the master-slave approach has
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been introduced recently in [MMO03], although with no released rotations and with the
sliding condition derived for the contact of a spring on a planar beam. Contact conditions
of a beam sliding through a rigid orifice have been modelled in [VQL95] and references
therein, while more similar sliding conditions related to the NE approach resorting to
Lagrange multipliers and penalty methods in the context of conserving algorithms can be
found in [LCI7, [AP98a, Bau00, BBO1].

1.3 Outline

The thesis is divided in two parts. Part I one deals exclusively with the modelling of

beams while Part LIl concentrates on the master-slave approach.

We describe in Chapter 2 the essential concepts concerning large 3D rotations, and
although this is not an exhaustive exposition of the topic, the chapter provides the neces-
sary tools that will be used thereafter. Most of the complexities of this thesis stem from
the presence of large rotations. Some of the formulae have been derived in Appendix [A
in order to avoid disrupting the flow of the thesis, and in Appendix Bl a brief overview of

the quaternion algebra, also relevant for the implementation of rotations, is given.

The underlying beam theory, permanently used in the subsequent chapters, is ex-
pounded in Chapter [3. The beam equations are introduced and the spatially discretised
weak form is deduced. The derivation of the beam equations from the equilibrium equa-

tions of continua can be found in Appendix C.

Chapter 4] introduces a first family of time-integration algorithms specially designed
for the problems at hand. These correspond to the well-known Newmark [New59] and
HHT methods [HHT77, (CH93| adapted for problems with 3D rotations. Although we will
also develop algorithms which are in general more robust and stable in Chapter 6, it is
interesting to show that the master-slave approach given in Part Il of the thesis can be
embedded in both groups of algorithms. A brief summary of time-integration algorithms

and some relevant definitions can be found in Appendix DL

Chapter 5] focuses on the different choices when interpolating the rotational field, and
addresses the closely related issue of strain-invariance. Chapter |6/ describes a set of time-
integration algorithms with conserving properties, and the link between the properties
of these conserving schemes and the choice of the rotational interpolated variables is

discussed.

Part I introduces the master-slave approach. The node-to-node (NN) approach is first

described in Chapter [7, where some known results are reviewed, and some new results
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concerning energy-momentum and strain-invariant formulation in the presence of joints

are expounded.

Chapters 8, 9 and [10 refer to the novel node-to-element (NE) approach which allow the
modelling of sliding contact conditions. The first of these chapters describes this approach
in a variational formulation, so that it can be used in conjunction with the algorithms given
in Chapter 4. Chapters 9 and 10 formulate the node-to-element approach in the context
of conserving algorithms. The former derives a set of momentum conserving strategies
which are strain-invariant, and the latter introduces a non-invariant energy-momentum

conserving algorithm.

The adaptation of the NN and NE master-slave formulations for joints in which the
released displacements are mutually dependent is addressed in Chapter [11. This includes

many practical joints like the screw joint, the rack-and-pinion joint or the cam joint.

Some numerical examples are presented in Chapter 12. Only those algorithms that are
strain- and dynamic-invariant have been employed and tested in a set of problems, some

of them extracted from the literature.

Finally, a summary of the results and concluding remarks are included in Chapter 12,

together with some suggestions on possible further research.

The remaining appendices give some necessary formulae (Appendix [E), the linearisa-
tion of some relevant beam residuals and extended residuals generated by the master-slave
approach (Appendices Fland G, and the proof of the conservation properties for the rel-
evant algorithms (Appendix H)).
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Part 1

Finite element modelling of

geometrically exact beams
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2. Large 3D rotations

In the geometrically exact formulation of three-dimensional beams, special attention
must be dedicated to the rotational degrees of freedom. Indeed, most of the complexities
of the models in this thesis stem from the non-linear character of large 3D rotations. For

this reason, the relevant and necessary formulae will be derived in this chapter.

We will focus on the 3 x 3 matrix representation of rotations, which will be the one
used in subsequent chapters. The reader is referred to [Alt86, (GPS02] for other possible
representations such as 2 x 2 Pauli matrices or quaternions. The latter are particularly
advantageous from a computational standpoint, and a short overview of them is given in

Appendix BL

Section 2.1/ gives an insight into the 3 x 3 matrix representation of rotations. Section /2.2
introduces several common vector-like parametrisations, and Section 2.3 is dedicated to
the infinitesimal variations of rotations, where the non-commutativity of finite rotations

is also revealed.

2.1 Rodrigues formula of the rotation matrix

A 3D rotation is defined as a transformation represented by a matrix A that belongs

to the special three-dimensional orthogonal group SO(3):

SO(3) = {A € M3(R) | detA =+1; A~" = A"},

where M3(R) is the group of 3 x 3 real matrices. With the help of Figure 2.1, we will

deduce in this section an explicit expression for A.

We note first that the elements of the transformation group SO(3) rotate vectors in
the three-dimensional vectorial space E? around a fized axzis, and therefore, any rotation
is fully defined by this axis and the angle 6 of the rotation (see [BR79], among others, for
the proof). We will indicate the fixed axis with the unit vector e, and define the rotation

vector 0 = fe (see Figure 2.1).
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B

A ~— B

Figure 2.1: Rotation of a vector through a fixed axis 6.

Let us denote by v € E? a vector which is rotated by A onto another vector vy € E3

as follows,

Vg = A’U1. (2.1)

Since +1 is one of the eigenvalues of A (in fact the eigenvalue associated with vectors
parallel to e), we can choose an orthonormal basis u;, i = 1,2,3 with u; = e. It follows
that

Au; = u;q.

By noticing that I = Zf‘:l u; ® u;, with I the unit 3 x 3 matrix, the rotation A may

be rewritten as

3
A:AI:AZui®ui.
=1

On the other hand, A rotates the vectors orthogonal to w; as in the two-dimensional

case,

Aus = cosBus + sinfug

Auz = —sinfus + cosfug,
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and accordingly, A = A 25’:1 u; ® u; is expressible in the form

A=u; @u; +Sin9(U3®’LL2—’LL2®U3)+COS€(U2®U2—|—U3®’U,3). (22)

We will henceforth use a symbol of a hat superimposed onto a vector! v = {v; v v3}

to denote the following skew-symmetric matrix

0 —U3 ()
A~ ~T
V= V3 0 —V1 = —-v,
—V2 V1 0

which is such that ¥a = v x a, with x the cross product operation in E3. Using this

notation, the following identities can be directly verified:

u®v=vu+ (u-v)l and W = Uv — V. (2.3)

By using the orthogonality of the vectors w; one has that wsus = uq, and therefore
u3z @ ug — Uz ® ug = Uguz = up. From (2.3); it follows that u; ® u; = 'ﬂ% + I, and

replacing w; with e, equation (2.2) reduces to the Rodrigues formula,

sinf~ (1 —cosf) rk

A:Hmwaﬂemwézu-e + 7 (2.4)

Another important expression for A can be obtained by first noting that the Taylor

expansion of the trigonometric functions in (2.4) is given by

03 95 " 92n+1
s1n9—0—§+§+ +(—>m
; (2.5)
0 04 n92n
0089—1—54-54""4-(—1) o

It can be also verified that

8 ——0%0 . 0 ——0%",

! Although in the equations, vectors will be considered as column arrays, vectors embedded in the text

are regarded as row arrays in order to avoid cluttering the text with the transpose sign ™.
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and in general (—1)”92"§i — 0" forn > 0;¢2 = 1,2, which introduced in (2.4) and
making use of (2.5) leads to |Gib28|, Arg82]

AO)=T+0+ 562 4o = exp(0). (2.6)

The vector @ = fe = {0x 0y 0z} determines the rotation and therefore provides a
possible three-dimensional parametrisation of the rotation matrix?® A. The parametrisa-
tion of A is relevant as it determines the way we compute the rotated vector vs, how we
extract the parameters of the rotation, and as it will be shown, other important formulae

concerning the infinitesimal rotations.

All the parametrisations which have the general form

py = p(0)e (2.7)

are so-called vector-like parametrisations [BT03]. The case p(6) = 6 has been already
seen above which leads to the exponential form or the Rodrigues formula in (2.4). Other
three-dimensional parametrisations such as Euler angles or Bryant angles (very commonly
used in guidance) can be found in the literature [GCO1]. However, some of the three
dimensional vector-like parametrisations are more suitable for the geometrically exact
beam theory, and in fact provide simple and singularity-free representations of rotations.

Their main properties will be given in the next section.

2.2  Vector-like parametrisation of rotations

Choosing p = 6 leads to the so-called rotation vector py = 6 already mentioned in the
previous section. Among other scalar functions p(f), the most commonly used are the

following:

p(0) = 2tan(0/2) Tangent — scaled rotation vector,
p(0) = 4tan(0/4) Conformal rotation vector,
p(0) = 2sin(0/2) Euler — Rodrigues rotation vector.

*However, it is only a 1-1 parametrisation for @ € (—, 7], which may be represented by a sphere
of radius 7, where diametrically opposite points represent identical rotations. It can be shown that the
minimum number of parameters needed to have a 1-1 representation of the elements of SO(3) and the

parametric space is five [Stu64].
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Figure 2.2: Schematic of two vector-like parametrisations of 3D rotations (rotation and

tangent-scaled rotation vectors), and their corresponding mappings.

The first parametrisation has remarkable properties and will be described in the next
section. The conformal rotation vector has very similar properties to the tangent-scaled
vector and will be briefly introduced for reasons of completeness. Indeed, both of them
can be regarded as particular cases of the same family of parametrisations [Tsi97]. The
third case is more often employed jointly with a fourth (dependent) parameter, which
together form the Fuler parameters, closely related to the quaternions which are briefly
described in Appendix B. Figure 2.2 shows an scheme of the mappings of two vector-like

parametrisations, the rotation vector and the tangent-scaled rotation vector.

2.2.1 Tangent-scaled rotation vector

We will introduce the factor p = 2tan(6/2) in (2.7), which leads to the parametric
vector p, = 2tan(f/2)e. We will call it the tangent-scaled vector ® and we will denote
it by 8 = 2tan(f/2)e. It is possible to transform the Rodrigues formula and write A

exclusively as a function of @ by recalling the identities

1 —cosf = 2sin*(6/2) = 2tan®(0/2) cos®(0/2) = %COSQ(H/Q)QZ,

sinf = 2tan(h/2) cos?(0/2) = cos*(0/2)8,
1 1
1+tan20 1+ 167

cos’ =

and inserting them into expression (2.4), which leads to Cayley formula,

3In the literature, it is also referred as the pseudo-rotation [Arg82, RC03], Cayley rotation vector
[BTO03], or the related Rodrigues parameters [Rod40, (GCO1]. The latter correspond to the similar choice
p = tan(0/2).
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1
A(B) = TI-+cos?(6/2) <ea + 202€2>

1

~ 12

4

The tangent-scaled vector allows an easy computation of compound 3D rotations.
Any two successive rotations 6, and 6, are equal to an equivalent rotation A(6y,) =
A(65)A(0,) with a rotation vector 85, = 85 o 8, where o denotes the composition op-
erator. The use of tangent-scaled vectors allows compound rotations to be given explic-
itly as a function of 8, and 6,, without resorting to their respective rotation matrices
[Gib28| Arg82]:

1

1~
=—(065,+0,+ 050, |. 2.
O =17 6,6, <2 +0;+ 221> (2.9)

Of course, by applying this formula recursively we can derive the expression for the
compound rotation of multiple successive rotations. For instance, the vector 039, =

05080,080, is given by

1

1~
O30y = ———— | 03+ 05 + 6030
Yoo = 1 19,6, (3 Y 2321)

= PN 1
L= gtgants (01401 18,0,) \1 ~302 &

1
19->°0

—_

1 ~ ~ ~ 1~ ~
<<1 — ZQQ -91> 0;+6,+0,+ 5 (Qng + 6,0, +Q2Q1) + 4939201>

1
- 1 P (2.10)
1—-7(05-0,+05-0,+05-0,)— 705050,

1/~ ~ ~ 1
<93 +6,+0; + B (Q3Q1 + 050, +Q2Q1> 2 ((03-65)0, +(8,5-6,)85 — (05 ‘91)92)> .

It will also become useful to give an alternative expression for the Cayley formula. By

~3 ~
noting that 8 = —(8 - 8)0, the transformation in (2.8) can be rewritten as

@) = (1+30) <I+ 12 5, U4 a?).

2~ 1+3027 " 1+ 107

The last term can be simplified with the help of the following identity?:

~ ~ ~2

4These results can be verified by multiplying the matrix aI+ 860 by a generic matrix a;I+ 5160 +~10
and finding the values of a1, 31 and 71 that equate the result to the identity matrix I. Similar identities
can be found in [CGS8S].
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~\ —1 ~ ~2
(aI n 59) — o1+ 510 +70

with

1
ap = —
(6%
_ -5
b = a? + 3292
3/
= e g2
a? + (5460

which leads to the alternative Cayley formula

A(B) = <I + ;@) <I - ;6) T (I - ;§>_1 <I + ;5) . (2.11)

The same result can be deduced graphically from Figure 2.1b. The vector O—]>V can be

obtained in the following two ways:

1~

ON = wv;+tan(f/2)ev, = <I + 20> v
. 15

ON = vy —tan(f/2)evy = <I - 20> V3.

By equalising both expressions, and recalling vy = Av;, equation (2.11) is recovered.

2.2.2 Conformal rotation vector

The conformal rotation vector is formed by the following choice [Mil82]:

py =c=4tan(f/4)e.
The vector ¢ strongly resembles the tangent-scaled vector. However, in this case, the
rotation matrix is expressible as the product of two equal rotations:
2
A= Ae/z

which can be written as a function of the conformal rotation vector ¢,

1 1
Agjp=1+—"T——(E+-¢).
0/2 +2 T c<c+46>

+§C'
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The presence of a 'mid-way’ rotation Ay, expressed also via the parameter c¢ has
proven to be advantageous in the time-integration of beams [BDT95]. In addition, it
has a singularity-free interval given by 6 € (2w, —27), which is larger than the one for
tangent-scaled rotations: 6 € (—m, 7). However, during the present work, on the occasions
when a scaled rotation is required, the tangent-scaled rotations will be preferred to the
conformal rotation vector because (i) the interval of validity of the tangent-scaled rotations
is largely acceptable, (ii) they provide an explicit formula for the compound rotations,
(iii) the rotation matrix is expressed in a simpler way, and (iv) they are particularly
advantageous for the time-integration of rotations in conserving algorithms, as will be

seen in Section 6.

2.3 Infinitesimal variations of rotations

2.3.1 Non-commutativity of 3D rotations

It can be verified that, in general, for any two orthogonal matrices A; and As, the

order of composition of rotations is significant, i.e.

A1As £ AsA;.

In fact, the commutativity of 3D rotations is only satisfied for isoaxial rotations (ro-
tations around the same axis, like 2D rotations), for rotations around perpendicular axes
or when only small rotations are considered®. This fact reveals that the elements of the
special orthogonal group SO(3) do not form a commutative group under the the opera-
tion of multiplication. In fact, they belong to the more general Lie group (and in fact,
all differentiable continuous coordinate transformations are Lie groups |[Gug77, (GPS02]).
Each Lie group has an associated Lie algebra, which in the case of SO(3) corresponds to

the algebra so(3) formed by the 3 x 3 skew symmetric matrices:

s0(3) = {@ € Ms(R%) | a* = —a),

complemented by the Lie product, [&,B] = @b — ba. In the case of 3D rotations the
matrix @ is given by @ = €. As is known in the Lie theory of groups IGil74, Gug77,

GPS02], any Lie group is obtained by means of the exponential map of the elements of

SFor small 3D rotations we might approximate A by neglecting the higher-order terms in (2.6), which
leads to Agp =1+ 0. Tt can be checked that the first-order approximation of a compound rotation is

given by Aap,12 =1+ b\l + g? = Aap,21'
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the Lie algebra. In the case of the Lie algebra so(3), the last statement reads

exp: 6 € so(3) = A = exp(a) € SO(3). (2.12)

The exponential form of A can therefore be deduced through trigonometric arguments
as shown in Section 2.1, or as a consequence of the Lie theory of groups. The latter
provides also a way to deduce formula (2.12), since it states that any element A of a Lie

group dependent on one parameter p satisfies the following differential equation [Gil74]

ZA(p)=aA(p) with A(0) =L (2.13)

The solution of this equation is given by A = exp(pa), which corresponds to equation
(2.12) with p = 0, @ = e and A = A. Indeed, it can be checked that using expression
A =1 +sinbeé + (1 — cos0)e?, the differential equation in (2.13) is satisfied [GCO1]:

d
e=(--A)A"
= ()

2.3.2 Multiplicative and additive rotations

~

When attempting to obtain a perturbed rotation A, of A = exp(8), we might consider
the result of superimposing a rotation exp(e@) (which belongs to the group SO(3)), or
by performing the exponential map of the addition of elements of the Lie algebra so(3),
6(75 + 5:

A= exp(ec?;?)A

o (2.14)
Ac = exp(0 + edf).

The two procedures lead to different expressions which can be obtained by resorting

to the directional derivative.

For any function f : R™ — R", the directional derivative of f along dp € R™ at
Py € R™ is defined by (see for instance [BW97])

Df(p).[dp] = % 70f(p+ edp) € R", (2.15)

which will henceforth be written df for short. Thus, the directional derivative dA
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along d¥ can be deduced from (2.14); as follows

dA = d’ exp (e@) A = dOA. (2.16)
de e=0

The vector di¥ will be called the spin vector or multiplicative infinitesimal vector.
Considering the infinitesimal rotation vector o s0(3) in (2.14)2, an alternative result

is obtained:

in =4

p) exp(a + ec/la) = TdOA. (2.17)
€

e=0

The matrix T has been derived in Appendix Al and is given by the following formula:

- :
T(O) =1+ 1= cosby + <1 — Smg) e’ (2.18)

Since the vector d@ is the differential of the rotation vector 6, it can be added to it
in order to obtain the total new rotation vector @, = 0,4 + d@, and therefore, it will
be called the additive infinitesimal vector. By comparing equations (2.16) and (2.17), it

follows that the two infinitesimal vectors are related via the formula

9 = Tde. (2.19)

The inverse of T is also computed in Appendix (A, with the result

6 6/2

TO) '=I-_e+(1-——— )& 2.20

(©) 2¢7 < tan(«9/2)> ¢ (2.20)

We point out that det(T) = 2_29%59, and therefore T becomes singular for § = 2nm,
with n € N\0.

It is worth noting that for a translation r € E3, dr is also a vector in E3, but in the case
of A € SO(3) one has dA ¢ SO(3). The spin rotation d9 belongs to the tangent space
of SO(3) (which at the rotation A is denoted by TASO(3)), and in fact is an element
of the associated Lie algebra so(3). While the tangent space of E? is the space E3 itself
(revealing the linearity of this vector space), the same cannot be said about SO(3). In
Figure 2.3 the different meaning of d and d@ is shown graphically. The matrix T can be
regarded as an operator that transforms the spin vectors di into infinitesimal changes of

the axial rotational vector 6 € E3. Because d9A ¢ SO(3), the infinitesimal changes di
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Figure 2.3: Graphical representation of the non-linear space SO(3) and infinitesimal

rotations.

of the rotation matrix should be mapped back to the SO(3) group via the exponential

map in order to obtain the new rotation Ay (see Figure 2.3):

AQ = exp(gt\?)Al .

It can be checked that the transformation matrix T satisfies the following properties:

T =A"TA = ATA" (2.21a)
TT " =T "T=A (2.21D)
I+T6=A. (2.21c¢)

From property (2.21a) it follows that T is unchanged when the coordinate system
is rotated by a rotation A. Indeed, in [IFK95] it is demonstrated that A and T have
the same eigenvectors, but with different eigenvalues (they are equal for § — 0), which

justifies the fact that T and A commute.

Let us also give the following useful formula:
A=A"aA = A =A"a. (2.22)

2.3.3 Infinitesimal variations of tangent-scaled rotations

It is demonstrated in Appendix [Al that tangent-scaled and unscaled spin rotations
are equivalent. Furthermore, it is shown in the same appendix that when rotations are

parametrised using tangent-scaled rotations, a matrix S(0) equivalent to matrix T(0) can
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be deduced. The explicit expression for S() is (see Section A.2.1)

1 1~
S(9) = 1+-0), 2.23
0= (152) (229

and is such that

@9 = S(0)d,

with d@ the additive tangent-scaled rotation. The inverse of S(@) can be computed to
be

1~ 1
S(0) = I-30+,000 (2.24)

Using A = cay(0) in (2.8)), it can be verified that S satisfies similar relations to (2.21):

S = A"SA = ASA” (2.25a)
SST=8"TS=A (2.25b)
I+S6=A (2.25¢)

Moreover, matrices S and T can be generalised for any vector-like parametrisation of

rotations, with a set of analogous properties to (2.21) or (2.25) [BT03].

2.3.4 Moving and fixed bases

An alternative expression for the rotation matrix will be presented in the following
paragraphs, which will be required in subsequent chapters. Introducing two triads (or
bases) defined by the orthogonal vectors e; and g;, i = 1,2,3, the rotation matrix is

defined as the transformation that rotates the base e; into g;, i.e.

g = Aei, (226)

and therefore the rotation matrix A may be written as

3
A=) gi®e;. (2.27)
=1
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Figure 2.4: Moving basis g; and fixed basis e;.

Considering e; as the fized Euclidean basis and g; as the moving basis (see Figure 2.4),
any vector @ can be described in two alternative forms, one with components related to
the fixed basis (noted in lower case z;) and the other with components in the moving
basis (noted in upper case X;). In order to find the relationship between both sets of
components r; and X;, we note that z; = « - ¢; and X; = x - g;, and therefore the vector

x can be expressed as

3 3
r = E xjej = E ngj.
Jj=1 Jj=1

Multiplying the last two identities by e;, and noting that e; - e; = d;;, one obtains

3
x; = Z (e - gj) X;.
j=1

Remarking that® A;j = e; - gj, this equation gives rise to the relation between the

components of the vector  in the fixed and the moving bases,

x = AX, (2.28)

where x = {x1 22 x3} and X = {X; X5 X3}. Note that the vectors of the moving
basis g; and the components of the vectors in this basis are transformed in opposite ways

(see equations (2.26) and (2.28), respectively).

Denoting by d¢ the spin rotation with respect to the moving basis g;, we can relate it

to the spin variation di using the same transformation rule:

a9 = Adep.

We can relate it to the variations of A and the rotation vector 8 by making use of
equations (2.21b), and (2.22),

5Since the e; is the Euclidean basis, the component A;; can be obtained as el Ae; = ef (g1 ® e)e; =

(eigk)(ere)) = ei'g;.
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dA = dOA = Adep,

(2.29)
dp = ATTdO = T d6.

Similarly, we can define the additive variations with respect to the moving basis as

d® = A"de6.

By using relations (2.21Db)), the relation between the spin variations (dd¥ and d¢) and
the additive variation d® is given by

o Td6 = TAdO,
dp = TTd =TT AdO = Td®.

Obviously, the rotation vector is identical in the fixed and moving bases, @ = A" = 6.

2.3.5 Infinitesimal variations of a rotation dependent on one parameter

In the case that the rotation A depends on one parameter, say t, the relations between
the infinitesimal quantities described so far might be interpreted as the variations with

respect to the differential dt. By introducing the terms

U
0 _d0 W = dp
Cdt S odt’
the relations dA = d9A, d9 = Td and (2.29) are now written as
A =wA ., w=T80 , A= AW and W=T70. (2.31)

These equations may be deduced by dividing equations (2.29) by d¢ while using defi-
nitions (2.30).

Note that ¢t can be identified with the time variable or any other independent param-
eter. In fact, when introducing the beam kinematics in the next chapter, it will be seen

that rotations are dependent on time and also on a length coordinate s. Consequently,
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equations (2.30), (2.31) and those that will be derived in the coming paragraphs are valid

for both variables, ¢ and s, although here we have exclusively used the variable t.

We also point out that while the use of the directional derivative is required when
computing A, the vector @ can be obtained via total differentiation or the directional
derivative as 6 = é% 6:0(6’ + €d@).

2.3.6 Variation of vectors attached to the moving frame g;

The variation of any vector with constant components in the moving basis g; may be
obtained by using equations (2.31). Let us introduce the vector v(t) with components
v = {v; v2 v3} and V = {V; V5 V3} in the basis e; and g; respectively. From (2.28) it
follows that v = AV, and thus the variation of v with respect to t may then be written

as (remembering that the components V are constant, i.e. V= 0)

v=AV =WAV = wv = AWV.

We note that the same result could be written as dv = ddv = Ac?g\oV.

2.3.7 Derivation of dw and dW

It will be useful to have at hand a relationship between dW, dw and dd. The derivation
of this relationship requires the application of the directional derivative twice, one implicit
in the time-differentiation according to (2.30) and another represented by d in dW or dw.
In order to distinguish them, we will denote the first one with the symbol §, so that

equation (2.30)) is rewritten as follows:

A w2
9_5£ W—d—L‘O (2.32)
ot 6t

By noting that §(dA) = d(0A), and developing further both sides of this identity, it
follows that

S(dD)A + dOSIA = d(69)A + 69dIA,

which implies

d(59) = §(d9) — 59dY.
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Dividing both sides by 6t and using definitions (2.32) finally yields:

dw = d — wdd. (2.33)

It is important to note that w and d¥ are different vectors and have in general dif-
ferent directions. In fact, w is the variation of A when the parameter ¢ changes by an
infinitesimal dt, whereas d is an arbitrary direction along which A varies independently

of the parameter t.

By noting that dw = d(AW) = ddw + AdW, the directional derivative of W is given
by

dW = A"d9. (2.34)
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3. Geometrically exact beam

formulation

By considering certain kinematic assumptions which account for shear deformations
and large displacements, Reissner [Rei72] obtained an expression for the strain measures
in the planar [Rei72] and three-dimensional case [Rei73]. By resorting to the rotation
group SO(3), Simo [Sim85] concisely related the strain measures and the inertial terms
with a group of configuration variables that fully define the beam kinematics. Simo and
Vu-Quoc applied a convenient parametrisation of rotations that gave rise to a space- and
time-discretisation of the equilibrium equations [SVQ86, SVQ88]. This theory is known

in the literature as the geometrically exact beam theory or Reissner-Simo beam theory.

In the present chapter we expose the essentials of their work. We first describe in
Section 3.1l the kinematic constraints of the beam which will lead to equilibrium equations
in Section [3.2. These equations are derived from Cauchy’s law of motion in Appendix |Cl
In Section 3.3 the conjugate strain measures are obtained from the known definition of

the stress resultants in the cross-section of the beam.

The weak form of the beam equations is obtained by using a simple linear elastic
constitutive law and, as it is customary, by resorting to a vector of test functions. However,
due to the presence of multiplicative and additive variations of rotations, two equivalent
weak forms can be deduced. These are derived in Section 3.5, and indeed, they are the
starting point for the time- and space-discretised beam model used in subsequent chapters.
Finally, we check that the conserving properties of the beam are inherited in the spatially

discretised weak forms.

It is worth noting that, although the developments given here follow the notation and
the vector algebra given in the preceding chapter, the geometrically exact theory can
be also described by resorting to the tools of geometric (Clifford) algebra [ML99]. The
detailed implications of such an approach in the numerical implementation of the theory

remain unexplored.
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3.1 Beam kinematics

By defining a beam as a 3D body B whose size in one direction is much larger than
in the other two perpendicular directions, it is reasonable to assume that the straining
of the body will mainly take place along this direction and that the perpendicular planes
remain undeformed (Bernoulli hypothesis). This is in fact the basic and sole constraint
assumed by the Reissner-Simo beam theory used here. Consequently, the beam is fully
determined by the position and orientation of the cross-sections. The position is defined

by a time-dependent parametric curve

r(s,t): S x Ry — R,

that corresponds to the line of centroids of the beam, where S = [0, L] C R is the range
of the arc length parameter s € S. In addition, for each point r(s,t) of the curve, a plane
or cross section initially perpendicular to the line of centroids is defined. Its orientation
is determined by an orthonormal moving basis g;(s,t), i = 1,2, 3 rigidly attached to the

cross section (see Figure 3.1).

We will make the distinction between the reference configuration and the current con-
figuration as it is customary in continuum mechanics. The former corresponds to the
mapping ¢r : B — R3 of the material points of the beam B into R? in such a way that the
longitudinal dimension of the beam is aligned with the vector E; of the orthonormal basis
E; (Figure 3.1). The current configuration is the mapping ¢; : B — R? of the material
points of B into the deformed position at time t with respect to an inertial or fized basis
denoted by e;. We note that purely for practical reasons, both bases e; and E; will be
considered identical. However, the distinction between them is useful in the derivation
of the beam equations and the strain measures where quantities in the reference config-
uration and in the current deformed configuration must be distinguished. Henceforth,
quantities in the reference and current configuration will be called material and spatial
quantities respectively, and as a general rule, spatial vectors and spatial tensors will be

written in lower case whilst material vectors and tensors will be written in upper case.

From the beam assumptions and by considering a reference straight beam, the basis
G; (basis g; in the reference configuration) has the same orientation as the basis E; for all
s € [0, L]. Hence, spatial vectors referring to the moving basis g; are expressed with the
same components as the related material vectors. In other words, the material description
in the basis E; coincides with the description of an observer attached to the basis g;, and

therefore, vectors referring to the moving basis will be treated as material quantities.

As it has been seen at the end of the last chapter, the bases e; and g; are related via
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t=0

Reference configuration |
Gs 4

G, N7

Figure 3.1: Kinematics of a 3D beam.

a rotation matrix A(s,t) € SO(3) which may be expressed as

A(s,t) = gi(s,t) ® e;.

The transformation of a vector v € R? with material components V; = g; - v into a
spatial vector with components v; = e; - v is performed via the push forward operation

IMH94, BW97] which in the present beam model corresponds to the rotation A:
v=AV.
With these definitions at hand, the beam kinematics are fully represented by the
following configuration space C:
C={(r,A):[0,L] CR— R?x SO(3)}.

The position vector & of any point of the beam can be split in the following way

SD(S, XQ,XS) = ’I‘(S) + y(S,Xg,Xg) = r(s) + A(S)Y(XQ, Xg), (31)

where y and Y are vectors in E? contained in the cross section and referring to the
fized basis e; and to the moving basis g; respectively. Since the cross section is assumed
to remain undeformed, the components of Y are constant throughout the deformation,
and are only non-zero in the directions of go and gs. Note that the moving vector g
is not forced to remain tangent to the line of centroids, which allows for the presence of

shear deformation. Indeed, the only limitation on the orientation of the cross-sections is
that
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r'(s)-gi1(s) >0 Vs €][0,L],

which precludes infinite shear deformation and local material penetration. Here and
throughout the rest of the thesis, the dash symbol (') denotes the derivative with respect

to the length parameter s.

The initial position and orientation of the beam has been taken as a straight line with
orthogonal cross-sections, and is represented by 7 (s) and go;(s) (or Ag) respectively, with
go1(s) = r(. The orientations of gp(s) and gos(s) correspond to the principal axes of
inertia of the cross-section to make a right-handed orthonormal basis. An extension of the
theory to initially non-straight beams can be found in [Sim85) Tbr95]. We also note that
the undeformability of the cross-section limites the theory to moderate strains. Clearly,
large axial deformations for instance, would produce a variation of the cross-section area

for a strain-state consistent with the conservation of mass.

3.2 Equilibrium equations

It is convenient to introduce here the spatial inertia tensor j, which is defined by

ip = —po/ 2dA = —poA/ Y2dAAT = poA/ (IYPI-Y®Y)dAA™ = AJ,A",
A A A
(3.2)

where J, is the material inertia tensor, and thus independent of the beam orientation,
and A and pg are the area of the cross-section and the density of the beam measured in
the reference configuration. For a cross-section with two axes of symmetry, J, is given by

the following diagonal matrix

Ih+1Is 0 O
Jp:PO 0 I, 0 s
0 0 I3

where I» and I3 are the second moments of area with respect to the principal axes go

and g3.

We will also recall that the spatial angular velocity w and the material angular velocity
W = A"w are given by (2.31):

W =ATA and @ =AA",
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where here and onwards a superimposed dot (o) denotes time-differentiation. With
these definitions and the kinematics description given in the preceding section, it is shown
in Appendix [C| that the balance (equilibrium) equations for continua reduce to the fol-

lowing beam equilibrium equations [Rei73, [Ant74, Sim&85]:

Apoi = n +n
(3.3)
(Jpw) = m’' + m + 7'n,

where n and m are the spatial stress resultants. They correspond to the elastic contact
force and torque acting on the cross-section of the reference configuration, but given in
the fixed frame e;. Also, the vectors n and m are the applied external force and torque

per unit of beam length.

The left-hand side of (3.3) can be identified with the time derivatives of the specific
translational and rotational local momenta ly and l,. They are given with respect to the

centroid of the cross-section, and are written in compact form as

_ ly - AT _ AT (3.4)
ly jpw AJ,W
where A, = Apg. The time-derivative of I, may be expressed as

Iy = jv + Wj,w = A (V/\\prW + JpA) :

where A = W is the material angular acceleration.

The equilibrium equations of the beam (3.3) can be then rewritten in the following

compact form:

. _ 0
l:f’+f+{/\/ }, (35)
n

where the six-dimensional spatial stress resultant f and external load vector f are

defined by
fi{n}andfi{n}. (3.6)
m
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We remark that the use of compact six-dimensional representation is a common prac-
tice in rigid body dynamics [Fea87, Sel92], whereas it is hardly encountered in the context

of flexible multibody dynamics. Some recent developments can be found in [BB9S§].

3.3 Strain definition

In order to deduce a pair of conjugate strain and stress vectors acting on the cross-
section, we will express the internal power of the beam in the usual way of continuum

mechanics

szi/uP:FdV:i/thF%dV:i/thTHdV (3.7)
1% 1% Vv

where F = g—gg = 88)36(3- e; ® E; is the deformation gradient and P = P;;e; ® E; is the

non-symmetric first Piola-Kirchhoff stress tensor. It will be convenient to split its matrix

components P;; as follows

P =[P, Py P3] (3.8)

where P; = PE; is the spatial stress resultant on the plane ¢ of the reference beam
(P acts on the cross-section, and Py and P3 act on the lateral surface of the beam,
perpendicular to the cross-section). Using the concepts at the end of the previous chapter,

one has A’ = kA = AY with k and Y the spatial and material curvature’ related via

k=AY,

and thus ¢y’ = Ey From the kinematic hypothesis in (3.1), the deformation gradient

and its time derivative are given by

F = [y O O]

F = [1’“'+<Eﬁ)+k>y wix,y 1’1\18X3y}.

Using expression (3.8)) for the stress tensor P and the following definitions of the stress

resultants n and m,

!Note that the curvature introduced here is an exclusively kinematic quantity, which has not been
related to any rotational strain measure as yet. We also point out that it is not the curvature of the

centroid line but the curvature associated to the orientation of a cross-section of the beam, i.e. k=AA"
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n = / PldA
A

m = / @PldA,
A

one obtains

/ tr(PTF)dA / [Pl : (7‘«’ + (Eﬁ; + ic) y) + P2 - (wix,y) + P - (wix,y) | dA

A A

- n-#—k- / PiwydA+m -k +w / [(0x,Y) P2 + (9x,9) Ps] dA.
A A

The last integral can be simplified using the identity (see equation (C.13) and the
footnote before it in Appendix (C)
3
Zaxiw x P; = (?' + /’y\/) P, + 8X2y x Py +8X3’y x P3 =0,
i=1

which leads to

/ tr(P"F)dA=n-7 — k- / PivydA+m -k —w- (F/n +/ @'PldA> . (3.9)
A A A

Introducing the relation y’ = Ey and noting that ab = ab — Ba, the last term turns

into

—w - (?’n—l—/ @’PldA> = —n-@r’—w-/(ég—@E)PldA
A A
= —n~fvr’—w~7c\m+k:-/lslﬁzydA.
A

Replacing the previous result in (3.9) and simplifying terms gives rise to

/ tr(P'F)dA = n-(# —@r') +m- (k; —~ ﬁ:k)
A
= N (A"~ AT@r') + M- (AT - ATwk)
= N-(A")+M-(A"k)=F 3, (3.10)

where

] N ) ATy’
F= and X = + 3. (3.11)
M Ak
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are the conjugate six-dimensional material stress resultant and material strain measure
at the cross-section, and ¥, = const. is a constant vector. By taking into account the

initial conditions of an undeformed straight beam

3p=0 and (A"r), =Gy,

we can deduce the following material strain measure? X:

EZ{F}Z{ATI_G“}, (3.12)
T vec (ATA)

where vec(e) indicates the vector extraction from a skew-symmetric matrix. Hence,

the corresponding spatial strain measures € and spatial stress resultants f are given by

AT
E—{ k }—A62 s f:AﬁF,

A

0
the properties of SO(3) : A§Ag = Ig and detAg = +1, with I the 6 X 6 unit matrix. Its

where Ag = is the six-dimensional push forward operator, which inherits

time derivative Ag parallels also the time derivative of A:
A6 = ’I/IJGAG

. |w 0
where wg = e
Introducing the result in (3.10) into equation (3.7), the internal power can be written

as

th:/F-Eds:/f-éds, (3.13)
L L

which shows that the work per unit volume is obtained by the product of the material
strain-stress conjugates 3 and F, or alternatively, the spatial conjugate vectors € and f.
The co-rotational rate € is defined by (o) = — wg(e) = AG%(AEO). It is also known as
the Lie derivative [MH94], and corresponds to the push forward of the rate seen from an

observer attached to the moving basis g;.

2At this point, the kinematic curvature (of the cross-section) turns out to be the rotational strain

measure also; thus, no distinction in the notation will be made.
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Figure 3.2: Strain measures in the reference configuration.

Observing the expressions of the stress resultants, there is a remarkable similarity
between F = Agf and the unsymmetrised form of the Biot stress tensor, R"P, with P the
previously introduced first-Piola stress tensor and R the orthogonal tensor stemming from
the polar decomposition of the deformation gradient F [Ogd84, BW97]. The columns of
the tensor P (spatial stress acting on the reference configuration) can be identified with
the vector n, and R" (which rotates P back in order to obtain its material form) can
in turn be observed to be similar to the matrix AT. Accordingly, the conjugate strain
vector I is closely related to Biot strain measure U — | where U is the right stretch tensor
[Ogd84] that measures the stretching of the body in the reference configuration, as I does,
but without violating the beam kinematic assumptions. Figure 3.2/ depicts the geometric
interpretation of I';. These components correspond to the co-rotated (in the reference

configuration) engineering strain measures £; = Cf% —1and gg = dd%.

3.4 Constitutive law

In this thesis we are exclusively interested in the geometrical non-linearities, and there-
fore a simple linear elastic material will be considered. A St. Venant-Kirchhoff constitu-
tive law is taken into account, i.e. a material with the following quadratic function for

the elastic potential or stored strain energy:

W(E) = %2 o) (3.14)

where the constant constitutive matrix C is defined as

EA 0 0 GJ] 0 0
Cn O _ .
C= 0 cu |’ Cv=| 0 GA, 0 |,Cu=| 0 EL 0 |[,(315)
M 0 0 GAs 0 0 EI
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where F and G are the elastic and shear moduli of the material, As and A3 are the
shear areas in the direction of the principals axes go and g3, and J is the torsional inertial
moment of the cross-section. The total elastic potential of the beam, which will be used

in the next section, is defined as follows

1

Vint = / W(X)ds = / 3 - CXds. (3.16)
L 2L

The constitutive law in (3.14) leads to the following material stress resultants F at the

cross-section

VW CyT
F=VsW={ " = R e ¢)>) (3.17)
VW CuY

3.5 Weak form of the equilibrium equations

The weak form of the governing equations is obtained by performing the dot-product of
the equilibrium equations (3.5) with a set of test (or weighting) functions and integrating
the result over the analysed domain (in our case, the length L of the reference beam).
Due to the particular form of the beam equations, the test functions, denoted by dp, will
contain three translational components and three rotational components. Alternatively,
and as it is well known [Cri86, Hug87], this weak form can be obtained by using a vari-
ational principle (i.e. the virtual work principle or Hamilton’s principle), where the test
functions turn out to be virtual displacements®. We will use the latter to show that the
rotation components of the test functions dp = {dr ¥}, conjugate with equations (3.5),
are spin rotations. However, it is illuminating to demonstrate that the weak form can be
transformed using a vector of virtual translations and additive rotations 6g = {dr 06}

[Cri97, RC02], conjugate to another set of equivalent beam equations.

3.5.1 Multiplicative virtual rotations

The weak form associated with beam equations (3.5) is obtained by multiplying them
by the test functions dp = {dr d9} (or virtual displacements) and integrating the result
over the undeformed length L:

Gi/ [5p-(i—f’—f)—5ﬁ-?’n} ds = 0. (3.18)
L

3Throughout the thesis we will call displacements the six-dimensional vector of translational and ro-

tational displacements.
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In order to justify the use of spin virtual rotations in dp, we will deduce the weak
form of the equations from Hamilton’s principle [Lan70] and verify their spin character.
Hamilton’s principle states that from the Lagrangian function £ =T — V, with T"and V'
the kinetic and total potential energy of the system, it follows that

to
0Ldt =0, (3.19)
t1
provided that the Lagrangian function satisfies £ = 0 at times #; and ts.

We will rewrite Hamilton’s principle for the geometrically exact beam by first writing
T and V as follows:

1 1 1
T—/(lf-i"—i—ld)-w)ds—/(Api"-i'—i—JpW-W)ds—/l-pds,
2 )L 2 )L 2JL (3.20)

V= Vint + ‘/exta
where p = {7 w} is the velocity vector, Vj,; is the total elastic potential in (3.16]),
and V. is the potential of the applied loads. We point out that we use multiplicative

infinitesimal rotations in the vectors dp and p, and consequently we will also use p’ =
{r’ k}. We have thus defined

PR AT
09 w k

although the vectors ¥, [wdt and [ kds do not exist per se, but only in their infinites-

imal form (as a variation of a rotation [Rei81]). We will denote by q the vector

qi{ 0 }, (3.22)

where u = r — r( is the translational displacement and € is the rotation vector that

rotates Ag into A, i.e. exp(0) = AAj.

The term §7 included in §£ can be computed by first noting that the following relations
can be deduced from the definition of the specific momenta in (3.4) and from the symmetry
of J,:

5(ly-7) = 24,00 - i = 2l - O,
5(ly-w) =06(J,W-W) =2J,0W - W =2J,AT69 - W = 21, - 69
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where the relation W = AT80 (see equation (2.34)) has been used. The expression

for 6T can be now computed in a straightforward manner:

5T—;/L(d(lf-i“)—l—é(lqg-w))dS—/L(lf-5'1“—|—l¢-5'19> ds_/Ll-a‘pds. (3.23)

On the other hand, the variation of the elastic potential §V;,; may be obtained from

expression (3.16) as follows

L

In order to obtain an explicit relationship between d3 and dp, we also recall equation
(2.34) in Section 2.3.7 which implies X = AT§¥. The vector X is then given by

S(ATT) ATSr! + AT 59 e, | AFs0
5% = = = ALsp + ,
5Y AT 0

and therefore it follows that
Vit = / (Agop' -F + A"7'69 - N) ds = / (6p' - £ — 69 -7'n) ds. (3.24)
L L

The variation of V. can similarly be expressed through the work done by the applied
distributed loads f and the loads at the ends of the beam, s = 0 and s = L, denoted by

So and Sy, (all referring to the inertial frame e;),

Vimt = — / 5p - Eds — 8p(0) - 5o — op(L) - 51 (3.25)
L

Gathering the expressions obtained for 7, §Vj,: and Ve in equations (3.23), (3.24)
and (3.25) respectively, and inserting them in the variation of the Lagrangian §L =

0T — 6Vipt — 6Veqr, Hamilton’s principle in (3.19) becomes

to . _
/ {/l-épds—/(5p’-f—éﬂ-?'n—ép-f)ds—i—ép(O)-§0+(5p(L)-§L}dt—0.
t1 L L

The term under the first integral | ;, can be integrated by parts, leading to

to X
—/ /l'épdsdt—k/ - 6pl,
t1 L L
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where the second term vanishes as a consequence of Hamilton’s principle, which as-
sumes that the variation 6(7°— V') at times ¢; and to are zero for any values of 7" and V,

which implies dp,, = dp,, = 0. Thus, equation (3.19) results in

to . _
—/ {/l-épds+/(6p’~f—519?’n—5p-f)ds—5p(0)-§0—5p(L)~§L}dt:0.
t1 L L

Since the equation must be satisfied for all times ¢; and to, the term inside the first

integral is zero, and the following equation is obtained:

Gi/ (5p-(i—f‘)—5'¢9-iﬂn+6p’.f) dS—(Sp(O)-§0_5p(L) .81, =0, (3.26)
L

where we have changed the sign for convenience. From the orientation of the cross-
section and the continuity of stresses at both ends of the beam, the following relations

between the boundary terms of f and the external loads §y and §;, are satisfied:

f(0) = —Sp and f(L)=S5y. (3.27)

Integrating (3.26) by parts, the weak form of the equilibrium equations first introduced
in (3.18)) is finally recovered,

Gi/L(ap.(if'f)w.?’n) ds = 0. (3.28)

Although the material form of the elastic potential V;,,; has been used here, the same
result can be deduced using a spatial description and the Lie derivative formalism for the

variation of the strain measures € (see for instance [IFK95]).

The equivalence of equations (3.18) and (3.28)) show that the test functions also cor-

respond to the virtual or admissible displacements dp. Reordering terms in (3.26) yields

G=Gy+Gy—Ge =0, (3.29a)

where

Gy = / op - lds, (3.29b)
L

G, = / (6p'- £ — 60 -7'n) ds, (3.29¢)
L

Ge = / op - fds + 6p(0) - 5o + 6p(L) - 5. (3.29d)
L
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are the dynamic, elastic and external parts of the weak form.

3.5.2 Additive virtual rotations

We will deduce an alternative weak form G, by using the vector of displacements

q = {u 0} and its corresponding variations dq, g, ¢’ and dq’ given by

S — or . T , r! Sl — or’ (3.30)
q_ 50 7q_ 9 7q_ 0[ ) q_ 50/ N .

Note that they all use virtual translations and additive rotations. By recalling the
matrix T and its derivative with respect to s, T/, deduced in Appendix /A, we also define

the six-dimensional matrix T and its derivative T} as

I 0
0 T(6)

0 0

Tol0) = 0 T(O)

/
7T6:

From the relations given in the previous chapter, the vectors with spin rotations and

those with additive rotations satisfy the following relationships:

p="Teq , op = Tedq , op' = Tsdq + Tedq . (3.31)

Inserting these equations into the variations of the kinetic energy, the virtual elastic
potential, and the potential of the applied loads given in equations (3.23), (3.24) and
(3.25)), respectively, yields

5T = / (Tedq) - lds,

L
Vit = / (6q' - T§f + 66 - (T""m — T"7'n)) ds, (3.32)

L

Veos = — [ 8q- Tftds — 39(0) - Tfs0 ~ Sa(L) - Tis,
L
Reasoning analogously to the previous section, Hamilton’s principle now leads to the
following weak form:

Gy =Gag+ Gay — Gge =0, (3.33a)

where again, G,4, Gqv and G, are the dynamic, elastic and external parts of the weak

form GG, which are given as
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Gag = / 6q - T¢lds,
L

Gop = / (6q' - TGf 466 - (T""m — T"7'n)) ds, (3.33b)
L

Goe = / 6p, - Tefds + 6q(0) - T§50 + 6q(L) - TEsy.
L

Integrating the term 0q’ - T¢f by parts, the weak form may be written as

G, = / [5q. (Tgi — (T§f) — T(ij') 406 - (T"m— TT?’n)} ds = 0.
L

From the arbitrariness of the virtual displacements dg, the following alternative beam

equilibrium equations are satisfied:

) _ 0
Til = (Tif) + Tof + ) 3.34
51 = (T§f) + T§ - (3.34)

The weak form G, is analogous to G except for the fact that another set of virtual
rotations are being used, and therefore the virtual forces are conjugate to 60 instead of §19.
As will be shown in the next section, the use of GG, is very attractive because it reveals
the character of conservative applied moments and, in addition, leads to a symmetric
stiffness matrix. However, it is less interesting from the computational standpoint since
the symmetry of the Jacobian matrix in dynamic analysis is always lost, and its expression
is much more involved, increasing considerably the number of operations. We note that

the same weak form G, was deduced in [IFK95, RC02], although their study was limited

to statics.

3.6 Conservation properties of the beam equations

3.6.1 Conservation of energy

The conservation of the total energy ' = T'+V for a conservative system can be verified
from the definitions of the kinetic energy T' and the total potential energy V = Vj,; + Veur.
Moreover, from the expressions given for the terms d7 and §Vj,,; in equations (3.23) and

(3.24)) respectively, the following identities are deduced:

T:/l-pds:/i-pds,
L L

(3.35)
th:/ (p/-f—'w-?’n) ds.
L
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Note that the parallels between 67 and 8V, and T and V can be drawn due to the
quadratic forms of 7" and V in (3.16) and (3.20);. Besides, by considering only a conser-
vative system we will assume that an external potential V,,; exists. Although its form is
unspecified, from the definition of a conservative function, V., is only a function of » and
A, or alternatively, of the displacements ¢ = {u 6}. Denoting also by ve,: the potential
per unit of length, the external distributed load and the end applied loads are given by

fy = _quezty
Syp = _qu(o)ea:ta
sy = _qu(L)ea:ta

where we have used the derivatives with respect to the configuration variables g, and
not p, since the latter only exist in the infinitesimal forms dp, p or p’. The relation
between fy/, §y¢ and Sy, with the applied loads fi and m will be deduced upon enforcing

the conservation of energy.

An expression for V.y; = % ( I} 1 Vextds 4+ V (0) ezt + V(L)emt) can be derived using the

previous definitions and recalling that from (3.31); one has ¢ = Ty Ip,

. d d d
‘/ext — /quvea:tdtqu + qu(o)eazt%q(o) + qu(L)extaq(L)

= —/ fv - qds —svo - q(0) — sy - q(L)
L
= —/ Tngv - pds — Tﬁ_T§V0 . p(O) — T6_T§VL . p(L)
L
Using this equation and (3.35)), integrating the first term in Vint by parts, and noting

that from (3.27) it follows that p - f‘OL = p(0) - 8o + p(L) - 5, we may express E =
T + ‘./int + "/ea:t as

E = / [p- (i—f’—Tng) —w-?'n} ds
L
—p(0) - [8o — T "Svo] —H(L) - [Sz — Ty SyL]
= / p- (? — TgT?V) ds + p(O) . [go — Tngvo} —|—p(L) . [§L — TET§VL] ,
L
where the last identity follows from the equilibrium equations in (3.5). From this

equation we can first conclude that in the absence of external loads the energy is conserved,

and secondly deduce the nature of the external conservative loads. After noting that fy is
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such that £ = 0 (we are now restricting our attention to conservative systems), we arrive

at the following relation between f and fy

f, — T'F n
V pr— pr— .
6 T ™m

Therefore, constant spatial moments are not conservative (and neither are follower
moments M). This fact has been also confirmed by Argyris et al. [ABD"79] and Ritto-
Corréa and Camotim [RC02]. As we have shown, the reason lies in the fact that none of
them is work-conjugate to the rotation vector 8, which is the configuration variable that
defines the current rotation of the cross-section. This is equivalent to saying that its time-
derivative 6 is an integrable kinematic measure, so that @ = fttf Odt, whereas the quantity
fttf wdt has no physical meaning. In contrast, moments with constant values T™m are
work-conjugate to the additive rotational displacements and therefore conservative. We
finally also point out that the potential of the external loads is well defined as long as
the rotations satisfy |f| < 2m. If we consider unlimited angles, rotations that differ with
an angle 2w cannot be distinguished, and in general, the value of the work done by the

external loads would be path-dependent, which contradicts the definition of a potential.

3.6.2 Comnservation of momenta

We will first rewrite the equilibrium equations using the following six-dimensional

vectors: momentum lp, stress resultant fo and external loads fo, fo(0) and fo(L) given

by
) 0 ) 0 - = 0
lO:l+ N , fO:er N , fO:f+ o
rly rn rn

N 0 e 0
SOOI e [T L raw) [

They correspond to the quantities I, f, £, §y and §; computed with respect to the

(3.36)

origin O of the inertial basis e;. The same concept was introduced in [BB94a, BB9S]
where quantities with respect to the origin O were called fixed-pole vectors. As can be
observed, only the angular components must be modified in order to take into account
the moment contribution due to the position r of the centroid line. By making use of the

fact that 71, = ?i‘Ap = 0, the equilibrium equations in (3.5) may be rewritten as

lo =f,+fo. (3.37)
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The conservation of the total momentum ITp = [; lods (translational and angular)

follows immediately from (3.37):

HO:/iods:/(f/O‘FfO)dSZ/f0d3+§00+§OLa
L L L

which vanishes if no external loads exist.

3.7 First discretisation of equations

After constructing the weak forms (3.29) and (3.33), we now proceed to discretise the
continuous test functions or virtual displacements dp or dq and obtain a set of weighted
residuals [Fin72]. This is the first step towards the numerical solution of the corresponding

non-linear equations (3.5) and (3.34).

Let us subdivide the length of the beam L by setting ¢ = 1,..., N nodes at positions
s = X;. Denoting by dp” the discretised form of the virtual displacements, we can express

them by reverting to the standard Lagrangian polynomials I(s):

op(s)" = I(s)'op; (3.38)

where dp,; are the nodal values of the test functions. Here, and throughout the thesis,
summation over repeated indices in superscript and subscript positions will be understood.

The elemental functions I(s)’ of node i satisfy the usual completeness conditions:

ZWW=1$Z)@W=&

Inserting (3.38)) in the weak form (3.29a), the following equation is derived:

Gh = 6p,-g'=0. (3.39)

By recalling that the nodal values dp; are completely arbitrarily, we obtain the following

system of equations:

gd=gi+g —9g.=0, i=1,...,N (3.40a)

where g’ is the residual vector for node i and
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g = / I'lds (3.40b)
L
1 i/ ) 0
g, = re-r< ds (3.40c)
L Tn
gl = / I'fds + 6}80 + 05y (3.40d)
L
are the dynamic, elastic and external force vectors. In the expression of g° we have
assumed that nodes 1 and N are at positions s = 0 and s = L of the beam, respectively.
Discretising the virtual displacements with additive rotations dq in the same way, the
following discretised weak form may be derived:
Gh = 0q;-gl, =0, (3.41)
which leads to an equivalent system of equations
g.=g,+g-—9gt. =0, i=1,....,N (3.42a)

where g? is the nodal residual vector and

God = / ['Tglds, (3.42Db)
L
g, = / I'"Tf + 1 0 ds (3.42¢)
“ L 0 T'"m — T™7'n ’
gl = / I'TEfds + 6, Tg (0)80 + 0N TE(L)sy, (3.42d)
L

are the corresponding dynamic, elastic and external force vectors conjugate to dq;.
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4. Non-conserving

time-integration algorithms

The algorithms to be described next are here called non-conservative in the sense that
they are not designed to conserve constants of motion such as energy or momenta in the

non-linear regime.

We will perform the time discretisation of the non-linear equations given in (3.40) and
(3.42) by using the Newmark family of algorithms [New59] and the Hilber-Hughes-Taylor
algorithm [HHT77,[CH93]. Due to the presence of large rotations, these schemes, which
were originally developed to deal with translational displacements and their derivatives,
must be adapted for the equations at hand. This chapter does not provide any accuracy
and stability analysis, which can be found in references [Hug76, Hug87, HHT77] for the
translational degrees of freedom and [SVQ88| for the rotational degrees of freedom. We
will present some adaptations of these two popular families of algorithms to problems with
rotations, and comment on their main differences. A general overview of time-integration
schemes and a short explanation of the terminology used in this context can be found
in Appendix D} or in more detail in many excellent books [AP98b, |Gea71, HW91, TK66,
Lam91, Wo090)].

4.1 Newmark algorithm

4.1.1 Translational degrees of freedom

This algorithm is specially designed for the solution of second-order differential equa-
tions [New59]. The original Newmark algorithm (as applied to problems involving trans-

lational degrees of freedom) is given by

1
Tl = Ty + U AL+ ianAtQ + BAL? (ans1 — ay) (1)

Untl = Un + @At + YAL (apt1 — ay)

62



where 7 is the position vector and v and a are the translational velocity and accel-
eration. The particular choice of = 1/4 and v = 1/2, also called trapezoidal rule or
average acceleration method, makes the algorithm second-order accurate (and is in fact
the maximum possible accuracy for unconditionally stable Newmark algorithms [GR94]).
It can be proved that the trapezoidal rule is not symplectic [STW92|, conserves energy
IGR94] and is A-stable [Wo090] for linear problems (see Appendix D! for the definition of
these terms). In non-linear problems, however, none of these properties are retained in

general. By setting

1 1 1\?
> = = —
772andﬁ 4<'7+2>,

unconditional stability is ensured while adding numerical damping, but this choice

reduces the accuracy to first-order.

Relation (4.1) can be written in a more convenient way that gives the accelerations
and velocities at time t,,1 explicitly as a function of displacements at time ¢, 11 and other

variables at time t,, as follows:

1 -1 1
An+1 = 7('vn+1 - 'Un) + 1 an = 2 (rn+1 - T'n) + an,
At g pAt (4.2a)
Unp+1 = &(rrH»l - rn) + ’bna

where a,+1 and v,1; depend only on quantities at time-step ¢,,, and are given by

) 1 ( | )
Api1=———Vp— =5 — 1) an,
pAt 26 (4.2D)

'{)n—&—l = ﬂl‘zfyvn + At

4.1.2 Rotational degrees of freedom

The version of the algorithm given in this section is an adaptation of the original
algorithm for problems with large rotations proposed in [SVQ88]. They proved that its
second-order accuracy is retained for the Newmark parameters § = % and v = % The

time stepping scheme is applied to the material configuration as follows:

A=A, exp(ﬁm_l) = exp(Wn+1)An
1
Q1 = AtW,, + 5Aze2An + A28 (Ans1 — Ay) (4.3)
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where W, and A,, are the body-attached angular velocity and acceleration such that,

An Anwna
An = Wn7

(4.4)

and wpy1 and 2,41 are the spatial and material incremental rotations that transform
A, to Apy1, as shown in (4.3);. From this equation it can be deduced that w and € are

related through A, or A, 11 as follows:

Wp+1 = Anﬂn—i—l = An+1nn+1-

A similar equation to (4.2a) may be written for rotations as

~

An+1 = An eXp(Qn—H)

1 N1 1 .
App1 = E(Wn—kl - W,)+ 5 Ap = FINE Q1+ Anpa (4.5a)
’}/ ~
Wn+1 = Eﬂn—i—l + Wn+1
with
- 1 1
Apii=——Wo—(——-1)A,
T BA (25 > (4.5b)
- — 26 — '
W= 20w, a2 0A

g 26
Comparing equations (4.2) and (4.5) reveals the remarkable parallels between the trans-

lational and the rotational variables (see Table 4.1)).

Translational Rotational
Tn+1 —Tn Qn-‘rl ) exp(ﬂn—i-l) = AEAn—Q—l
Un+1 W7L+1
QAp41 An+1

Table 4.1: Translational and rotational variables for the dynamic case.

As demonstrated in [SW91], the update of angular velocities and accelerations is per-
formed using the material (or body-attached) quantities, because they remain unchanged

under a constant rigid body rotation.
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An alternative time-integration scheme for rotations will be outlined next. As shown
in formula (2.31)4, the angular velocity is related to the time derivative of the rotational

vector through the relation

W =T(6)"0 = T(Q)"Q, (4.6)

where 0 and € are the total and the (material) incremental rotation vectors. The
second identity follows after differentiating A,+1 = A, exp(ﬁ) with respect to time whilst
keeping A, constant. An expression for the angular acceleration A can be deduced by

further differentiation of the previous equation,

A=W =T7(Q)Q+ T(Q)"Q. (4.7)

The fact that the angular velocity and acceleration are not the same as the first and
second time derivatives of a rotation suggests an alternative time-integration scheme,
which was developed by Cardona and Géradin [CG88|. Instead of adapting the Newmark
scheme using the spin variables W and A, they apply the algorithm to the derivatives
of the incremental rotation 2, i.e. £ and Q (also referred to the material frame). This

leads to the following algorithm:

~

An+1 =A, exp(nn+1)7

B} 1 1 . 1 .

Qn = 7971 - 7971 —\ 552 — Qna .
= GAE T Bar <26 ) (48)

Dot = D + AL (1 =) + mnﬂ} .

This is a “vectorial” form of the algorithm, rather than the spin form given in (4.5).
While it is obvious that, in the process of adaptation of Newmark’s formulae to the
problem at hand, r,41 —r, must be must be replaced by €2, it is not immediately obvious
whether v and a should be replaced by W and A, or by € and . Cardona and Géradin
assert in [CG89] that their algorithm has the advantage of interpolating quantities in a
linear space, and thus using €2 and €2 instead of translational velocities and accelerations in
any three-stage time-integration algorithm® will transport the convergence and accuracy
properties to the group of rotations SO(3). This assertion is not demonstrated as fact in
their paper, however. Simo and Vu-Quoc demonstrate that their version of the Newmark

algorithm is also second-order accurate when using the trapezoidal rule.

LA p-stage algorithm is the one that includes time-derivatives of order p—1 in its time-stepping scheme

[Wo0090]. The Newmark algorithm, for instance, is a three-stage algorithm.

65



It must be noted that the inertial force vector gfi and its linearisation have a much
simpler expressions when written as function of the spin vectors W and A, rather than
the additive quantities € and €2, according to equations (4.6) and (4.7). This increases
the computational cost of algorithm (4.8)), which requires the linearisation of the matrices
T and T.

4.2 HHT algorithm

The need for damping out some spurious high frequency oscillations has been well doc-
umented (see [Hug87]p.498 and [CG&9, BDT95, KRI6| for some examples demonstrating
this). These oscillations are artefacts of numerical discretisation of the problem and do
not exist in the continuous problem defined by the differential equations. Besides, while
these high frequency modes might affect the stability of the time-integration, the modes
that are relevant from the engineering standpoint are usually those with lower frequency.
In linear analysis, adding numerical damping while retaining the unconditional stability
of the Newmark algorithm can be achieved at the expense of reducing the accuracy to
first-order. The Hilber-Hughes-Taylor algorithm (or just HHT [HHT77]) involves numer-
ical damping without degrading the second-order accuracy, while still being A-stable for
linear analyses. In our notation, the equilibrium equations are written with a weighted

value of the static and external force vectors via an additional parameter « as follows:

g;+1+a = Qil,m—l + gi,n+1+o¢ - gi,n+1+a =0 (4.9)

where a takes values in the range —% < a < 0 in order to obtain effective numerical
dissipation and stability [HHT77]. The algorithm is supplemented with the Newmark
algorithm in (4.1)), and as long as vy = (1—2a)/2 and 3 = (1—a)?/4, second-order accuracy
is ensured. We note that in the original algorithm given in [HHT77], no weighting was
applied to the external force vector g,. In fact, the expression in (4.9) corresponds to
the method proposed by Hughes [Hug83] or the generalised-a algorithm of Chung and
Hulbert [CH93] with the choice a;, = 0.

The application of the method to problems with large rotations was explored in [CG89,
STDY5, [JCI8]. In these references, the interpolation of the force vector g, between time-

steps n and n + 1 is performed in three different ways, which will be explained next.
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4.2.1 HHT;: Linear interpolation of additive force vectors

Cardona and Géradin argued in [CG89| that the residual vector conjugate to virtual
spin rotations, g’, is not additive, and therefore, linear interpolation is not sensible.
They instead interpolate the residual which is conjugate to additive virtual rotations, g .
According to their argument, and using the notation in equations (3.40) and (3.42)), the

following definitions of the interpolated elastic and external forces must be employed:

i - i i
gav,n—f—l—i—a - (1 + a)gav,n—H - agav,n

, . A (4.10a)
gfle,n—l—l-‘ra = (1 + a)g?w,n—‘rl - O‘gjze,n?
which leads to the equilibrium equation
g?z,n—i—l—i—a = gfzd,nJrl + gfw,n—i—l—i—a - gze,n—&-l—&-a =0. (410b)

The algorithm given in [CG&9], however, differs from the previous expression in two
main respects. First, their residual vectors are derived using material incremental virtual
rotations (in our notation, their residual is conjugate to d€2 instead of the total virtual
rotations d0). Second, the transformation of the spin residuals into additive residuals
is done after the interpolation of spin virtual displacements, so that the T matrices in
(3.42) are evaluated at the nodal points and not at the integration points. Despite these
differences, both forms in (4.10) and [CG89] follow the same arguments. In writing the
virtual work equation at time t,, and using the virtual vector d€2, they reduce to some
extent the computational cost of equations (4.10). Nevertheless, their version of the HHT

algorithm is still more involved than the following two forms.

4.2.2 HHT,: Linear interpolation of spin force vectors

The spin elastic and external force vectors g’ and g’ are linearly interpolated in [JC98]

as follows:

g. = (1+ )Gy ni1 — Gy ps
v,n+1+a ( ) v,n+1 v,n (411)

gze,n—',-l—&—oz = (1 + a)gle,n—i-l - agle,n'

This act is justified by suggesting that only an algorithmic interpolation of elastic and
external force vector is performed, and therefore no conjugacy issues as in algorithm HHT;

need be considered. Following their argument, residual vectors g, 114o and gfw o
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(in conjunction with equations (4.9) and (4.10b), respectively) are both perfectly valid
adaptations of the HHT algorithm.

4.2.3 HHT;: Linear interpolation of kinematics

In Remark 5.1 of [STD95], Simo and co-workers introduced an extension of the HHT
algorithm to problems with large rotations which evaluates the spatial stress resultants
f = {n m} at an interpolated configuration 7,14, and Ap4i14q, and constructs the

elastic and external force vectors as follows:

Tnilta = (I+a)rp —ary,
Oniira = (1+a)0up1—ab, — Apyira =exp(@niiia) (4.12)
A? r! -G
fn+1+o¢ _ CEnJrlJra _ C{ n+l+a n+i+it 1 }
T(0n+1+06) 9n+1+cx
il i 0
9ynt+ita — I'f 4o +1 . ds
L Tn+1+aMnt1+a
ge,n+1+a = (1 + a)ge,nJrl + age,n'

We note that the choice of Ay 1144 is not unique. It could alternatively be defined as
[Hul0O]

eXp(9n+1+a) = A(a&}n—i-l)An—H
with w41 the spatial incremental rotation, or also via Apt140 = (1 +a@)Api1 +al,,
which implies some additional complexities since then A, 14, ¢ SO(3). In [STD95] no
details were given, and here we have assumed the expression in (4.12) to follow that for
the translational field. The dynamic residual is in turn modified, so instead of computing

9dn+1 from the accelerations given by the Newmark algorithm, they give the expression
gd,n+1 = /I;Il (/}/At<ln+l - ln) + 'yln) dS. (413)

Therefore, in contrast to the standard HHT algorithm, the vector [ in the inertial force

vector is interpolated in the same way as the accelerations in the Newmark algorithm, i.e.

lpy1 = — (g1 — 1, —1,.
+1 ’yAt( +1 =)+ 5
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Whereas this is equivalent to applying the Newmark scheme to fntl = Apapit, it is
a different result from applying the adapted Newmark scheme for rotations to the angular

velocities and acceleration in me“ = An+1\/7\\/'n+1J oW1+ A1 J AL

4.3 Time-discretisation of residuals

For algorithms HHT; and HHT, we can express the time-differentiation of I at time-

step tn+1 as follows:

; Apan+1
1 = _ :
An+1Wn+1Jan+1 + An+1JpAn+1

By replacing a,11, W41 and A, 11 with the expressions given in (4.2)) and (4.5)), and
inserting I,, 1 in the inertial force vectors 9a; and g,q; in (3.40b) and (3.42b) respectively,

we can write the corresponding time-discretised forms:

Qiz,n+1 i/LfiianS,

(4.14)
9odn+1 i/LIZTglanS,

where the matrix T§ is computed using the total rotation vector 6,41, and

Ap (BAlﬁ (TnJrl - rn) + &ln)

inJrl = ~ ~ ~
_l¢,n+1An+1 (ﬁQnJrl + Wn+1> + An+1Jp (ﬁﬂn+l + An+1)

The elastic and external force vectors in (3.40) and (3.42) are left unchanged, and
computed at time-step t,41 if & = 0, or otherwise at both time-steps, ¢, and ¢,1, and

interpolated accordingly.

For the algorithm HHT3, the time-discretisation is indicated by equation (4.13)). In all
the three cases, the inertial force vector can be expressed as a function of the unknown
position vector r,41 and incremental rotation 2,41, and the kinematics at the previous

time-step.

4.4 Final remarks about the non-conserving algorithms

We can summarise the algorithms given in this chapter with the following two equilib-

rium equations:
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92+1+a = QZI,n-H + g:;,n+1+a - gle,n+1+a =0, (4.15a)

gzz,n+1+a = gzzd,n—&—l + gfw,nJrlJra - gfze,n+1+o¢ =0 (415b)

and the time-integration schemes given in (4.1) and (4.3). Algorithm HHT; is de-
signed for the equilibrium equations (4.15b), whereas algorithms HHTy and HHT3 can
be employed in conjunction with both set of equations, (4.15a) and (4.15b). By setting
a = 0, the Newmark algorithm is recovered and applied to the non-linear equations (3.40)
or (3.42). Any other choice —% < a<0withy= % and 3 = % gives a non-linear
extension of the HHT method.

From the robustness and accuracy standpoint, none of the three adaptations of the
HHT methods shows any clear advantage over the other two. Algorithms HHT; and
HHT3, in equations (4.10) and (4.11)) respectively, appear as direct extensions of the HHT
algorithm. The HHT3 algorithm departs from the original version in [HHT77], which was
applied to linear equations. This can be considered as more an adaptation of the HHT
algorithm to non-linear problems than to problems with rotations. It should be noted that
in the linear case, the linear interpolation of kinematics and the linear interpolation of
force vectors lead to identical equations, and therefore the three adaptations are obviously
equivalent. We also point out that the form of HHT3 has some resemblance with the
midpoint interpolation of the kinematics given in the conserving schemes, which will be
described in Chapter 6.

The analysis of the three options is beyond the scope of this thesis, in particular
since the conserving schemes are proved to perform generally better than the algorithms
described here. The conserving schemes will be described in Chapter 6, and their superior

performance will be shown by the numerical examples in Chapter [12.
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5. Spatial interpolation

This chapter concerns the spatial interpolation and update of the rotational variables.
Because of the non-linear nature of finite rotations, the distinction between iterative,
incremental and total rotations must be made during the numerical implementation of
the equations at hand. This is in contrast with the translational degrees of freedom,
where the three mentioned quantities give rise to identical formulations. In particular, it
is shown that the interpolation of rotations is strongly linked to the solution and update

process. The subtleties concerning the different choices will be addressed.

Two families of rotations are interpolated in Sections 5.2/ and 5.3: global rotations
(total, incremental and iterative) and local rotations. The former suffer from path-
dependence and lead to a formulation which is not objective [JC99a]. The latter are

in fact specially designed to avoid such problems.

The interpolation of tangent-scaled incremental rotations, which is closely linked to

the design of energy-momentum algorithms, will be described in the next chapter.

5.1 Preliminary issues

5.1.1 Solution procedure of the non-linear equations

We aim to solve numerically the non-linear beam equations (3.5) or (3.34) by resorting
to a spatial finite element discretisation. This process requires a choice of suitable trial
functions that interpolate the continuous beam kinematicst (r(s), A(s)) from the values
at a certain discrete points s = X; or nodes. As has been shown in Chapter [3, in the
geometrically exact beam theory (with a known material constitutive law), the stress
resultants and the strain measures are indeed both dependent on the kinematic variables,

and are therefore computed from the interpolated kinematics.

Using the time discretisation given in the previous chapter, the non-linear equations

1Since we will focus only on spatial interpolation, we will omit the dependence on ¢ of all variables

throughout this chapter.
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have been written in the compact form

gn+1 = 07

which will be solved by using the Newton-Raphson method. By approximating the

residual vector g,,,; at iteration k + 1 as

k
gni1=9ni + Kns14p,
with Ky, 41 = Vp g,,,1 the Jacobian matrix and Ap the vector of iterative displace-

ments, the following system of equations is iteratively solved:

ghii+ K§+1AP = 0.

The character of the iterative displacements Ap and the corresponding expression for

the matrix K are as yet left unspecified.

Due to the special character of rotations, their interpolation is less straightforward than
that of the translational variables. The choice of interpolated quantities is relevant in the
sense that it will determine the properties of the final formulation, such as computational

cost, strain-objectivity or path-dependence.

5.1.2 Interpolation of displacements

The interpolation of the position vector 7 is performed following the same procedure for
the discretisation of the test functions in (3.7). Using the same arc-length subdivisions s =
X; and resorting to the same standard Lagrangian polynomials I(s)?, the approximated

field r(s)" is given by

rh = I'ry, (5.1)

where r; are the nodal values of the position vector, and the dependence on the pa-
rameter s has been dropped to avoid cluttering the notation. In fact, throughout this

chapter, quantities without subscript 7 are understood as values dependent on s.
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5.2 Interpolation of global rotations

A first attempt to interpolate the rotations might be made by mimicking the transla-

tional field and applying equation (5.1)) directly using the nodal rotation matrices A;:

AP =TA;. (5.2)

Clearly, the interpolated rotation matrix A" will in general fail to preserve the uni-
modularity and orthogonality conditions detA = +1 and A~! = AT. There exist in
the literature other possible interpolations that also fail to preserve the structure of the
group SO(3), but they have other convenient properties such as strain-objectivity. In
[RLO8, BS02b, [RA02] the interpolation of the director vectors g; of the moving basis
is suggested (which is equivalent to interpolating rotations according to equation (5.2)),
but this requires a correction to the strain definitions. Additionally, in [RA03] another
strategy is proposed which orthogonalises the interpolated quantities. However, any of

these procedures can lead to singularities in the interpolated rotation matrix.

Alternatively, we can obtain an interpolation that preserves the orthogonality if, in-
stead of interpolating elements of the Lie group SO(3), we choose to interpolate the

rotational vectors and obtain an interpolated matrix via the exponential map:

0" = 1'9; — A" = exp(8). (5.3)

In a similar vein, we might also interpolate any of the vector-like parametrisations of
the rotation matrix. Indeed, it is on this sort of interpolation that we will concentrate

our attention first.

5.2.1 Total, incremental and iterative rotations

In this section we will distinguish between the different variations of rotations that
we encounter during the iterative process of a finite element analysis. We will consider
an equilibrium state at time-step t, (or increment in static non-linear analysis) with a
rotation matrix A, and a certain iteration k during the solution process towards the new

time-step t,+1. With this situation in mind, we define the following rotation vectors:

e Total rotation 0,41. Rotation vector of the rotation matrix that transforms the

initial moving basis g;o into its current orientation. At iteration k, this is given by,

~k
exp(f,,11) = A7]§+1_
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e Incremental rotation w. Rotation vector of the matrix that transforms A, into

A, 1. At iteration k, it is defined by

~k
exp(w”) = AZHAZ-

We note that we are using the spatial incremental vector, although the material

form QF = AW could be employed instead.

e [terative rotations AY and AO. The first of these is the spin variation of rotation
Afl 41- In order to obtain an orthogonal matrix at the new iteration k + 1, the
exponential map of A% is superimposed onto A’fL 11, which leads to the following

update

ARt = exp(A9)AE .

The second is the corresponding additive iterative rotation such that

~k —
Alrgzjrrll = exp(en—H + AB)

We remark that since the two variations Ad¥ and A@ are finite and not infinitesimal,
these two equations will lead to different values of Aﬁi{ if they are related via
A9 = T(6F 4+1)A80. For reasons that will be given later, when referring to the

iterative rotation, we will consider the spin vector Ad.

As for the incremental vector, we can use the material iterative vector Agp =
Ak AY.

TOTAL INCREMENTAL ITERATIVE

t=0
t:tn
ko B l ,,,,, l ,,,,,,,,, [
k+1 T T
k k+1 k k+1
0, 0, 4 an;l w Wit A6

Figure 5.1: Schematic of the total, incremental and iterative rotation vectors.

Figure 5.1] illustrates the meaning of the total, incremental and iterative rotations.

We see that, a priori, any of them can be interpolated and are all valid candidates to
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update the rotation matrix and the curvature Y from iteration k to iteration k£ + 1. With
the values of Bflﬂ and Tﬁfl at the integration points, we will be able to compute other
variables such as the strain measures and the stress resultants and, from them, the residual
vector and the Jacobian matrix. The processes of updating and interpolation of rotations

are linked and will be studied together in the following paragraphs.

5.2.2 Total, incremental and iterative updates

In order to point out the differences between the translational and rotational fields, we
will formally introduce the operations update U, and interpolate I. When dealing with

translations, they are defined as follows:

U, : (Ar,r*) - #F =5k 1 Ar

I:7r; — vl =TI'r;,

with Ar the iterative position vector, r; the set of nodal values and r* and rF+!

the position vectors at iterations k and k£ + 1. The interpolation and update process of

translations is given by:

PR — (UL (Ar,rh) = e = F(eF + Ary) = T'rk + Ay,
= I(r;) + I(Ar;) = Ug(I(Ar;), I(rF)).

It is clear that the linearity of the space E? permits the interchange of operations
interpolate and update of the translational variables. However, this is not always the case
when dealing with the rotational field. To show this, we will first define the operation
spin update Ug. For a given matrix AF = exp(b\k) at iteration k and an iterative spin

variation A1, it is defined as

Uy : (A9,0%) — 0" | exp(@ ) = exp(AD) exp(8"),

which consists of the exponential mapping of A and the extraction of the rotational
vector? %11, By considering the rotation A* and the nodal iterative spin variations
A9, the update procedure using the interpolation of iterative rotations can be done in

the following two ways:

2The extraction of the rotation vector from a rotation matrix can be performed by resorting to Spurrier’s

algorithm [Spu78] as given in [SVQ80].
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0htl = U (I(AY;), 0"),
05t = U,(T(6%)'I(AY;), 6%).

It can be verified that, in contrast to U, and I, the operations Ug and I do not commute.

We can construct similar update procedures by using the interpolation of incremental

or total rotations, i.e.

h

wh=T'w;, and 0" =TI'0,.

All six possible formulations using the three interpolations and the two updates are
given in Table 5.1, expressed with the symbols U,, Ug and I. Their corresponding explicit
operations are given in Table [5.2. The total, incremental and iterative formulations are
also described in the literature as total Lagrangian, updated Lagrangian and Eulerian,
and have been employed in [IFK95], [CG88] and [SVQ86] respectively.

TOTAL INCREMENTAL ITERATIVE
ADDITIVE 1(U,(A8;, 6%)) Us(I(Ug (Awi, wk)),0,) | Ul (T(OF, )1 1(AY;),8")
SPIN L(Us(T(07 1) A0;,07)) Us(I(Us(T(wh) Aw;, w?)),0,) U,(I(AY,),05 1)

Table 5.1: Schematic of the additive and spin update procedure for rotations.

TOTAL INCREMENTAL ITERATIVE
ADDITIVE| 65! = 6% + A6, W = Wk 4+ Aw, No nodal update
UPDATE | 6" = righ+! Wh L = [iht! A0 =T(0F,)I' A,
No update at s No update at s okt = 0k + AB
~k ) ~k
AR @™ AR exp(@*THA,, AR exp@™
SPIN AY; =T(0},.,,)A8; AY; = T(whF) Aw; No spin nodal
Akt AT k1 23 ~k
UPDATE |exp(8; )= exp(Ad;)A;, ; exp(@w; ) = exp(Ad;)exp(w;) update
ot = rightt Wh 1l = [iht! AY = I' AY;
~k —
AR —exp@™ AR — oxp(@*THA,, AR — exp(A9)AE
Table 5.2: Additive and spin update procedure with total, incremental and iterative

interpolated rotations.

The update procedures in Tables [5.1l and 5.2 give the total rotation at the integration

k+1

points 6,7 ;.

The evaluation of other necessary rotational quantities at the integration
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points must also be done carefully. In particular, the curvature can be computed employ-

ing the total rotation vector as

E4+1 _ k+1\T gk+1
Tn+1 - T(9n+1>T0n+1/' (54)
However, in the incremental and iterative formulations we do not have an update

procedure to obtain OZJS’ . We can nevertheless resort to the formulae

Y =7, + AL T (W) Tkt

YEH =k |+ AR T(A9)TAY,

n

(5.5)

that have been deduced in Appendix [E. The curvatures at the new iteration are
computed in the previous formulae with the corresponding interpolated variations which

can be obtained via the shape functions

W = ["WE and - AW = I A9,

(2

In the rest of this section, we will analyse the properties of the three formulations, in

namely: the computational cost, the path-dependence and the strain invariance.

Linearisation of equations

The three different interpolations lead to different Jacobian matrices, and although
we shall not give here the explicit form of any of them, it is important to outline the

consequences of using each of the formulations in the linearisation process.

As can be observed in Tables 5.1 and 5.2, the total and incremental rotations assume
that the solution process provides the nodal additive iterative rotations A@; and Aw;.
This is consistent with the interpolation of rotations that they use (total and incremental,

respectively):

0=I'0; = A0=1I'A0;,

w=lw, = Aw-=IAw,.
We can construct our Jacobian matrix K in such a way that our system of equations
furnishes the consistent nodal iterative rotations for each formulation. The different form

of K for each formulation can be illustrated by linearising the product of the rotation

matrix AX 11 with a constant vector v:
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TOTAL INCREMENTAL ITERATIVE

A(AF, v) = A’vaT(onH)ﬁAei —AkHvT( wk I Aw; AkHvaﬁ

It can be observed that the interpolation of spin iterative rotations A1d; is the one that
gives the simplest expression for K, and it is indeed this interpolation that was used in the
early work of Simo and Vu-Quoc [SVQ86]. On the other hand, applying the interpolation
of total rotations to the weak form G, given in (3.33) of Chapter 3, leads to a symmetric
stiffness matrix [IFK95, RC02] (although they are path-dependent and non-objective, as
will be shown next). This can be explained by the fact that both virtual rotations 66 and
the iterative rotations A@ belong to the same linear vector space® E3. We have derived
in Appendix [F| the expressions for the Jacobian using interpolation of iterative rotations

and total rotations.

We could alternatively modify the expressions in the Jacobian matrix so that we always
get the iterative nodal spin rotations A¥; by modifying the previous linearisation process

as follows (the iterative update is performed as before):

TOTAL INCREMENTAL
A(Ak+1v) —Ak+1vT(0n+1)I T(0n+1 ) AY; _An+1UT< n—‘,—l)I T( Wi, ) AY;

The matrices T(0n+1)PT(0n+“) and T(wk ) I'T(wk My
configuration-dependent shape functions [JC98]. We have here preferred to keep only the

) can be also regarded as

Lagrangian functions I* as our shape functions.

Path-dependence analysis

It was reported in [JC99a] that the interpolation of incremental and iterative rotations
are path-dependent in static analysis (non-linear dynamic analysis is in general genuinely
path-dependent). We will consider two sources of path-dependence in order to establish

this statement.
Curvature path-dependence

The different update of the curvature in the total, incremental and iterative formu-
lations (equations (5.4), (5.5); and (5.5)2 respectively) reveals the possibility of path-

dependent results. In the total formulation, we can compute the derivative of the rotation

3Tt can be inferred that a weak form with incremental additive rotations dw and incremental additive
rotations Aw would also lead to a symmetric stiffness matrix. This formulation would also suffer from
being path-dependent and non-objective, but would benefit from being limited to values w < 2w, which

is a better limit than 6 < 27. This is in fact the formulation used by Cardona and Géradin [CG89].
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vector as @' = I8, and therefore no functional dependence on the past configuration is
present in the computation of the curvature at the integration points in (5.4). In contrast,
the formulae for the incremental and iterative updates (5.5) are clearly dependent on the

past equilibrium configurations and the past iterative solutions, respectively.
Rotation path-dependence

We want to see if, for given nodal rotations, the interpolated rotation depends on the
history of these nodal values. By observing the update process of the incremental and
the total formulations in Table 5.2, it is clear that in the total formulation the rotation
0,11 is independent of the size of the increment w; as long as the updated nodal values
0,11, remain unchanged. However, we see that the incremental formulation will provide
different interpolated values for configurations that have the same total modal rotation
but different nodal incremental rotations w;; the rotations at the integration points will
depend on the size of the increments. A similar reasoning using iterative spin rotations

leads to the same conclusion.

We can give the condition for rotational path-dependence when using global rotations
as follows: whenever we use the exponential map (Uy), or matrices T or T~ at the
integration points, the formulation will have rotational path-dependence. This is the same
as stating that whenever Uy, T or T~! act after I, the formulation will suffer this path-

dependence.

We note that by using interpolation of additive iterative rotations A@; and, an additive
update (a choice not given in Tables [5.1/ and 5.2, which show the case of spin iterative
rotations), no rotation path-dependency will exist. In fact, this combination is equivalent
to the total formulation with additive update, although the update and interpolation are

done in a different order, and the former does not store total nodal rotations.

Table 5.3 summarises the previous results.

Additive update Spin update Path-dep.
Curv. Rotat. Curv.  Rotat.
TOTAL NO NO NO NO NO
INCREMENTAL | YES YES YES YES YES
ITERATIVE YES YES YES YES YES

Table 5.3: Path-dependence with respect to the curvature and rotations in the total,

incremental and iterative formulations.

79



Other properties of global interpolation of rotations

Although it has been shown that the total interpolation has some beneficial properties,
it has the disadvantage of being limited to rotations 8 < 2x. This is due to the singularity

of T for § = 27 and to problems associated with the interpolation of large nodal rotations.

It was demonstrated in [CJ99, .JC99a] that all three interpolations are in fact non-
objective. By objectivity we understand the same material internal strain measures and
stress resultants for two given deformed configurations to be provided, which only differ
in a rigid body motion. In the next section an alternative interpolation that preserves

this important property is described.

5.3 Interpolation of local rotations

The study of strain-objective formulations for beams has attracted some attention in
recent years. References [CJ99, .JC99a] show that the global interpolations discussed in
the preceding section give in general different strain measures if a rigid body rotation is
applied. This pitfall was eliminated by splitting the total rotation of the beam into a

rigid body rotation A,y and a local rotation AL

A = AgAL = A,y exp(@), (5.6)

where we note that the local rotation vector ©F refers to the body-attached basis g;.
By interpolating the local rotation vector @, which is not affected by a rigid body motion,
strain invariance can be recovered. Although the method has some similarities with the
co-rotational approach, we emphasise than in the the present formulation the kinematics
of the beam is not approximated (in contrast to some co-rotational formulations [Col90,
Cri90]), and thus the formulation remains geometrically exact. As has been already said,
other solutions have been proposed in [BS02b, RA02], but the interpolated matrix that

they furnish is not orthogonal, and requires modification of the strain-stress relationship.

5.3.1 Generalised shape functions

The rigid rotation A,;; can be selected from the nodal rotations in different ways. It
is suggested in [JC99a] that, in order to minimise the amount of the local rotation @~

the rigid rotation should be chosen according to the following criteria:

1. Averaged rigid rotation. A,y corresponds to the midpoint rotation between two
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reference nodes I and J:

~ 1~
exp(@u) - A}AJ — Am’g = A[ eXp<§®[J). (57)

This criterion is recommended for minimising the local rotations for an element with

an even number of nodes.

2. Nodal rigid rotation. A4 is taken as the rotation of a reference node I: A,;y = Aj.
It minimises the local rotation if the element has an odd number of nodes and I is

the middle node. This choice corresponds to @77y = 0 in (5.7).

We will first describe the latter choice, which leads to slightly simpler expressions.
Later on, the first criterion will be explained, which corresponds to the formulae given in
[JC99a].

Nodal rigid rotation

The iterative changes of the nodal rotations can be obtained by performing the in-

finitesimal variation of (5.6), which leads to

A9 = AY] + Ay AYF = A + A, T(OF)ABL, (5.8)

where AY, AY,;, and AYL are the spin iterative variations of the rotation matrices
A, Ay and A¥ respectively; and the second equality follows from (2.19) in Chapter 2.
By using the standard Lagrangian shape functions I*, the vectors ®” and A®% can be

interpolated from their nodal values via:

el =rel and A6l =TrAa6F (5.9)

By inserting them into (5.8), A is given by

AY = A9 + A, T(ON T A9L, (5.10)

where 7% = I'T(©1)~! (no summation). On the other hand, for each node 4, equation
(5.8) implies AW; = A + Arig AY], and therefore AY] = AT, (AY; — Ad;) which,

)

after inserting into (5.10) and setting A¥;; = AY; — A, gives rise to

AV = AV + Ay T(O)T'AT,, A9 =T, AD;. (5.11)

Tig
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The matrices Ig are the generalised shape functions given by,

I = Apig [T(ONT' + 6] (I-T(OT)|AY,, i=1,...,N (5.12)
where T = IjT((-);;)*1 (summation over j =1,...,N). We can alternatively write I/

as

I, =1— Ay T(O")(T - T)A}, ifi=TIand

g
Iz = Ay T(OM)TIAT otherwise.

rig

The derivatives of Iz can be expressed by resorting to the matrix T’ given in equation
(A.17), Appendix A:

I' = Ay |T(OYT +T(@YT - 5! (T(@L)'T+T(@L)T')] L
where T/ = Ij/T(G)JL)_1 and 7" = I''T(©F)~!. 1t is clear from definition (5.12) that
Zﬁv I; = I, and therefore Zﬁv If]/ =0.
It is interesting to point out that Borri and Bottasso [BB94al, BB94b| obtained a similar
result (although they employed spatial local rotations and only two-noded elements), even

though they did not directly address the invariance properties.

Averaged rigid body rotation

The expressions for a rigid rotation when @;; # 0 require an expression involving
A9,;4 and the nodal changes A9 and A ;. Let us first note from (5.7) that el = —@5,
and therefore A®@F = —A®L. By using this identity, the following relationship can be
deduced (see [JC99a] for details):

AD,iy = Avig (V1AL AIf + v AL A, (5.13)

where v; and v are given by

o1 1 SISPN
= —(I4+—tan——0O
vr 2( +@U an 1 1J>,
1 1 Or7 ~
= —(I—-—tan—-0©
vJ 2( 0, an 1 IJ>
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and O77 = [|®1]||. Replacing AdY; in (5.11) (and also in the term AdY;; = AY; — AY;)

with AY,4 in (5.13)), we obtain the following generalised shape functions:

I = Avig (6] +6) (I- T(®M)T) v; + T(O)T] ALy,

which can be also written as

I = Ay [(I- T(O"T) v; + T(O")T'| A}, ifi=1I,Jand
I = Ay T(OF)TAT,

rig

(5.14)

otherwise.

It can be verified that the completeness condition Zﬁv Ig = I'still holds. The derivatives

are given by

rig°

L' = A [~(6] +6]) (T(OF)T + T(O)T) v; + T(OF)T' + T(OH)T"| A}

5.3.2 Update of rotations and curvature

As for the interpolation of global rotations, we can choose between a spin or an additive
update process. Since the generalised functions provide the iterative spin rotations, the
former appears to be more convenient. Both of them are given in Table 5.4, where the
extraction of the rigid rotation A,;4 is indicated for an averaged rigid body rotation. The
only requirement for obtaining a strain-invariant procedure is to use (5.9) as the only

interpolation.

It follows from (5.6) and (2.29) that

—_—

A = AygAY = A AFT(OF) OF = AT(OF) 8.

Inserting this relationship into the definition of the (material) curvature ¥ = ATA/

leads to

T =T(©") 0" (5.15)

Since only the local rotations are employed for the computation of the curvature, the
formulation is clearly strain-invariant. Moreover, since the rigid and local rotations are
computed via their total values (no reference to the iterative or incremental rotations

is made), the formulation is also path-independent. On the other hand, the amount of
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Spin update Additive update

A§+1 = exp(aiﬁ_l) = exp(@i)Aerl A6; = T(0])AY;

o1 = 6F + A@,
Both:
exp(@)llc}rl) _ AlIcHTAic,H
ALy = AT exp(501))

~ L k+1

exp(©, ) = AkHTAfH

Tig
Lk+1 _ 1igl.k+1
e —I'®!

L+l
AR = Arig eXp(® )

Table 5.4: Nodal update and interpolation procedures using local rotations.

rotation is limited to ©® < 27. This means that the nodal rotations of an element cannot

differ by an angle larger than 27, which is for practical purposes a very mild limitation.

In summary, although the interpolation of local rotations is computationally more
demanding, the advantages mentioned above make it preferable to the interpolation of

global rotations.
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6. Conserving time-integration

schemes

We will now describe some time-integration algorithms specially designed for the
conservation of energy and momenta. This kind of integration, which concentrates on
preservation of the geometric properties of the underlying mechanical system such as
the constants of motion, or the symplectic structure, is called geometric integration
[BI99, HLWO02]. We will focus our attention on algorithms that conserve momenta or

energy and momenta.

These algorithms date back to some early work [Bau72, BI75, LG76, CHMMT78, [Sas76)
where the preservation of certain invariants of motion was enforced in the time-discretisa-
tion of the governing equations. Simo and co-workers developed these ideas in order
to obtain energy- and momentum-conserving algorithms for elastodynamics and rigid
bodies [ST92, SWO91], and later extended these algorithms to geometrically exact beam
theory [STD95]. A similar energy-conserving algorithm for 3D beams can be also found
in [BDT95]. Once again, due to the presence of the rotational field, special care must be
exercised in order to conserve the constants of motion. We will show in this chapter that
the interpolation of nodal rotations (local, incremental, total or iterative) has important
consequences for the conservation properties of the resulting algorithm. As yet, our

objective is to provide an energy-momentum algorithm that is strain-invariant.

It is worth mentioning some recent work [BT96, BB98| /AR01] which constructs energy
decaying algorithms in order to eliminate undesirable high frequencies in the response of
the system. Following a similar route as Hughes et al. [HCL78], Kuhl and Ramm [KR96]
designed an algorithm which uses a choice of Newmark’s parameters which would normally
dissipate energy, while actually enforcing the conservation of energy and momenta via
Lagrange multipliers. In linear analysis, this act is equivalent to transferring the dissipated
energy in the higher modes to the lower modes of vibration. In a similar vein, in [CHT00],
the energy of the system is constrained by adding a correction to the accelerations. This

fact is justified by noting that instabilities in the accelerations are not reflected in the
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computation of the energy. In the majority of the algorithms mentioned, an initially
conserving scheme is constructed and modified to provide some energy dissipation, which
might be convenient in sudden motions or in presence of high frequency oscillations. In
all cases, conservation of energy or momenta or both is taken as a desirable condition for

non-linear stability.

Some necessary computations that will be used throughout this chapter are derived in
Section 6.1. From these results, and resorting to the interpolation of incremental tangent-
scaled and unscaled rotations, two different algorithms are constructed in Sections 6.2 and

6.3,

It is important to point out that in the elaboration of theses algorithms, translations
and rotations are treated separately. In contrast, a formulation that deals with a mixed
field can be found in [BB98]. This leads to a novel approach with many interesting
properties and some advantages concerning the time-integration of the beam equations.
However, the application of this approach to the formulation of joints to be described in
Part 1l of this thesis, is not as straightforward as the use of translations and rotations as

separate variables.

6.1 Preliminary considerations

We will impose the conservation of energy between two time-steps ¢,, and t,,4+1 by using
the increments of the kinetic energy 7', the total elastic potential V;,; and the potential

of the external loads V.,

Eni1—FE,=AE=AT+ AV + AV = 0, (61)

where here and elsewhere the sign A denotes incremental variations, i.e. A(e) =
(®)n+1— (@), (and should not be confused with the boldface delta A used for the iterative
values). Equation (6.1) can be seen as an incremental version of the weak form G =
0p - g = 0, which states that the infinitesimal variation of energy is zero. It is clear that
the algorithm will inherently conserve energy if (6.1) is satisfied. As mentioned above,
this is in contrast to other techniques where conservation of energy is imposed upon a
given algorithm using Lagrange multipliers [Bau72, HCL78, KR96], or where the energy
evolution is stabilised via the use of a penalty parameter [LCI7, AP98a].

We will aim to write the three different increments in equation (6.1) as a product of

a vector of nodal incremental kinematics Ap, and a conjugate vector of residuals g, as
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follows:

AE = Ap,-g' =0, (6.2)

in a similar way as the weighted version of the variational formulation given in Chap-
ter 3. The particular form of Ap, and g’ in (6.2) can furnish additional conserving
properties to the algorithm. In Section 6.2, an energy-momentum algorithm that inter-
polates tangent-scaled rotations is described [STD95]. In contrast, Section 6.3 makes use
of unscaled incremental rotations, and two algorithms that conserve energy or angular
momentum (bot not both), while including strain-invariant properties are developed. The
version of these algorithms that conserves momenta will be modified in such a way that
the energy increment is corrected [CJ00], yielding a fully energy-momentum conserving

algorithm with strain-invariant properties.

6.1.1 Increment of energy over a time-step
Increment of kinetic energy

Recalling the definition of the kinetic energy 7" and the vector of momenta I in (3.20));

and (3.4), and also defining the vector of velocities p,, at time ¢,, as

.. Un Un
pn = = )
Wn AW,

the increment of the kinetic energy over a time-step At may be written as

1 . . .
AT = 2/]:(ln+1-pn+1ln-pn) ds:/me; - Alds
= / (40,1 AV +I,W, 1 - AW) ds, (6.3)
L

where the subscript n + % denotes averaged quantities between time-steps t,, and t,41,

e, (o)1= 5 [(&)n + (&)

Increment of total elastic potential

Remembering the definition of the elastic potential of the beam V,,; in (3.16), and the

definition of the strain measure X in (3.12)), the increment over a time-step follows as
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1
AV = 3 /L (Xp41-CEpp1 — %,-CX,)ds = /LAZ . CEn+% ds
. (AT )1 — (AT7"),
= /L { AT . Fn+%d37 (6.4)

where F = {IN M} is the material stress resultant vector.

It is demonstrated in Appendix E, equation (E.9);, that the increment of the material

curvature may be written as

AY = AfS(w)"W, (6.5)

where w is the tangent-scaled incremental rotation such that A, = cay(w)A,, (with
cay(e) given in (2.8)), and S(w) is the transformation matrix deduced in Appendix (A
and given in (2.23). On the other hand, we can write the translational part of the strain

vector AX as

(A" — (A", = A:LJF%AT’ +AATT

1-
2

The term AA™ can be computed by using the definition of the Cayley transform in

@2.11),
cay(w) = (I - ;w> - (I 4 ;w> .

Inserting this result into A, 11 = cay(w)A,, the following remarkable identity is ob-

tained:

Anp1 = An =58 (A1 +An) & AA=BA, 1. (6.6)

N | =

Substituting (6.5) and (6.6) into (6.4), we can finally write AVj,; as

Ath:/L(Ar’-AnJF;NnJF;—w-A/ 1An+%Nn+%+g'-S(g)AnMn+%) ds. (6.7)

w-T

We note that by introducing the unscaled incremental rotations w such that A, =

exp(@)A,, the increment of the material curvature can be written as

AY = A)T(w)"w'
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(see equation (E.3) in Appendix E) . Using this equation, and remembering that

tan(w/2)

oW, with w = ||wl|, we can rewrite AV, in (6.7) as

g:

— tan(w/2) -~/
A%nt = A <AT’,-An+%Nn+% — W Wrn+%An+%Nn+% +w’-T(w)AnMn+%> ds.
(6.8)

Increment of the potential of the external loads

We will restrict our attention to conservative loads (i.e. the loads for which the energy
is conserved and, therfore, for which the present discussion applies). In particular, we will
consider only dead loads, i.e. a constant distributed external load n (point loads without
an associated mass do not represent a dead load). The increment of the external potential

is then given by

AVept = — / (rpe1-n—1ry,-n)ds = —/ Ar - nds. (6.9)
L L

6.2 Interpolation of tangent-scaled rotations and non-linear

angular velocity update: STD algorithm. [STD95]

Time-discretisation

By using the following time-integration scheme:

_AT Wn+l+Wn_Q
iAWk T T A

v = (6.10)

N |=

we can write the increment of kinetic energy in (6.3) as

1

/ (Ar - A,Av+ Q- J,AW)ds,
L

where €2 is the material tangent-scaled incremental rotation such that cay(Q2) =
ATA, 1. Recalling that the tangent-scaled incremental rotations w and 2 are related

via w = A2 = A, 119, the previous expression turns into

1 1
AT = At/L(A’I"*ApA’U—Fw-Ald))dS— At/LAp‘Alds, (6.11)
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where Ap is the vector of incremental displacements given by

Spatial-discretisation

Analogous to the variational formulation described in Section [3.7, we will discretise
Ap using N nodal Lagrangian functions / “ and N nodal incremental displacements ABi

as follows:

ABh = IiABi and Agh, = Ii,ABi.

Introducing this discretisation into the expressions of AT, AVj,; and AV,,; in equations

(6.11)), (6.7) and (6.9)), respectively, the energy increment takes the form

AE = Ap, 'QiA’ (6.12a)

where giA = giA i giA o QZ . I8 the residual vector, conjugate to the incremental
displacements Agi. The explicit form of the dynamic, elastic and external force vectors
is given by (see [STD95)):

) 1 )
o= — [ AL 12b
Gou = ap ), 1A (6:120)
. I'1 0 A, 1N .
Inw = / i i et e ds, (6.12¢)
s L —I’I“nJr% I'1 S(E)AnMn—l-%

. I'n
g = /{ " }ds. (6.12d)
—ae L 0

Therefore, the condition of energy conservation for any ABZ' is now equivalent to the

following non-linear equations:

It is demonstrated in Appendix H that by using this residual, the algorithm also

conserves the translational and angular momenta.

It is important to note that for the conservation of energy it is vital to interpolate

the incremental displacements via Ap = [ iABZ., as we have done in the construction of
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equations (6.12). If the interpolation of Ap were not used for the kinematics of the beam
and update process, the energy increment could not be written in the form (6.12al), which
would lead to only approximate energy conservation. Consequently, the conservation of
energy imposes the interpolation of the test functions Ap, which are also the kinematic
variables. Hence, if we want to interpolate local rotations in order to achieve strain-
invariance, we would then have Ap # I iABi, and therefore the conservation of energy
would be spoiled. It follows that with the residual g, in (6.12)), we have to choose energy-
conservation or strain-invariance. This is in contrast with the variational approach, where
the interpolation of the test functions was independent of the properties of the resulting

time-integration algorithm.

Moreover, the non-linear velocity update for rotations given in (6.10)2 has detrimental
effects on the objectivity of the formulation. This was proven with a simple problem in
[JCO2b]: a two-noded straight beam with applied initial angular velocity in the direction
of its longitudinal axis. It can be shown that if we compare two situations where the nodes
have the same initial relative angular velocities, but which differ by a constant amount,
the velocity update given by (6.10)2 furnishes different interpolated angular velocities.
This can be called a dynamical non-objectivity. It can be verified that the linear velocity

update given in the next section does not suffer this drawback [JC02b].

Besides, the interpolation of tangent-scaled rotations has the disadvantage of being
singular for w = (2n + 1)7, n € N, although is a relatively mild limitation given that w

is the incremental rotation between two consecutive time-steps.

6.3 Interpolation of unscaled rotations and linear angular

velocity update

Time-discretisation

Instead of relation (6.10), we can alternatively use the following time-integration

scheme:

Upt1 +v, Ar W, +W, Q
_ — d W = "= 6.13
2 At net 2 ¢ (6.13)

~

where € is the material unscaled incremental rotation such that exp(Q) = ATA,41.

’Un+

ol
ol

In a similar manner to the previous section, from relations w = A, = A,;+19, the

increment of kinetic energy becomes
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1 1
AT_N/L(Ar-ApAv+w-Al¢)ds—At/LAp‘AldS,

with Ap the vector of incremental displacements, which is now given by
) Ar
Ap = .
w

We will also discretise Ap using N nodal Lagrangian functions I’ and N nodal incre-

Spatial-discretisation

mental displacements Ap, as follows:

Aph = IiApZ» and Aph/ = Ii/ApZ-.

The condition of energy conservation for any Ap, is now equivalent to the following

non-linear equations:

AE=0 & gh=ghg+9r,—9gr.=0 i=1.._.N (6.14a)

where giA’ & giA’v and gx . are the inertial, elastic and external force vectors given by

. 1 .
. I'1 0 A 1N
. +7 n_l’_,
gh, = / . ~ A i 2 ds, (6.14c)
Aw L —P% ;H_% 1 T(w)AnMnJr%

, ) I'n
gre = / { } ds. (6.14d)
’ L 0

Note that, with respect to the previous residual giA, only the expression of elastic
force vector has been modified. These force vectors provide energy conservation but, as

demonstrated in Appendix [H, they fail to preserve the angular momentum.

As pointed out earlier, energy conservation is achieved if the interpolation of incremen-
tal rotations is performed. Therefore, energy conservation and strain-invariance (which
require the interpolation of local rotations) can neither be simultaneously satisfied for
this algorithm. We will propose in Section 6.3.2/ two similar algorithms that manage to

recover energy conservation and use strain-invariant interpolation.
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6.3.1 Momentum-conserving algorithms

In order to achieve momentum conservation, we first give the expression for the incre-
ment of angular momentum Il in the preceding energy-conserving algorithm, which has

been computed in Appendix H as

tan(w/2)\
Turning this energy-conserving algorithm into a momentum-conserving algorithm there-

fore involves making AIL, = 0. We propose two ways in which this can be achieved.

Algorithm M1

An angular momentum conserving algorithm can be directly constructed by replacing

the factor %

The elastic load vector is then given by

in (6.15) by unity, and keeping the same time-integration scheme (6.13)).

i!
i . / I"1 0 AnJr%NnJr%
L

Ay = . . ds. 6.16
A S AT T(w)A,M (616)
2

By employing this expression, the angular momentum increment AII, vanishes at the

expense of losing energy conservation. The increment of energy is then

tan(w/2)\ .,
AEI:/L<1—M/2>IWZ"’I‘n+;A 1IN 1ds. (6.17)

Other possible momentum conserving algorithms that use the time-integration scheme
(6.13) (and therefore unscaled rotations) can be found in [JC99b], where it is demonstrated

that any algorithm using an elastic residual of the form

I'A 0 A 1N
/ kL g (6.18)
L

giA,v - P A il
—IAF o I'T || T(w)AWM, 1

will preserve angular momentum for any 3 x 3 matrix A.

It is also shown in reference [JC99b] that the residuals in (6.14) can be generalised
to furnish other energy conserving algorithms, all based on the same scheme and using

interpolation of incremental displacements.
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Algorithm M2

We can alternatively think of modifying the time-integration scheme (6.13)) in such a
way that we still have conservation of momenta. It is demonstrated in Appendix H that

using the time-integration scheme

Ar Wn+1 + Wn Q
Unp+1 = E N Wn_,’_ = f = E7 (619)

N

the angular momentum is conserved if we used the following form of the elastic load

vector:

A N
ms ot L (6.20)

: 't o
Iaw = ' 1| ] T(w)AM
L - rn (w) n n+%

together with gxd and giA’e as previously stated in (6.14b) and (6.14d). Note that

the translational velocities use now a backward Euler time-stepping, different from the
mid-point rule in (6.13), and that 7 in (6.20) is now computed at time t,. It is shown in

Section H.3| that the increment of energy is then given by

(  tan(w/2) 1 9

= AE1—2Aw-Ar/An+;Nn+;dS—Q/LHA'UH Apds, (6.21)

where AE] is the expression for the energy increment obtained in (6.17) for algorithm
M1. Although nothing can be said about the sign of the first integral, the second is always
negative, which implies that, with respect to algorithm M1, this term will add an energy
decaying contribution (while preserving the angular momentum). The numerical results
from this algorithm confirm the dominant role of this term. This is in fact a consequence
of the well known dissipative character of the Euler backward formula [GR94], which in
this case has been employed for the translational displacements in (6.19). Although it
reduces the order of accuracy [Wo090], it will be convenient under certain circumstances

when modelling the sliding joints.
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6.3.2 Strain-invariant energy-momentum algorithms
(B1-algorithm

In attempting to construct a strain-invariant energy-momentum algorithm, we can first

consider Algorithm 1 of the previous section, which uses the nodal residual vector

9an =9na+9a0(Nyy1. M 1) —gh (6.22a)
with the following definitions:

)

g = — / I'Alds
A,d At I
/
't o ANy |

i il
I'#, 0 I'T || T(w)A,M

: / I'n J
A e = s.
A L 0

We will apply the interpolation of local rotations described in Section 5.3 of Chapter
5. We know that in this case

Iap (N1, My 1) = /L (6.22D)

Ap; 'giA # AE

which is due to (i) the absence of interpolation of incremental rotations, and (ii) the

removal of the factor tar;(‘;z/ 2 in the elastic residual. It is shown in [CJ00, MJCO02b] that

conservation of energy can be restored by adding a variable additional parameter that

multiplies a similar form of the force vector. The increment of energy is then written as

AFE = Ap; ‘giA + B1Ap; ‘giA,v(ANa 0) = Ap, - 9%17 (6.23)

where g4, = gi\ + f1ga (AN, 0) and 3; is such that the identity AE = 0 is satisfied,
#1 A A

i.e.

AE — Ap; - g'
B = =P In (6.24)
Api ' gA,v(ANa O)
Therefore, solving the system of equations
g =0, i=1,....N (6.25)



is equivalent to preserving of the total energy of the system. It is demonstrated
in Section H.4l of Appendix H that the resulting elastic residual ng(Nn +1 M, %) +

g% , (AN, 0) conserves the angular momentum.

(Bo-algorithm

In a similar vein, we can apply the interpolation of local rotations to algorithm STD.
This will spoil the conservation of energy, which we will then restore by adding an anal-
ogous additional term multiplied by a parameter B5. The resulting algorithm therefore

uses the following residual vector:

gl, = g + B20p; - g (AN, 0), (6.262)

where g', = giA,d + QZ,U(Nn+%’Mn+%) — g&e and the force vectors are defined as

,Z: 1

gy, = At/LAlds, (6.26b)
3!

o | I I S(w)AM,, 1

. I'n
g = / { " }ds. (6.26d)
e L 0

The parameter (s is now given by

AE — ABZ. -QiA

P2 = Ap, 'QiA,v(AN’ 0)

(6.27)

We remark that, in fact, the only differences between algorithms 3; and g are: (i) the
different definition the parameters 41 and fa, (ii) the elastic force vectors g , and g INE
and (iii) the time-integration of rotations, which uses unscaled incremental rotations in the
(B1-algorithm, and tangent-scaled incremental rotations in the (s-algorithm. In the latter
case, some computational cost is involved, since the unscaled rotations must be scaled in
order to obtain the angular velocity W, according to the time-stepping in (6.10), (used
also in the STD algorithm). Moreover, this algorithm suffers from being dynamically

non-objective, due to this non-linear velocity update.

However, we point out that the correction that the parameter 8y provides must com-
pensate the error in the increment of energy due to one reason only: the interpolation

of local rotations instead of tangent-scaled incremental rotations. This is an advantage
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with respect to the two sources of discrepancy in the equality AE = Ap; - giA in the 5y

algorithm.
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Part 11

Modelling of joints
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7. Node-to-node master-slave

approach

In this part of the thesis, we will focus on lower-pair mechanisms; that is, the joints
connecting two mechanical elements via a wrapping action, and where the contact takes
place along a surface [Ang82, |GCO1]. In contrast, higher-pair mechanisms are joints
where the contact takes place along a line or a point. The latter are more difficult to

model, but can be in general decomposed into several lower-pairs.

In this chapter, we describe the basis of the master-slave approach, also known as the
parent-child approach or minimum set method [Mit97, IM00Oa]. The latter stands for the
fact that we only add to the system the additional degrees of freedom due to the presence

of the joints, so that the number of parameters is kept to a minimum.

In the master-slave approach, the joint is defined by the relationship between the
variations of the nodal positions in a spatially discretised weak form. In this sense, the
approach seems particularly convenient for finite-element implementation, whereby com-
patibility relationships of this type are handled at the point of assembling the structural

equilibrium from the element equilibria.

We will define in this chapter the kinematic relationship between two nodes: a master
and a slave node, which remain as such all throughout the motion. We will call this
formulation the node-to-node master-slave approach. This is in contrast with the node-
to-element master-slave relationship given in the next chapter, where the all the nodes of
one element are the master nodes and form a master element. As will be shown, the reason
for that lies in the desire to provide a realistic model when joints with sliding conditions
are present. Nevertheless, the node-to-node formulation embraces many practical models
of joints with only released rotations (revolute, spherical or cardan joint), joints where

the sliding segments are rigid or those whose flexibility can be neglected.

After giving the basic definitions and establishing the master-slave relationship in

Section 7.1, we derive the infinitesimal and incremental form in Sections 7.2/ and [7.3,
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respectively. We will then be able to rewrite the weak forms with the new set of master
and released degrees of freedom and obtain a modified version of the system of equations.
The theory can be found in detail in [JC96, JCO1, MJC02a]; here a summary will be given
in order to prepare the ground for the implementation of the more complex joints in the

forthcoming chapters.

7.1 Kinematic description of the joint

A joint will be formed when two elements of a system are not rigidly attached to
each other. The kinematic relationship between two nodes of two different element ends
connected to the same joint can be given as an algebraic equation. In the master-slave
approach, the degrees of freedom of one of the two nodes (the slave node) are related to
the degrees of freedom of the other node (the master node) through the released degrees
of freedom (relative displacements of the slave node with respect to the master node given

in the body-attached frame).

. Tm d . T
dm = and g =
0 (7]

the displacements of the master and slave nodes, respectively, which are given in the

. TR
q =
R or

to denote the released displacements given in the moving basis g; of the master node.

We will denote by

inertial frame e;. We also use

Thus, in what follows, kinematic quantities without a subscript are assumed to be slave

variables.

Some standard joints are sketched in Figures [7.1a-e, and Table [7.1 gives the general
components of the released translations 7z and released rotations @ for these joints. We
note that in some cases there is neither a unique choice of the master and the slave nodes,
nor only one possible vector pp. Different orientations of the joint and the connected
beams yield different non-zero components of rp and 0 (albeit with the same number
of released degrees of freedom), and those given in Table [7.1] illustrate some possible
combinations. Figure 7.1f shows a general joint, with all degrees of freedom released and

indicating the notation used.
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TR, OR O/

r.,, 0
" Master node

d) €) f) O SYavenode

Figure 7.1: Prismatic joint (a), cylindrical joint (b), revolute joint (c), spherical joint

(d), cardan or universal joint (e) and notation used (f).

TR Or
Prismatic ~ {X¢ 0 0} {000}
Cylindrical {Xc 00} {06y 0}
Revolute {000} {0 6y 0}
Spherical {000} {0x Oy 07}
Cardan {000} {0 0y 07}

Table 7.1: Released degrees of freedom for several kind of joints.

The kinematic relation between the master and slave dof may be written as follows,

r = Tm+ AnTg, (7.1a)
A = AnAp, (7.1b)

where A = exp(8), A, = exp(Bm) and Ar = exp(6r) are the slave, master and

released rotation matrices, respectively. Note again that according to relations (7.1), rr

and Ap are the released translations and the triad of released rotations referring to the

body-attached frame of the master node.
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We will next derive a variational and an incremental form of the master-slave relations
(7.1)), which will be associated with the weak form G in (3.29) and the increment of energy
AFE in Chapter 6, respectively.

7.2 Variational form

7.2.1 Master-slave relationship

We will define the slave, master, and released virtual displacements by

5 . 0rm S = or 4 San = org (72)
m = , = an = . .
P 59, P i) R 505

The virtual rotations are such that

5Am = 00mAm , O6A=050A , A, =TroOpAR, (7.3)

where Tr = T(6r), and the matrix T is given in (2.18). Note that the master and
slave rotations are spin variations, whereas the released rotations are additive infinitesimal
rotations. This is required by certain type of joints like the cardan joint, where the null
component of @g is preserved in the solution and update process only when additive
rotations are used [JCO1]. The same argument applies if a spherical joint with a prescribed

rotation in one of the directions is considered.

By using relations (7.3)), the variation of dp can be expressed by resorting to equation
(7.1)) as follows:

or = ory, + Ay org + @mAer,

B T (7.4)
OA = 09A = 0V A AR+ A TROORAR.

The last equation yields 019 = §,, + A, TrdO R, which together with the first equation

gives rise to the matrix relationship

op = Nsdprm, (7.5a)

where



is a vector of released and master displacements and N is given by

A 0 T A
Nj = ~ | Rs Ls |, (7.5b)
0 A,Tg 0 I
with
An O I —A
Ry = CLg = "R (7.5¢)
0 A,Tx o I

7.2.2 Equilibrium equations

The following spatial-discretisations of the weak form were derived in Chapter [3:

G"=6p;-g' =0,
L (7.6)

Gq =0q;-9, =0,
where the residuals g' and g% are given in expressions (3.40) and (3.42). Here, dp,; and
0q; are the virtual displacements of node ¢ with spin and additive infinitesimal rotations,
respectively. After introducing the time-discretisation described in Chapter [4, the weak

forms in (7.6) take the following expressions:

Gh = ép, - ¢ =0
. ) ﬁ+1+a (77)
Ga = 5Qi ’ gfl,n+1+o¢ =0.

In what follows, we will focus our attention on the first discretised form G*, which uses
virtual spin rotations, like the master-slave relationship in (7.5). Similar developments
could be derived using the second weak form and a master-slave relationship with additive
infinitesimal rotations. However, this route would lead to more involved expressions with

no apparent advantage.

As has been pointed out in Chapter 4, by setting a = 0, a version of the Newmark
algorithm for large 3D rotations is used. For a # 0, a second-order accurate numerically

dissipative time-integration scheme is obtained.

We will hereafter simplify the notation of the residual gi t11a> and write it as g’ for

short. Whenever necessary, we will also refer to its translational and rotation parts as g"f

and gfb, so that g = {g} gfb}
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Also, we will henceforth assume that all nodes have a joint attached to them. By doing
this we can associate to each node a set of nodal released, master and slave displacements
related via equation (7.5). The virtual displacements in the weak form G” then correspond
to the nodal slave virtual displacements dp,, i.e. those that actually belong to the element.

By inserting relation (7.5) into (7.7); we obtain the following modified weak form:

G" = 6p; 9" = 0Ppm Gam =0,

where 0pr,,; = {0Pg; 0P} is the nodal vector of released and master displace-
ments and g’ém = Nj igi, with Ns; the nodal master-slave transformation matrix. Since
the displacements dpp,, ; are arbitrary, we can deduce the following extended system of

equations:

Irm = NG9’ = 0. (7.8)

Some computational aspects concerning the implementation of these equations in a
finite element program will be addressed in Section [7.4. We just comment here that the
form of equation (7.8)) corresponds to two sets of equations which may be written as (no

summation over 1)

gk = Rsig' =0, i=1,....N (7.9)
gm = Lsg' = 0.

By observing the explicit expressions for R and L in (7.5¢), it can be inferred that g%
corresponds to the residual forces conjugate to the released displacements, and therefore,
imposing g’é = 0 is equivalent to imposing that the residual forces perform no work in the
directions of the released displacements. The second set of equations g?, = 0 corresponds
to the transport of the residual forces from the slave node to the master node, in the same

way as distant loads and moments are transferred (see Figure [7.2):

gn=Lig'={ . L, ¢=0,
g¢ +7r.g f
where r, = A,,rgr is the released position vector referred to the inertial frame e;,
1=1,2,3.
Observe that we have introduced the kinematics of the joint without actually adding

any constraint equations. The extended equilibrium equations (7.9) just have the new
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e

O Slave node
O Master node

Figure 7.2: Scheme of the master and slave nodes, and the residual g* acting on the slave

node.

released dof of the joint. Indeed, the displacements of the joint that are not released can
be treated as prescribed dof, and therefore removed from the system of equations to be

solved.

7.3 Incremental form

7.3.1 Master-slave relationship

Let us introduce the incremental slave, master and released displacements between two

time-steps n and n + 1 as

A Ar,, A
Api{ ’r’} , Apmi{ " } , ApRﬁ{ TR}
w W, wYr

where we have used the same notation as in Chapter 6, i.e. A(e) = (@)1 — (o),
and cay(w) = Ap+1A,), with cay(e) defined in (2.8). Our aim is to write a relationship
between Ap and the released and master incremental displacements ABR and Agm. The
need for tangent-scaled incremental rotations will be made clear below. We just note here
that they will enable us to write the incremental master-slave relationship and, at the
same time, to embed it not only in the STD energy-momentum scheme of Section 6.2 (and
without spoiling its conserving properties), but also in the invariant energy-momentum (-

algorithms of Section 6.3.2, even though they do not interpolate tangent-scaled rotations.

By subtracting relations (7.1a) at two time-steps n + 1 and n, and rewriting (7.1b) at

time-step n + 1, we get the following equations:

Ar = A'rm + Am,n+1"°R,n+1 - Am,n'rR,'rL

=Ar,, +A 1Arg + AAmTR7n+% (7.10)

m,n+§

cay(@)A, = CaY(@m)Am,ncaY(QR)AR,W
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After noting that A, ncay(@r) = cay (A, n@r)Am.n and also that A, = Ay ARy,

the second equation yields

cay(@) = cay(@y,)cay(Amn@p)- (7.11)

In order to derive a master-slave relationship, we recall first equation (6.6) which states

that

_ tan(w/2)

AA
w/2

wAn_i_% :QATH— .

N[

By inserting this identity into AA,, in equation (7.10);, and the formula for compound

tangent-scaled rotations (2.9) into equation (7.11), we get the expressions

Ar = Ar,, + Am7n+%ArR +£mAm,n+%7'R7

1
w = 1

(7.12)
1-— 1%Y9m - Am,nﬁR (

1.
Qm "‘ Am,nﬁR + 2wmAm,an> .

It is now clear that such an explicit relationship between w and the incremental rota-
tions wp and w,, is only possible if tangent-scaled rotations are used. Equations (7.12)

may be written in compact form as

Ap =NaAp,, . (7.13)

where, as in the previous section,

.| Ap
ABRWL = { A;R }

is the vector of released and master displacements, but now with tangent-scaled incre-
mental rotations. It is important to note that the choice of a matrix Na that satisfies
relationships (7.12) is not unique, due to the non-linear dependence of Ap on ABRm in

these equations. We will give Na in the general form
Na = [ Ra La } , (7.14a)

with Ra and La given by

Ny, 0 I N
Ra=| o and Lp = o (7.14b)
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At this stage, the 3 x 3 matrices N1, N4, Noo and Noy are left undetermined. Their
explicit expression will be given in the next subsection, upon the desired conservation of

energy and momenta.

7.3.2 Equilibrium equations of conserving schemes

In this section we will embed the incremental form of the master-slave relationship in
some of the conserving algorithms described in Chapter 6. We will use equation (7.13)
and determine the components of Na in order to preserve the conserving properties of
the STD- and f-algorithms.

STD algorithm

The energy increment over a time-step AFE has been written in Section 6.2 as

AE=Ap, -g\, (7.15)

where the inertial, elastic and external force vectors contained in the residual giA =
giA,d+QiA,u _QiA,e are defined in (6.12b)-(6.12d). By noting that the incremental displace-
ments ABZA in this equation correspond to the slave degrees of freedom, and inserting the

master-slave relationship (7.13) into (7.15)), the latter turns into

(7.16)

_ i
AE = ABRm,i ) ng’

with gjém = N&ZQZ. By imposing AE = 0, from the arbitrariness of the incremental
displacements we arrive at the following system of equations:
Aigh=0 i=1,.. N (7.17)

By solving these equations for a transformation matrix Na ; that satisfies relation
(7.13)), we are maintaining the conservation of energy. It is shown in [JCO01] that the
conservation of translational and angular momenta is also possible, but in this case the

matrices N1, N4, Noo and N9y must have the following expressions:
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1,
N = <I - 4wm> Apntd

1 — ———
R = s
Nag = 1 S(wm)_TAm:”
1 - Zwm : Am’an
Ny =L

It can be verified that by inserting (7.18) into the expression for Na, the master-salve
equation (7.13)) holds. We emphasise that, although this algorithm conserves energy and
momenta, it is not strain-invariant. As mentioned in Chapter6, this is due to the necessity
to interpolate tangent-scaled incremental rotations instead of local rotations in order to
satisfy the condition AF = 0. Furthermore, and as explained in the STD algorithm, this
algorithm also fails to be dynamically objective, due to the non-linear update of angular

velocities in (6.10).

[-algorithms

Let us recall the expression for the increment of energy for algorithms 3; and 33 in

Section 6.3.2:

/81 : AFE = Apz . (gZA + ﬁngm(ANv O)) ’

A A (7.19)
B: AE=Ap,. (g’A + 5232’U(AN,0)) ,

where 31 and (35 are given in (6.24) and (6.27), respectively, and are such that the
condition AE = 0 holds. For the 31-algorithm, the force vectors in g%\ = IAndtTIAL—9Ae
are defined in (6.22b)) as

gA,d = Kt /L Alds,
i/

gh, = / ro AntiNnry L
v L| ~I7,,, I'L || T(w)AM ’

. / I'n p
gre = s.
A L 0

The force vectors for the Fs-algorithm are the same except for the elastic force vector,

which is given in (6.26b) as
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!

N / I'1 0 An+%Nn+%
L

Iy I'1 ds.
— ’I“nJr% S(Q)AnMn_i_%

Ino =

By observing that the incremental form of the master-slave relation in (7.13) relates
the tangent-scaled rotations, and therefore the underlined displacements vectors Ap, it
is more sensible from the point of view of the conservation of energy to use algorithm
(B9 than (1. It is important to remember here that both of these algorithms can use a
strain-invariant interpolation of rotations, in spite of the presence of Ap in algorithm [s.
Inserting the master slave relationship into the expression of AE for the fs-algorithm in
(7.19)) leads to

AE=Ap, Nk, (g’A + bagly (AN, 0)) .

Since the energy must be conserved for any displacements Ap R0 WE get the following

system of equations:

K. (g + hgly (AN,0)) =0 i=1.. N (7.20)

We note that AE # ABZ' : QiA due to the interpolation of local rotations rather than the
tangent-scaled incremental rotations. We also remark that this formulation uses the time-
integration scheme in (6.10), which employs the tangent-scaled incremental rotations, and

therefore is dynamically non-objective.

The application of algorithm (; can be done if we approximate the unscaled incre-
mental rotations w with the tangent-scaled incremental rotations w. In doing that, we
are stating that Ap = NABRm’ which inserted into algorithm J; leads to the following

equations:

Ai(gh + B1gh (AN,0)) =0 i=1,...,N. (7.21)

In contrast, this algorithm uses the time integration scheme in (6.13), which has un-

scaled incremental rotations. However, we have that AE # ABL' -g' due to three reasons:

tan(w/2)
w/2

of local rotations instead of unscaled incremental rotations; and (iii) the approximation

(i) modification in the elastic force vector (removal of factor ); (ii) interpolation

done when stating Ap = Napp, . instead of relation Ap = Napp, = in (7.13). It can be
then inferred that the correction in the energy furnished by 3 is larger than that supplied
by (2. Nevertheless, the algorithm 3 is dynamically invariant.
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7.4 Computational aspects

As is customary in the finite element method, each nodal equation must be assembled
into the whole system of equations, first for the element and then for the structure. In
doing this, we would additionally insert the released degrees of freedom into the global
system of equations. It is worth noting that the released displacements are in fact internal
variables (that are not coupled with the displacements of the other elements), and there-
fore a condensation process can be performed. The assembly of the elemental residual

and the process of condensation will be described in the following paragraphs.

For an element with N nodes, we will rewrite the system of N equations in (7.8) as

9z =Rjg'=0 (722
gm =Lig' =0,

where the matrices R; and L; can be those of the variational form (contained in matrix
Nj) or those of the incremental form (contained in matrix N o). By gathering all the nodal
equations g% =0 and g!, = 0, and denoting by g = {g' ... g"} the elemental residual
that contains the nodal residual vectors g’, we can rewrite the N equations in (7.22) in

the following compact way:

9rm = N'g =012y (7.23a)

where 019y is the zero vector of dimension 12NV, and the elemental master-slave trans-

formation matrix N is defined by

5 o
Ni[ GNXGN],Rﬁ co. o |,L=1] ¢ .. | (7.23b)

Osnx6N L
0 ... Ry 0 ... Ly

With this notation, the extended elemental residual can then be split into two parts

L'g Im

The system of non-linear equations is solved iteratively, which requires the linearisation

as follows:

of gr,- It is shown in Appendix |G| equations (G.5) and (G.12), that the linear part of
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NTg’ may be written as

A(N}g') = K7 Appyy, ;, (7.24a)
where K% is given by
y K9 & KY
G I (7.24D)
K’ r Kim

and the matrices K%R’ Kgm, KZTJL r and K%m can be found for the variational form
in (G.5), and for the incremental form in (G.12). It then follows that the linearisation of

the elemental residual gp,, in (7.23) may be written as

Kep Kpn | [ A
A(NTQ):KApRm:[ fue T ]{ pR},

KmR Kmm Apm
where App = {Apr, ... Apgy} is the elemental vector of iterative released dis-
placements, and Ap,, = {Ap,,; ... Ap,, v} is the elemental vector of iterative master

displacements. The iterative Newton-Raphson solution procedure of equations gp,, =

019 is written at iteration k as

k k
Krr Krm Apr | _ ) 9r - KFfApp, =—gh.. (7.25)
KmR Kmm Apm Im " "

(Note that the superscripts in (7.25) do not indicate exponentiation.) The vector gp
contains only internal degrees of freedom (that are not assembled with the rest of the
structure), whereas g,, is inserted into the global residual vector. This fact allows us to
perform the condensation of the system of equations (7.25). By isolating the iterative

released displacements in the upper part of equation (7.25) as

App = —Kpp (9 + Krmlp,,), (7.26)
and replacing this expression in the lower part of (7.25), the condensed form of the

equations is obtained:

-1

k k k —ly-k k k k k
(Kmm - K rKEr KRm) Ap,, = —gm + K5 gkKrr 9k

This process is in general computationally cheap, since Kgg is usually a matrix of low

rank (the number of released degrees of freedom of the element). The iterative master
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displacements Ap,,, are then obtained from the solution of the global system of equations.
The iterative released displacements App are in turn computed according to (7.26) at

the elemental level.

On some occasions, this condensation process might not be desirable. This is the case
when some of the released degrees of freedom are prescribed, as numerical examples in
Chapter 12/ show. Indeed, while implementing the master-slave formulation, two sets of
elements have been developed: one with 6N degrees of freedom, and the released displace-
ments condensed; and another with master and released displacements, and therefore 12N
dof. The latter become very useful for the modelling of rigid segments (a prismatic or
cylindrical joint with constant released translations), or joints with applied prescribed

released degrees of freedom.
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8. Node-to-element master-slave

approach: sliding joints

In this chapter, we will present an alternative master-slave approach. In the node-to-
node (NN) formulation described in Chapter 7, the slave node slides along the line going
through the centroid of the cross-section, and orthogonal to it (see Figure8.1). While this
behaviour is acceptable for joints with only rotational degrees of freedom, or those with
rigid segments, it leads to unrealistic configurations when the deformation of the master

element is significant.

In order to amend this situation, the displacement of the slave will now be related to all
nodes of the master element, leading to the node-to-element (NE) master-slave approach.
Such a joint will here be called a sliding joint, where the slave node will follow the deformed
line of centroids of the master element. This is our basic contact assumption, which will
be limited here to frictionless bilateral contact. The resulting formulation leads to a more
involved master-slave relationship, but still one that in essence uses the same principle
introduced in Chapter 7. Figure [8.1] gives an example of the deformation obtained with

the NN and NE master-slave approaches.

The description of the formulation given here can be also found in [MJ04], where the
sliding contact conditions are also described in the more general context of elastodynam-
ics. A similar technique has been recently derived in [MMO3], where a two-dimensional
spring sliding along a planar beam is considered. On the other hand, the treatment of
sliding contact with Lagrange multipliers or augmented Lagrange formulations have been
reported in [LCI7, [AP98a, Bau00, BB01, SES03], among other publications. The reader
is also referred to a related problem discussed in [BT98al, BT98b, VQLI5] and references
therein, where sliding beams that are deployed or retrieved through a spatially fixed joint

are modelled in a time-varying spatial domain.

The outline of this chapter is slightly different to given in Chapter [7. We will first de-
scribe in Section 8.1/ the kinematic assumptions of the sliding contact. From them, taking

into account the contact forces and torques due to the sliding joint, we rewrite in Section
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Initial configuration Deformed configuration 1 Deforr\ned configuration2
\ N

a)NNZ T F\—/

Initial configuration Deformed configuration 1 Deformed configuration 2

Figure 8.1: Configurations obtained with the (a) node-to-node and the (b) node-to-

element master-slave approach.

8.2 the equilibrium equations and the corresponding weak form for two beams in contact.
The master-slave relationship, derived in Section 8.3 is first written for the continuous
problem, and afterwards completed by introducing the finite-element discretisation. It
is also shown that this formulation can deal with the transition of the contact element
through a set of master elements, here called slideline, by defining a coupling element.
Finally, some issues concerning the implementation of the method are discussed in Section

8.4l

In this chapter, we give the wvariational form of the master-slave relationship. The
incremental form, necessary for the design of conserving algorithms, requires special at-
tention in order to retain most of the advantages of the time-integration scheme without

violating the contact conditions. These topics will be discussed in detail in Chapter (9.

8.1 Kinematic assumption of the sliding contact

In order to model the sliding contact between beams, let us consider two beams denoted
as B4 and BP which are in contact at the points A, and By of the centroid azes, as shown
in Figure 8.2. The contact condition relating the displacements of these points is written

asl

!Note that we use X instead of s to denote the arc-length coordinate. Since the reference configuration
of both beams is a straight beam aligned with the global X axis, this axis and the reference centroid line

are parallel. This notation will be used here and in the subsequent chapters in order to emphasise that
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M(Xa) = r(Xp) (8.1a)
A(XA1) = A(XB1)ATela (81b)

where the constant matrix A, in (8.1b) is the relative rotation between the two beams
at the initial configuration, i.e. A, = Ao(Xp,)"Ao(X4,), with Ag the rotation at ¢ = 0.
Figure 8.2/ illustrates this situation.

Current
Configuration

Initial
Configuration

Figure 8.2: Kinematics of beams B4 and B? in contact.

Let us introduce the following basic set of hypotheses consistent with the considered

beam model and the contact conditions at hand:

H1: At time t, beam B4 exerts a force fig, on point B! of beam BZ. This force is taken
to be equal in magnitude and opposite in direction to force n4, exerted by beam
BB on point A; of beam BA:

np, = —ny,.

The beam kinematics, and in particular equation (8.1b), make it reasonable to
supplement this assumption with the following additional kinetic hypothesis related

to the transmission of contact torques.

H2: At time ¢, beam B4 exerts a torque mp, on point B! of beam BB. This torque is
taken to be equal in magnitude and opposite in direction to torque my4, exerted by

beam B on point A; of beam B4:

mp, = —My,.

we are assuming initially straight beams.
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H3: Frictionless bilateral contact is assumed, i.e. the forces of interaction between the
bodies along the tangent to the centroid lines of beams B4 and B will be considered

equal to zero:
i, -7y, =0 and g, -7 =0.

8.2 Beam equilibrium equations

We will consider the governing equations for each of the beams B4 and BP separately,
and deduce the corresponding weak form of the complete system by introducing the

infinitesimal form of the sliding condition.

The local equilibrium equations have been given in (3.5) as

. - 0
l:f’+f—|—{/\, }, (82)
n

where f = {n m} is the vector of (spatial) stress resultants, f = {fi m} contains the
distributed load and torque per unit of undeformed length applied on X € [0, L], and
I ={l; l,} is the vector of specific local momenta defined in (3.6).

The governing equations must be supplemented with the boundary conditions corre-
sponding to the end loads (for simplicity, no prescribed displacements will be considered)

ie.,

fyi_o=-8 , fyi_,r=8 I=AB (8.3)

where 5} = {n(0)! m(0)!'} and 81 = {A(L)! m(L)’} are the concentrated loads and
torques at the two ends of each beam B!. Also, there exist the concentrated force and

torque due to the bilateral contact:

ﬁ[l . X +e _
S;, = = lim fds 1 =A,B. (8.4)
ITI[I =0 X]lfe

As explained in Chapter [3, the weak form of the equilibrium equations is obtained by
dot-multiplying (8.2) with the virtual displacements (or test functions) op = {dr J¥} and
integrating over the length L’ of each beam I = A, B:
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G(r,A,0p) = Z /LI<5p-(i—f’)—519-?'n)ds

I=A,B
_ Xy +e _
- > / op - fds + lim op - fds| = 0.
I=AB LI\XI1 =0 Xy —e€

In order to simplify this expression, we note first that the last term corresponds to the
virtual work done by the external load §;, = {fi;, my, }:
XIl +6

lim op - fds = opr, s ; I1=A4AB,

=0 Xll —€

where 6p;, are the virtual displacements evaluated at points I. By using this result,
integrating by parts the term with ' and substituting the boundary conditions (8.3) and

(8.4), the weak form can be expressed as

G(r,A0p) = > (Gh+Gl-Gl)— > ép;, -5, =0 (8.5)
I=A,B I=A,B

where GI, GI and GI are the dynamic, internal and external contributions to the weak

form, given by

Gl = op - lds
I

Gl = / 6p - fds — / 69 - #'nds (8.6)
LI LI

Gl = [ op-fds+op) 5% + op) - 8.
LI

8.3 Master-slave relationship

8.3.1 Infinitesimal kinematic contact conditions

Let the deformed configuration be perturbed by a kinematically admissible virtual
displacement edp. We will assume that contact point A; remains in contact with beam
BB permanently, whereas the contact point of beam B? changes during the perturbation
(see Figure 8.3). In the deformed configuration, the contact is established at point Bj,

while in the perturbed configuration it is established at Bs.

The contact conditions (8.1) in the perturbed configuration are given by
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Current Perturbed

BB
Configuration Configuration

A(Xay) = AX5,)Arer

T(XAl) = T’(XBl)
i Ae(XAl) = Ae(XBQ)Arel

77777777777777777777777777 re(Xa;) =re(Xn,)

Initial
Configuration

Figure 8.3: Initial, current and perturbed configuration of beams B4 and BE.

re(Xa,) = 1(XB,),
AE(XA1) = Ae(XBz)Arel-

This provides the following relationships between virtual quantities:

. d

ora, = 2 6zorﬁ(XAl)
d

i [r(Xp, +€0X)+ edu(Xp, + €0 X)]

= ’I’I(XBl>5X + 5’[1,31,
d

519A1A(XA1) = %G:OAG(XAl)

d _
- = [exp(eéﬁ(XBl +e0Xp,)A(XE, + 6 X) A

= (E(XBl)&X + 31\931) A(XBl)Areb

where X is the variation of the contact point on the reference configuration and
k(Xp,) = A(XB,)Y(Xp,) is the (spatial) curvature of the beam evaluated at Xp,. Using

this result along with the contact condition (8.1b) gives the important relationships

ora, =1 60X +0rp,,
594, = kp,6X + 69p,,

(8.8)
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where r'l; = r'(Xp,) and kp, = k(Xp,). Substituting (8.8) into (8.5), and making
use of hypotheses H1-H3, provides the result

G(Ta A, 517) = Z (GcIl + G£ - Gé) - kB1 ’ 1’ﬁAlé‘Xv =0, (89)
I1=A,B

)

in which the interaction torque between the two beams, mp,, will be related to the
vector of nodal residuals upon the introduction of the spatial discretisation in Section
8.3.2

We will extend equation (8.8)2 to contact conditions with a variable relative rotation
between the two beams. This will allow us to model joints with released rotations such
as a cylindrical joint sliding along a flexible beam. The rotational contact condition
set in (8.1b) assumes that the relative rotation of beams B4 and B? remains constant
throughout the motion. In cases where this relative rotation is not constant, a new

rotation matrix Ag is introduced, which then redefines the rotation at point A; of beam
B4 to be

A(XAl) = A(XBl)ARA'rel- (810)

The matrix Arp measures the released rotation at X4, with respect to the rotation
A(Xp,) (rotation of beam BB at point Bj), without accounting for the initial relative
rotation A,.;. Note that we use the released rotation matrix A measured in the moving

frame g; of beam BP. Equation (8.10) is linearised in the standard way to give

= kBl(SX + (51931 +A315’19R (8.11)

with 09p as the virtual released rotation and Ap, = A(Xp,). As explained in the
previous chapter, instead of using the spin vector d9¥r we will instead use the additive
infinitesimal variation 6@ = T(8r) ™16, in order to consistently model certain kinds of
joints [JCO1].

Substituting d¥r = T(0r)d6 into (8.11), we obtain

694, = kp,0X + A, TréOr + §Up, (8.12)

where Tr = T(0R); the expression of T can be found in (2.18). By using relation

(8.12) instead of (8.8)), a new term arises in the weak form (8.9), which is given by
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G(r,A,0p) = > (G} +Gh—Gl) —kp, -MA,6X + Ap, T3'665 - mp, = 0.
I=AB

)

The last term represents the virtual work done by the contact torque mp, under a
virtual released rotation 619, = Ap,6¥g. If no friction is considered at the contact point
under a relative rotation, no reaction torque exist in the direction of the virtual released
rotation, and therefore this term vanishes, i.e. 69, - mp, = 0. We are in fact assuming

an equivalent hypothesis to H3 for the case of rotations i.e.,

H4: Frictionless released rotations. The interaction forces between the bodies under
admissible released rotations d9, = Ap, d¥9r between beams B4 and BB will be

considered equal to zero:
mp, - 0¥, = my, - 09, =0.

8.3.2 Finite element discretisation and coupling element definition

Let us discretise the beams B4 and BP using N4 and Np nodes, respectively. The

vector 0p(X) will be discretised using the standard Lagrangian polynomials as

5p"(X) = I (X)dp;. (8.13)

By replacing the vector dp in (8.9) with dp”, the discretised weak form G is readily

obtained as

G'r A op") = > opl g’ —kp,6X -y, =0, (8.14)
I=A,B

where op! = {(5p{ .. .5p{\,[} is the vector of elemental virtual displacements and g' =
{g"!...g""N1} is the elemental residual vector of element I. This residual comprises the

. Ij Ij 1,j . .
dynamic, internal and external nodal force vectors g d’J, g.” and g’ respectively, i.e.

gli = gfl’j + gh? — ghd . They are obtained from (8.6) as

gl = / Plds,
L1

) ) ) 0
gl i/ I’des—/ IJ{ N }ds, (8.15)
L L ™ n

gl = /1 Ifds + (5{5(1) + (ﬁvléi.
L
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The master-slave relationship (8.8); and (8.12) may be rewritten as

T/ 0 ,
opn, = B durp - Gy) + + IL,0p,;, 8.16
o Yo {0 Ve

where dup = {6X 0 0} is the vector of released translations. As in the node-to-node
master-slave approach, we assume that the sliding point on element A corresponds to node
N4 throughout the motion. We will define the slave and master and released vectors of

virtual displacements as

0pPr
5pt
spi :
opt = : and opf, = 5p]“\‘,A ; (8.17)
B
5pﬁA opy
0PN, |

where dpp = {drr 00R} is the vector of virtual released displacements. Using (8.16)

we can relate the two vectors as

5p” = N3P, (8.18)
with
0 1 00 0 0 |
: T : . : L ®G 0
Np= | T : . Rjp=| mo ,
0 O I 0 O ... O kg, ® Gy ApTpg
| Rj; 0 0 0 ILI I3°T |

(8.19)
where 0 and T are the 6 x 6 zero and unit matrices.

In order to deal with with the contact torque term in the weak form G”, we insert the

master-slave relationship (8.18) into equation (8.14), which leads to

Gh(r’ A, 61)) = 6p£m ’ NETQA + 5pB ’ gB —dug- (Gl ® kB1) my, = 0. (820>

121



We now note that the discretised weak form G” in (8.14) can be split into two weak

forms Gfg and G% given by

GM(r, A, dp) = opt- gt — (5pf\‘,A 4, =0

h - s B B _ 1jis.B 7. _ (8.21)
Gy(r,A,op) =dp” - g Ipdpy £, =0

which correspond to the application of the virtual work principle to each beam sepa-
rately. The weak form in (8.20) is in fact the sum of the two parts: G* = G + G% = 0.
Gathering the terms multiplying the virtual rotations of node N4 in equation (8.21);, we
obtain the identity

ggA - ﬁlAl = 07

A

where gg is the rotational part of the residual vector g™V4. Inserting this equation

into (8.20) and making use of (8.19) finally gives

G"(r, A, 6p) = 6p,, - Njg' +6p” - g” =0, (8.22)
with
0 I 00 0 0 |
. Do L : 2 QG 0
Np= | PP Co| and Rgp= | TEE™ |
0 0 I 0 0 ... 0 0 ApTgr
| Rsp 0 ... 0 0 IR ... Ip°T |
(8.23)

We see that the virtual work performed by element A can be expressed as the dot
product of a new set of master and released degrees of freedom, 5p‘§m in (8.17), and an

extended residual work-conjugate to them, which is given by
( RZSFBQNA
gt

A - A __ . . — Nos
gin =Nig'=q o ¢, with Lep=| IFT .. Iy (8.24)

T NA
\ L5Bg J
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Let us define a coupling element as the element whose elemental displacement vector
is 5p}%m. Such a coupling element has the following 6 x (N4 + Np+1) degrees of freedom:
displacements of the nodes in element A, the released displacements of node N4 and the
degrees of freedom of all the nodes in element B. The extended residual g‘ém = NEgA of
the coupling element is assembled into the global residual in accordance with the pattern
given by (5p‘§m in (8.17). We emphasise that gém depends on the residual g of element
A and the terms Rsp and Lsp which depend on element B. Equation (8.22) can now be

solved using the Newton-Raphson iterative procedure in a standard manner.

The reader will realise that in the node-to-node master-slave approach described in
the previous chapter, the equilibrium equations were not restablished as is done in the
present case. This is due to the fact that in the previous case no real contact existed.
As explained in the previous chapter, the NN approach is equivalent to considering a
residual force applied at a certain distance (released translation), regardless of whether
the location of the slave node is on the master element or not. In the present case, the
contact is ensured by the kinematic contact conditions in (8.1), and therefore we have
to consider contact loads and torques S in the equilibrium equations. As before, we can

analyse the character of the new equilibrium equations:

gt =0, i=1,...,Nqg—1, (8.25a)
R;;FBQA’NA =0, (825b)
gB,j + IégA’NA =0, j=1,...,Ng. (8,250)

Equations (8.25a)) are the standard equilibrium equations for all the nodes on element A
except the sliding node N4. The second equation (8.25b)) corresponds to the enforcement
of no work associated with the released displacements 5p§. Equation (8.25¢) establish the
equilibrium of the master nodes, taking into account the residuals of the master element
gP7 plus the contribution of the sliding node N4 weighted by the shape function IjjB of
the corresponding element. Figure 8.4/ shows a schematic with the location of the different

residuals appearing in equations (8.25).

O Slave node
gP? gt ’
gP! - O Master nodes

Figure 8.4: Schematic of the master and slave nodes, and residuals acting on the model.
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It is now obvious that if the sliding is not limited to the surface of a single element,
we only need to evaluate Rsp and Lsp at the contact point of a newly contacted element
in order to formulate the new coupling element. The issue of the dynamically changing

coupling element will be dealt with in the next section.

8.4 Computational issues

8.4.1 Newton-Raphson solution procedure and update

After assembling all of the elemental residuals, including the extended residual g‘ém in

(8.22), the non-linear vector equation

g=>0 (8.26)

is obtained, where g is the global dynamic residual of the structure. Upon the intro-
duction of a suitable interpolation for the unknown displacements along each element,
this equation may be solved using the Newton-Raphson iterative procedure. Within this

procedure, the system of equations g'*! = 0 leads to

g +K'Ap =0, (8.27)

where K' = V,g" is the global tangent operator and Ap is the global vector of the
iterative corrections to the nodal unknowns. Note that if a strain-invariant formulation
is desired, the rotational field must not be interpolated in the same way as the virtual
rotation 04 in (8.13), but with the generalised shape functions given in Chapter /5. In the
present approach, it must be borne in mind that the global residual contains the residual
of the coupling element, which will give rise to additional terms in the tangent operator.
Indeed, linearising the residual g}%m leads to Aggr,,, = Vp, g}%m = K, Apg,,, where K,

is the local tangent operator of the coupling element, and may be expressed as

Krr O6x6N 4 Kgrm
Kep = NgKANG + | O6n,x6 O6Nax6Ns  O6Nax6Ng | - (8.28)

K,.r Osnpx6N, O6Npx6Np

This result has been derived in Appendix |G: see equation (G.16). The matrix Ngg
is given in (G.14) and corresponds to Nj but using the generalised shape functions Ié
for the rotational field, instead of the standard functions I*. Matrices Krr, Ky and

K, r are given in equation (G.15). Clearly, this matrix has some coupling terms between
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the degrees of freedom of slave element A and those of master element B. These terms
have to be processed carefully whenever the contact point switches from one element to

another on the slideline. This is described in more detail in the following subsection.

In order to ensure that the sliding contact condition is preserved exactly, the itera-
tive solution of the equations must include a consistent update of the kinematics. Once
the iterative changes AX = Arg - G; and AOg are obtained from the solution of the
system of equations (8.27) and the master and released variables are updated, the slave
kinematics (rn,,An,) at the new iteration i + 1 are obtained according to the update
process summarised in Table 8.1. Note that the matrix A(X ™) depends on the actual

interpolation of the rotational degrees of freedom within the beam finite element used.

Xt = XL+ AX

Translations Rotations
Pl = r(XGY) = DX Yr; AT = exp(TABR) A},
A’gl nodal update

i+1 _ AtF1 A+
AN = AFIA A

Table 8.1: Update of slave node kinematics (rn,, An,).

With all the nodal slave degrees of freedom at hand, it is now possible to update the
kinematics at each integration point for every element, using the adopted interpolation
for the displacements. This in turn enables the update of the elemental contributions to
the dynamic residual (8.15). In order to update the vector of inertial forces, one needs
to perform the velocity and acceleration update described in Chapter [4. To update the
vector of internal forces, of course, it becomes necessary to update the values of the strain

measures.

8.4.2 Contact element transition

The present approach enables a straightforward transition of the contact point along
a set of elements forming a slideline. Let us assume that at time ¢; the contact point is
established between elements A and B (see Figure 8.5), and that elements B and C are

adjacent to each other in a string of elements on the slideline.

The contact element can be easily obtained from the value of X i and the lengths of the
elements on the slideline in the reference configuration (see Figure 8.5). If the transition
of the contact point between elements occurs during the iterative process, the generic

definition of the coupling element allows us to consider a different contact element by
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simply replacing Rsp and I é in gﬁm with the corresponding values for the new element
C, i.e. Rsc and Ié. Of course, special care must be exercised during the assembly of the
resulting Jacobian matrix, since some terms couple the current contact element on the
slideline (master element) with the slave element A. When the contact point moves to
another element, the topology of the coupling element still remains the same provided the
new element (and, by induction, all the elements on the slideline) have the same topology.
However, the vector L:{gNA in the residual, and the coupling terms of K, in (8.28), will

be placed in different positions in the global residual and the Jacobian matrix.

= G \D\Elu -
--n Elemem — D“NB

1 — :
RN : Ny :

Elemen.t_ A Element A

. @ _Coupling element oL
1 Coupling element
Xg(ta) _
Xp(t g

_ Sliding line
_———— D D Qo - - — -
Element B Element C

FElement A O Slavenodes

‘ Reference Con figuration

[ Master nodes

Figure 8.5: Coupling element definition and schematic of the contact element transition.

Implementing this facility requires some modification to the standard data structure.
Basically, it is required to keep track of the current contact element and provide the
relevant terms of the residual vector and the Jacobian matrix for the coupling element.
In addition, the kinematics of the current contact element must be retrieved in order to
update the variables at the slave node N4 (see Table 8.1). A schematic of the differ-
ent stages required for the update and construction of the coupling element during the

iterative process is outlined in Figure [8.6.
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(X, ) :

y

Obtain contact element.

v

) o
Retrieve 75, Ap, I, I, I)5, kp, 5, and r; from contact (master) element.

Compute g4, K ( equations (8.23), (G.14), (G.14b) and (G.16) ) and

copy them into the global stiffness matrix and residual.

v
Solve and obtain Arg, Afx.

v

Update master and released variables.

v

Update slave node kinematics v, A% (Table 8.1).

Figure 8.6: Contact element update dealing with contact transition.
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9. Momentum-conserving and
strain-invariant time-integration

algorithms within the NE
approach

The design of conserving time-integration schemes dealing with the node-to-element
master-slave approach (or sliding joint) is investigated in this chapter. Similar techniques
to those described in Chapter |6 will be employed here, namely the mid-point rule for the
time-integration scheme and the use of incremental displacements. In order to achieve
strain-invariance, we will concentrate on algorithms that use unscaled rotations. In par-
ticular, the momentum conserving algorithms M1 and M2 derived in Chapter 6/ will be

recast in Section [9.1/ and taken as the basis for the resulting formulations.

The extension of these conserving algorithms to problems with joints first requires a
derivation of the master-slave relationship in incremental form, and second to embed it in
a coupling element similar to the one defined in the previous chapter. However, in doing
S0, two main concerns arise: the desired algorithm should preserve the time-integration
properties when the contact point moves along a slideline of finite elements, and the
kinematic constraints of the sliding joint should not be violated. These requirements will
be analysed in Section [9.2: first for the contact point sliding within a single element,
and then for the contact point jumping to an adjacent element. The imposition of the
conserving properties or the kinematic sliding conditions (or both) in each situation is
studied in conjunction with the momentum conserving algorithms M1 and M2. They
give rise to two families of algorithms, SM1 and SM2, explained in Sections 9.3 and 9.4
respectively. From them, a set of time-integration strategies that combine the proposed

algorithms is suggested in Section [9.5.

Let us note that the design of conserving algorithms within the master-slave approach

for the modelling of sliding joints has not been explored in the literature. The contents of
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the present chapter will be also included in a forthcoming paper [M.J]. Some algorithms
with conserving properties in the context of sliding contact are also analysed in [LC97,
AP98al, Bau00]. The first two papers concern contact problems in elastodynamics using a
penalty method or augmented Lagrangian technique, where a potential is associated with
the contact of surfaces. The latter paper uses Lagrangian multipliers within 3D beams
in combination with energy conserving and energy decaying algorithms. Consequently,
these formulations inherit the problems associated with the use of penalty parameters or

Lagrange multipliers mentioned in the introduction of this thesis.

9.1 Momentum conserving time-integration schemes

Two momentum conserving algorithms, M1 and M2, were developed in Chapter [6.

They stem from a weak form G, which for both algorithms is written as

G=Ap-gy=0, (9.1)

where Ap = {Ap, ... Apy} contains the nodal incremental displacements Ap; =
{Ar; A9;}. The elemental residual g = {g% ... gX} is formed by the nodal residual
vectors giA = giA, a4t giAﬂ) - giA7 .» Where the explicit expression of the dynamic, internal
and external nodal load vectors depends on the algorithm under consideration. It has

been shown in Chapter 6! that by solving the system

gh=0, i=1,....N (9.2)

both algorithms, M1 and M2, provide automatically conservation of momenta. How-
ever, it has also been demonstrated that they fail to conserve the total energy E for a

conservative system, i.e.

G=Ap-gp # AFE.

The dynamic and external load vectors for both algorithms are given in equations
(6.14b) and (6.14d), and the elastic load vectors can be found in (6.16) and (6.20), re-

spectively. They may be written as
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M1 M2

gZA,d = At/[:IZAldS, (933)

‘ 't o 1N, 1
gZA,’U : / [ i 7;/ n+2 n+2 dS Y r; : r;rL_A'_l r;, : r;’L (93b)
| —I'ry, I'I T(w)AnMnJr% 2

. I'n
I =/ { }ds. (9.3c)
’ L 0

The Lagrangian polynomials I*(X),i = 1... N, satisfy the usual completeness condi-

tions

N N
Y I(X)=1 and Y I"(X)=0 , XeloI]. (9.4)
i=1 i=1
We remember that, in these algorithms, the time-integration schemes for translations

and rotations are given in (6.13) and (6.19) as

Ar W, +W, Q
M1 : ’Un_’_% :E s Wn_,'_% :f:g, (95&)
Ar W, +W, Q
M2: v =2r W,y = —mr . (9.5b)

Also note that both schemes employ material unscaled incremental rotations €2, which

are such that A,41 = A, exp(Q).

We emphasise here that algorithm M2 has an energy decaying contribution, as demon-
strated in Chapter [6, and in addition uses the first-order accurate backward Euler time
stepping for the translations. In consequence, all algorithms stemming from M1 will

inherit these properties.

9.2 Incremental form of the sliding contact conditions

Two situations will be distinguished in the subsequent sections: a first one where
the contact point slides within one element only, and another where the contact point
moves to an adjacent element. The two possibilities are illustrated in Figures 9.1 and
9.2. They show a slave node N4 sliding from point rx, = r(X,) on element B, to point
rx,.1 = 7(Xn41), which is on element B in Figure9.1 and on element C' in Figure9.2. The
distinction between the two situations is important because they require different types

of approximations when considering the increments of the slave displacements Apy, .
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1 element B
X, element B
1 X
O
Ny Np Ng
Ny
element A

1

Figure 9.1: Simplified mesh for problems without element transition.

element B element B
o " N elementc o— N po | dementC
1 o 1 D\u
1 1 5o
Na Ne Ny N
element A element A
1

Figure 9.2: Simplified mesh for problems with element transition.

We denote by N4, Np and N¢ the number of nodes of elements A, B and C, respec-
tively. Note that, as in the previous chapter, we have assumed that the slave node is node
Ny in element A to simplify the forthcoming formulae. Also, we will as usual represent

the master and slave nodes in the figures by the symbols [J and (), respectively.

By resorting to the Lagrangian interpolating functions I7, the sliding kinematic con-

ditions are written as follows:

tn tnt1
NT: TNan = TX, = Ik Tjn PNontl =TXpiy = Ig(n+17"j’n+1 (9.6a)
: = — 7 B _ _7i C
T: TNan =TX, = IXnTj,n PNon+l =TX, = IXn+1rj’n+1, (96b)

where vy, n = (XN, tn), TNyn+1 = T(XN,, tnt1), Ig(n = ['(X,), and Ig(nﬂ =
I'(X,41). The acronyms NT and T stands for ’contact with no transition’ and ’contact
with transition’. We have also added a superscript to the nodal position vectors in (9.6b)
in order to distinguish the element to which they belong. These equations will be used

to construct the master-slave incremental relationship in the subsequent sections.

It will become helpful to have at hand the diagrams of Figure [9.3. It gives an insight

into the position of the contact point in the two sliding situations mentioned above. They
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represent deformed configurations where no horizonal displacements of the master nodes
exist. In this case, the x axis of the figure is representative of the arc-length coordinate
X. The deformed configuration at a mid-time ¢, 1 which for the master nodes is given
by Tpil = Dr it ls is also depicted in Figure 9.3l It can be observed that the position

J
of the slave nodes is consistent with the kinematic conditions (9.6).

element B element C
K
H TNpn+1 T%Hrl
A
T Npn+d
0 0,.c
B o Jn+h
T/.n+1 :
B
i+l g !
B - i
jn f--- - @\ -
tn ETX” T - —3 _______ ~
N TA“\VB-” 3 3 []7‘%71
T X ] X
Xn AX X7L+1 Xﬂ AX X71+1

Figure 9.3: Location of the contact points without and with contact transition.

9.2.1 Translations with no contact transition (NT)

We will focus here on the model depicted in Figure 9.1/ in conjunction with the contact

conditions (9.6a). From these, it follows that the incremental displacement of node Ny is

written as

- —p . Iy
ATNA - TNA,TL+1 - 'rNA,'I’L - IXn+1r.79n+1 - IanJ7n

= I;'(%Arj + Ay (9.7)

Jn+3o

where the following definitions have been made:

. 1/ . .
J - J J
e =5 (e, + Ty )
AP =T,  —I,

AT =Tjn4y1 — Tjin-

A graphical interpretation of equation (9.7) can be made with the help of Figure[9.4. Tt

can be observed that the vector Ary, is expressible through the following two identities:
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Ary, = (r(Xng1,tn) = 7(Xn, tn)) + (r(Xng1, tngr) = 7(Xnga, tn))
=Ary, +Arx, .,

Arn, = (1(Xn, tns1) = 7(Xn, tn)) + (P (Xng1, tn1) = 7(Xns tnyr))
= Arx, + Ary

(9.8)

n+19

which correspond to the paths rx, — @ — rx,,, andry, — P — rx, , in Figure9.4.

n+1
The increments Ar;, and Ar; ., are due to the variation of the contact point coordinate

at times t,, and t,41, respectively, whereas Ary, and Ary are the increments of the

n+1
position vectors due to the time variation at coordinates X,, and X,,+1, respectively. We

can interpolate the two identities in (9.8)) using a parameter v € R as follows:

Ary, = (1—7) (A'rtn + A'rxnﬂ) + v (Arxn + Artn+1)
= ((1 —v)Ary, + ’yArth) + (’yAan +(1- ’y)Aan+1) . (9.9)

It follows that the result in (9.7) is the special case of this result for v = % Moreover,

by setting v = 0 or v = 1, the paths via points @) or P in Figure 9.4] are recovered.

TX71+1

T'Npn+l1
A
r
l
! -Ory 1
| - Np,n+:
Tin+1 [ | _ - Bty
|~
————— 3 AT‘X
-- ! n+1
’I‘l‘n’Jr% [ ;
|
|
‘T’Ln []\ ~ |
ani : ———————— 1N T[VBJY,
| 0
| : -
I I
X
XT, AX Xn+1

Figure 9.4: Translational increments over one time-step within one element.

On the other hand, we can express the vectors Ar;, and Ary, ,, as follows:

A’I’tn N 1
A’T‘tn = AX AX = E(Artn & Gl)ATR,
Ar 1
Ary, = A}“ AX = 1 (Ary,, © Gi)Arg,

133



which, after using the standard nodal interpolation, leads to

1 .
Ary, = — (A7, ® G1)Arg,

AXT (9.10)
Artn+1 = E(Alj"'j,n—i-l & Gl)ArR.
Note that in the case AX — 0, the terms Ar;, or Ary, ., are given by
. r(Xn+AX ) —r(Xn, ty) ,
A = 1 =
Tt T AX Do AX T
. (X +AX tp1) — (X, tht1)
ATt = Jlim AX = Tat
Inserting equations (9.10) into (9.9), one arrives at the expression
Arn, = (AT -y ® G1)Arg + I Ar;, (9.11)

where the following definitions have been made:

I, = 2, +(L=I% .,
Ar;

jn(i—y) = (L=V)Tjn 7041

9.2.2 Translations with contact transition (T)

We now consider the sliding contact conditions as given in (9.6b). The incremental

displacements of the slave element are now written as

ATN, = TNontl = TNan = TXpy1 — TXp- (9.12)

Before deriving a master-slave relationship between the incremental displacements, let
us state the requirements that the desired formulation should satisfy, or at least reasonably

approximate:

1. The master-slave transformation must relate the displacements of the slave element
to those of the new contacted master element (in our notation, element C, see
Figure 9.3b). In doing this we ensure that the residual vector and the Jacobian

matrix (which will be given below) will have the same structure for all contact
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points on the slideline. In other words, the master-slave relationship must couple
element A with only one master element. Note that, in addition, if all the master
elements on the slideline have the same number of nodes, the residual and Jacobian

matrix will have also the same dimensions for all the contact points on the slideline.

2. It is desirable to retain the conservation of angular momentum, and also the contact
conditions. If some of them cannot be satisfied, a reasonable approximation should

be obtained instead.

We remark that Point 1 is in fact stating that the value v = 0 must be chosen when
using approximation (9.9). For v # 0, element A would have to be processed alongside
elements B and C. Therefore, keeping this condition in mind, and using the notation in

Figure 9.5, equation (9.12) may be written as

AT'NA = A’l"‘ + A'l"‘ = Artn + ArX7L+1, (913)

t=tn, X=Xnt1
which corresponds to the path rx,, — Q — rx,,.,. As mentioned above, this expression
is required in order to avoid employing the vector Arx, , which would lead to a coupling

of the incremental displacements of three elements, A, B and C.

element B element C
I

c
T X011 0 7Tin+1
__________ r¢
Jin+sg

: A,"‘)(714»1

- —— = - = - c

) M rf,

| >

X

Xn, AXB Xn+1
Figure 9.5: Translational increments over one time-step in the case where element tran-

sition occurs.

Regarding the approximations used for Ar;, in (9.10), it must be pointed out that
the identities used in that equation cannot be employed in the present case. The nodal
position vectors r; at times ¢,, and ¢,,41, and also the interpolation functions I7 at points
X, and X, 1, belong now to different master elements. In the current notation, the

approximations will be written as follows
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1 , ,
Artn - Kt ((Igfnﬂ’r]c:" o Igfnrf") ® Gl) ATR
1
= E(A"'BC,n ® G1)Arg, (9.14a)

where

= (7 c
Ach’n - (IXn+1 ’rj)n

— I rP). (9.14b)

j’n
Note that since v = 0, the term Ar;, ., is not needed now. Inserting equation (9.14a)

into (9.13), we arrive at the following result:

1 .
Ary, = 55 (Arpen ® Gi) Arp + I, ArS. (9.15)

Note that this relationship introduces no approximation (other than the FE discreti-

sation) if the sliding conditions are satisfied.

9.2.3 Rotations

With regard to the incremental rotations, we write the contact conditions at times ¢,

and t,41 as follows:

ANA,” = AXnAR,nArel (916&)
ANA7n+1 = AXn+1AR,n+lArela (916b)

where, as in the previous chapter, A,.; is the matrix of relative rotation between the
beams at the contact point in the initial configuration, i.e. Ag(Xn,) = Ao(Xo)Arer, and
AR is the matrix of released rotation. By using the tangent-scaled incremental rotation
w, such that A, = cay(w)A, with cay(e) the Cayley transformation defined in (2.8),

the following relationships can be established:

ANA,TL-i-l = Cay(QNA)ANAvn’
AXn+1 = CaY(QX)AXTH
AR7L+1 = Ca‘Y(gR)ARn’

which, when inserted into (9.16b) and making use of the contact condition (9.16a)),

give rise to
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CaY(QNA)ANA,n = CaY(QX)AchaY(QR)AR,nArel

= CaY(QX)CaY(AXnQR)ANAma

whence

CaY(QNA) = cay(wy)cay(Ax,wp).

By using to the formula for compound tangent-scaled rotations in (2.9), the following

relationship between the incremental rotations is obtained:

1
1- %QX “Ax,wp

1.
YNy = (wX +Ax,wp + QUJXAanR> . (9.17)

It is also shown in Appendix H, Section H.5.1, that the conservation of angular mo-

mentum requires a master-slave relationship of the form

wn, = wx + Bwkg. (9.18)

Note that in contrast to (9.17), equation (9.18) uses incremental unscaled rotations.
We will derive next a similar expression that uses tangent-scaled incremental rotations.

This can be achieved by setting

. 1
c

= : (9.19)
1- %QX “Ax,wp

and manipulating (9.17) as follows:

1.
wy, = wyt(c—lwx+ec <AXn + 2WXAXn> WR

1 1.
= wxtc¢ <4(WX “Ax,wp)wy + Ax,wr + QwXAanR>

= wy +S(wx) "Ax,wp,

where the relation ¢ — 1 = c%gx - Ax, wp has been used, and the matrix S~ is given

in (2.24) as
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In order to write the master-slave relationship with unscaled rotations in (9.18), we
will substitute the tangent-scaled incremental rotations wy and wp with their unscaled

counterparts wx and wp, which leads to

wn, =wx +S(wy) "wg. (9.20)

This approximation is to some extent justified by noting that, from the Taylor ex-
pansion of the tan(e) function, unscaled and tangent-scaled rotations differ only in the

second- and higher-order terms.

Similarly to the translational dof, the increment wx includes changes due to the vari-

ation of the contact point AX and the time increment At, and thus, in general,

wy # wy, =w(Xy)

wx #F wx,; =w(Xnp1)

We will, however, use a similar approximation to the one used in (9.9):

WY R Wwxy = Igﬁwj. (9.21)

which leads to

Wy, = Igﬁwj +S(wy) Twg. (9.22)

As in the translational field, we could have split the incremental rotation wy into two
parts: one due to the released displacement AX and another due to the time-increment
At. This route is taken in the following chapter, where an exact relationship between the
incremental rotations wy,, wy and wp is derived. Because of the complexities of such
an approach, we use here the simplified formula in (9.22)), which neglects the incremental

changes due to the released displacement AX.

We note that in deriving equation (9.22) we have introduced two approximations: one
by substituting tangent-scaled rotations with unscaled rotations, i.e. wy ~ wx and
Wgr ~ wg, and the other by stating wy = Ig('ygj‘ These approximations have been
made while constructing the equilibrium equations, and therefore will have consequences
for energy conservation, but not for the accuracy of the kinematics, which is always
preserved by performing the right update in the implementation of the formulation. We

will discuss these issues in more detail in Section [9.5.
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9.2.4 Master-slave relationship

Let us first define the vector of elemental slave incremental displacements Ap?, and

the vector of released and master incremental displacements Apgm as

App
Api!
Api! :
Apt = : and  Ap, =4 Apy. o, (9.23)
A I
APNA Apl
I
Apy,

where App = {Arr Awpr} is the vector of incremental released displacements. With
our notation, the superscript I in the vector Apém corresponds to the contacted element

at time t,,4; (element B when no transition exists, or element C' otherwise).

It is now clear that equations (9.11) (or (9.15)) and (9.22) provide the necessary rela-

tionships to build the transformation matrix Na such that

Ap? = NAApém, (9.24)
with
0 I 00 0 0 |
Na=| = = o (9.25)
o o ... T o o ... 0
| Ra 0 0 0 I4I YT
and the matrix Ra given by
LAry®G 0
Ry = | AXT X . (9.25b)
0 Swx) TAx,

The values of T §<, Aryx and «v in matrix Na are given in Table [9.1.

In contrast to matrix Ns in Chapter 8, which transforms infinitesimal translations
and rotations, matrix N relates the incremental displacements of element A to the

incremental released and master displacements.
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No Transition (NT) with Transition (T)
Arx AT ) Arpen = (I, 750 — T, r2,)
¥ vyeR 0

Table 9.1: Values of I , Arx and v in matrices Nao and Ra.

As in the previous chapter, we can now modify the weak form (9.1), which, for the

reduced model of three elements depicted in Figure 9.2 is written as

G = Ap"-ga+ ApP gk + Ap© g5 =0.

By inserting relationship (9.24), we have

G = Apg,, - ghn +ApP - g+ Ap© - g% =0,

with ggm = Nggg. Note that Ap]A%m contains incremental displacements of the master
element C. If the situation in Figure 9.1l is considered, the term Ap® - g© does not exist
and the vector Apﬁm contains the incremental displacements of element B. In both
cases, we can define a coupling element with the extended residual vector ggm and nodal
displacements indicated by Apém in (9.23)2. Such an element would have the same

structure than defined in Section 8.4 in the context of the variational formulation.

However, special care must be exercised when element transition occurs. In this case,
only the transformation matrix N of the NT formulation (defined by equations (9.25))
and Table 9.1) can be used.

In the next two sections, we will analyse the two formulations, NT and T, in conjunction
with the M1 and M2 algorithms. This leads to two families of algorithms, SM1 and SM2,

which will involve different expressions of matrix Na.

9.3 SM1 algorithms

Four algorithms are described in this section, denoted by SM1-NTa, SM1-NTh, SM1-
Ta and SM1-Th. The first two are limited to cases where no contact transition between
elements exists, whereas the third and fourth are specifically designed to deal with such
a transition. They are all based on the momentum conserving algorithm M1 described in

Section [9.1; therefore, throughout this section, the residual g, should be interpreted as
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the residual with the force vectors defined in (9.3) (with values indicated in M1), and the
time-integration scheme in (9.5a)). It will be shown that the ’a’ versions of the algorithms
satisfy the conservation of angular momentum but fail to retain the kinematic sliding

conditions, whereas the ’b’ versions do the opposite.

9.3.1 No contact transition: SM1-NT algorithms

These algorithms correspond to the first column of Table 9.1, with v = % It is
demonstrated in Section H.5.1! of Appendix [Hl that, with this choice, the conservation of

angular momentum requires the kinematic condition

Np
_ J
P} = TP (920
J

to hold. This equation approximates the contact condition of the sliding node at
time ¢, 1 which is generally incompatible with (9.6a)), the kinematic restrictions on the
sliding joint at the end-time points ¢, and t,41. Note that if the displacements of all of
the master nodes were along one direction only, a value for « that satisfies both kinematic
conditions, (9.6a) and (9.26), could be found. By contrast, in the multidimensional case,
both kinematic conditions cannot be satisfied simultaneously. If the constraints for the

sliding joint in (9.6a) hold, the error in the sliding contact is

Np
r =Y P, \ = LArAr,
Nan+3 Xignty Ty T XTI
J

and the increment of angular momentum Il is given by

At~
ATl, = TAI&A?“J-Q?’NA. (9.27)

Choosing to satisfy either the sliding conditions (at the ends of a time-step) or the

conservation of momenta leads to two algorithms with the following properties:

e SM1-NTa: Conservation of angular momentum is guaranteed, but the sliding con-
ditions at the time-end points are relaxed; in fact, a mid-point contact condition is

satisfied at time tpyt,as given in (9.26).

e SM1-NTb: Angular momentum is not preserved (its increment is given in (9.27)),

but the sliding contact conditions at times ¢,, and ¢,,11 (equation (9.6a)) are satisfied.
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Figure 9.6/ indicates with bold circles the contact points for which the sliding condition
is satisfied, for each of the two algorithms, SM1-NTa and SM1-NTb. By satisfying the

sliding condition at the mid-time ¢ it is sensible to assume that, in the SM1-NTa

n+%’
algorithm, the position of the slave node N4 at times ¢, and t,1 will be kept reasonably

close to the centroid line of the master element, varying according to the size of the

time-step.
SM1-NTa X, inf— SM1-NTb P = TNyl Nyt
A A
‘s T
TNl
_— ‘ _ - Vet ‘ ‘ . =Dy,
n i ‘ Vo Pl { 1 Nay -~
¢ o---7" ' t 1 Q.-
n+i,___‘ —“— ' n+%___:__—“’
Piapy 7 PTNa Tyl 1
t ‘ t
[}77\ | n |
Tin -~ fE t\j" 3 T PO QX = Tan
L0 e 0 g T T R M0 rvpm
XrH»% 3 Xn+%
| : > | >
! | g i ! | g
I X I I X
X, AXp Xn1 AXp KXnt1

Figure 9.6: Sliding contact point for the SM1-NTa and SM1-NTb algorithms.

Note that the implementation of each algorithm is different, although both use the
same expression of the Nao matrix, and therefore the same extended residual g}‘%m. The
distinction between the two kinematic restrictions lies in the computation of the nodal
slave displacement and also the update process, which should be performed according to
Table 9.2l In addition, the different kinematic condition is also reflected in the expression
of the Jacobian matrix. Table 9.2 also shows the expressions of the linear part of the slave

position vector, Ary,, for the two algorithms.

9.3.2 Contact transition: SM1-T algorithms

This algorithm is constructed by using the second column of Table 9.1, and therefore
setting v = 0. In this case, the kinematic condition for the conservation of the angular

momentum is derived in Appendix H| as

N¢

_N“ji gC
TNl = ZIXWTW%. (9.28)
j

This is indicated graphically with a bold circle in Figure 9.7a. It can be observed that

this is a poorer estimation of ry, at time ¢, 1 than that given by the SM1-NT algorithms
2

in (9.26). Note that the larger the error in the kinematic condition, the less accurate the
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SM1-NTa | Kinematics PNyntl = 2[;(11“]-77%% —TNun
2

* k+1 _ opiktl k+1
Update TNA,”+1_2IX% sl ~ TNan

T, .
. . . o 9 7 )
Linearisation | Ary, = (IXn+1 Tintl ® G1> Arp + IX%AT]JL_H

SM1-NTb | Kinematics TNont+1 = Iggnﬂrj,nﬂ

k+1 _ k1 k41
Update TNan+1 = X1 Tint1

o, ,
. . . o 7 . J .
Linearisation | Ary, = <IXn+1 Tintl ® G1) Arg + IXn_’_lArj,n-i-l

" Gkl pik+l | i k+1 1 k+1 ,
Note that QIX% =1Iy , +1Ix, and Tintl = 5(Tini1 T 7Tin)

Table 9.2: Position vectors, update process and linearisation of rx, in the SM1-NTa and
SM1-NTb algorithms.

master-slave relationship furnished by the matrix Na becomes. This, as will be explained
later, has consequences for the error in the energy increment between time-steps. Hence,
it looks reasonable to violate the condition in (9.28), and retain the contact conditions
at the end-time points ¢, and t,,41 given in (9.6b)). In this case, the increment of angular

momentum is given by

At /. ~
AH¢ = ? (T’)B}n’n - an+17n> g?,NA7 (929)

where rx, o = I§( r¢ . For the sake of completeness, however, we will consider

n+1 j,?’b'
both cases, which result in the following versions of the algorithm:

e SM1-Ta: The angular momentum is conserved and the sliding conditions at the
time-end points are relaxed. The contact conditions for the conservation of momenta

are given by (9.28)) and depicted in Figure 9.7a.

e SM1-Th: Angular momentum is not preserved, and its increment is given in (9.29).
The sliding contact conditions at both times ¢, and t¢,4; (equation (9.6b)) are

satisfied, as shown in Figure 9.7b.

9.4 SM2 algorithms

The next algorithm to be introduced is based on the momentum conserving algorithm

M2 described in Section 9.1; therefore, we will be referring to the residual vector ga
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element B element C element B element C

a) SM1-Ta | b) SM1-Tb |
C — C
1 Tj,errl TXp1 = TNyn 1 Tj.n,+1
A
T
C | - )
r° Y s L P p—— r
.I~’1r+% ’I‘fn+1[ ! .IJH%
B i
_]JL+% { 3
: TX, TNyn
B I+~ - n A
Jn 0 - <
, t : RV .
T | hlg - T
! ! X ! ! X
Xn Xn+l Xn Xn+l

Figure 9.7: Diagram of the sliding contact point for the SM1-Ta and SM1-Tb algorithms.

defined by the force vectors given in (9.3) as applied to algorithm M2, together with the

time-integration rule (9.5Db).

9.4.1 No contact transition: SM2-NT algorithm

Let us consider the reduced model depicted in Figure 9.1. It is demonstrated in

Appendix H that the condition for the conservation of angular momentum is

Np
§ : J _
J

It can be observed that by setting v = 1, this condition is compatible with the sliding
contact kinematics in (9.6al). Therfore, this algorithm achieves conservation of momenta
and does not violate the contact conditions, as long as no contact transition between

elements exist.

For other values of 7, we could choose between two similar options as in the SM1-NT
algorithms: (i) an algorithm that conserves momenta but violates the sliding condition,
and (ii) another which does not conserve angular momentum but satisfies the sliding
condition. However, given that the choice v = 1 satisfies both conditions, we will just

select this value and denote the resulting algorithm as SM2-NT.
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9.4.2 Contact transition: SM2-T algorithms

As previously stated, the value v = 0 is necessary to enable the transition of the
contact point. In this case, the conservation of angular momentum requires the following

kinematic constraint:

Ne
TNan = T TS0 (9.30)
j=1

This clearly conflicts with the sliding contact conditions in (9.6b). If we impose the

latter, the increment of angular momentum becomes

AH¢ = At (’/r\XnyTL - ?Xn+lyn) g‘fA’NA‘ (9'31)

As before, we can choose between enforcing the kinematic condition (9.30) together
with AIly = 0, or satisfying the sliding contact conditions in (9.6b). The two options
lead to the following algorithms:

e SM2-Ta: This is a momentum conserving algorithm, where a mid-point contact
condition is satisfied at time ¢,, (equation (9.30)), as shown in Figure [9.8b.

e SM2-Th: This non-conserving algorithm has the increment of angular momentum

given in (9.31); the sliding contact conditions (9.6b)) are satisfied.

element B element C
- I
) SM2-NT  ry =rvo 0, . & SM2-Ta Lo
y jn
r
3 hr. c
"‘Ln*[ 3 - - B TJ\BJH»% o TNH’%
thr% __i,__—‘—————‘
[SRTS Ly -
tn 3
s g =
3 il S 0 TN 0 ry,
! ! b% ! | X
Xn Xn+1 Xn Xn+1

Figure 9.8: Diagram of the sliding contact points for the SM2-NT and SM2-Ta algorithms.
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9.5 Summary of conserving time-integration schemes

9.5.1 Master-slave transformation matrix and linearisation of residuals

In Section 9.2.4] we derived the preliminary form of the master-slave transformation

matrix Na. We will repeat the general form (9.25) here

0 I 00 O 0
Na=| = = o T (9.32a)
0 0..I0 0 ... 0
| Ra 0 0 0 IiT YT
with Ra given by
LA G 0
Ry = | BX2TX @5 . (9.32b)

0 S(wy) "Ax,

Table 9.1 gives the values of v according to the existence of transition or not, regardless
of the time-integration scheme we are using. After defining the two families of algorithms
SM1 and SM2, we can specify particular algorithms by assigning certain values of ~, Ig(

and Arx in the matrices Nao and Ra, as shown in Table 9.3l

SM1-NTa  SM1-NTb SM1-Ta SM1-Tb SM2-NT SM2-Ta SM2-Tb

¥ 3 3 0 0 1 0 0
j j j j j j j j
IX IX% IX% IXn+1 IXn+1 IXn IXnJrl IXn+1

Arx AIJTNH_% A[Jrj +1 Arpen  Arpen Alrj,1 Arpen  Arpen

sT

Table 9.3: Values of 7, Ig( and Ary in matrix Na for each algorithm.

For each algorithm, the linearisation of the residual of the coupling element gém =
NZgA leads to its corresponding Jacobian matrix. They have been derived in Section

G.2.2 of Appendix |G, and have the same general structure for the algorithms, given by

Krr  O6x6N,4 Krm
Kep = NAKANA, + | Onux6 O6Nax6Ns O6nax6ng | - (9.33)
Kmr  Osnpx6Ns O6Npx6Np
The particular expressions of matrices N*Ag, Kgr, Kg,, and K,,g can be found in
Section |G.1.2. We note that, as in the previous chapter, the resulting Jacobian matrix

K., has some terms coupling the slave element and the current master element.
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9.5.2 Conserving properties and time-integration strategy

The properties of the different algorithms described in this section are given in Table
9.4. It shows the increment of angular momentum (the value 0 implies the conservation
of momenta) and the kinematic condition that the sliding node must satisfy. The tick /

denotes that the sliding kinematic conditions in (9.6)) are satisfied.

Al Sliding contact condition
_\NB 7J
SM1-NTa 0 TNA,n+% = Zj . Ix%rj,n+%
SM1-NTh SLATAr g v
_NNe 7 C

SM1-Ta 0 TNantd = 2521 Dy T g
SML-Tb | At (Fx, — Txpiim) g7 v
SM2-NT* 0 v
SM2-Ta* 0 TNaon = ZjV:CI Tgnlg(,,,.ﬂ
SM2-Th* | At (P, — 7x,,10) 97 Vv

* Energy decaying contribution

Table 9.4: Summary of conservation and kinematic properties of algorithms SM1 and
SM2.

From this table it can be inferred that the only algorithm that conserves angular
momentum and satisfies the contact conditions is SM2-NT. However, as pointed out in
the description of the M2 algorithm in Section [6.3.1} it has an additional energy decaying
contribution with respect to M1, and it is limited to situations where no contact transition
exists. We also remember that the use of the Euler backward formula for the time-
integration of translations in the SM2 family of algorithms reduces the order of accuracy

from second-order to first-order [Woo090].

It is worth noting that the algorithms in Table [9.4] can be combined within the same
analysis. In selecting suitable combinations of them, the following points should be kept

in mind:

e It is not recommended to combine the SM1 and SM2 algorithms. That would

definitely add an undesirable discontinuity in the measure of velocities.

e The errors (either in the increment of angular momentum or the contact sliding
conditions) of the T algorithms are in general larger than those of the NT algorithms.
Thus, we suggest applying the latter algorithms when the contact point slides within

the same element, and use the former only when element transition occurs.
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e Due to the poor approximation of the sliding condition by algorithms SM1-Ta and
SM2-Ta, their use is not advised (see the contact conditions that they impose in
Table 9.4)).

As a result, we propose the four strategies summarised in Table[9.5. The first three sac-
rifice the conservation of momenta when contact transition takes place. Options ALG1
and ALG2 give priority to the conservation of momenta whenever the contact point
remains in the same element. ALG2 also preserves the contact conditions in all cir-
cumstances . The third option ALG3 does not conserve the angular momentum, but
always satisfies the contact conditions. The option ALG4 conserves always the angular
momentum, but introduces an error in the sliding conditions, which is larger when el-
ement transition occurs. This strategy has been introduced solely to test the effects of
the contact error. Observing the properties of the algorithms in Table 9.5, one could
conclude that ALG2 maintains the maximum number of beneficial properties. However,
as mentioned above, this algorithm has an energy decaying trend, as it is demonstrated
in the numerical examples of Chapter [12. This can be seen as an undesirable side effect
or a beneficial feature, depending on the problem analysed. However, in any case, the

reduction to first-order of accuracy is a clear drawback in all M2 algorithms.

No Transition Transition
ALG1 SMI1-NTa M  SMI1-Th
ALG2 SM2-NT M-S SM2-Th
ALG3 SMI-NTb S  SMI1-Tb
ALG4 SMI1-NTa M  SMIl1-Ta

M-Conservation of momenta

Z n »nn w»

S-Sliding condition is satisfied

Table 9.5: Algorithms used in the four suggested time-integration strategies.

9.5.3 Comments on the energy conservation and update of slave dis-

placements

In the M1 and M2 algorithms, the total energy is not conserved. The reasons are
indicated in the description of these algorithms in Chapter 6. The algorithms SM1 and
SM2 developed in this chapter will consequently inherit this disadvantage. In addition,
the approximations made when deriving equation (9.22) are another reason for the non-

conservation of the total energy E. Non-fulfilment of the sliding conditions further adds
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to the energy error. In other words, while in the weak form provided by the M1 and M2

algorithms we have

Gy = Ap” - gi + ApP - g ~ AE,

after inserting the master-slave relationship it follows that

G = App,, - NAga + ApP - g8 ~ G, (9.34)

where the last approximation is due to the master-slave relationship. By minimising
the error in the master-slave transformations, we in turn keep the error in the energy
increment to a minimum. In this sense, the conservation of momentum when contact
transition occurs introduces errors in the sliding kinematics and in the conservation of
energy. For this reason, it appears more advantageous to sacrifice the conservation of
angular momentum in the T case, and avoid a discontinuity in the sliding conditions, as
in fact strategies ALG1, ALG2 and ALGS3 all do. The results in Chapter 12 support this

reasoning.

As mentioned before, the errors in the master-slave relationship do not affect the
accuracy of the contact sliding conditions in the b’ versions of the algorithms (including
also SM2-NT). In the ALG2 and ALGS3 algorithms, the sliding conditions (9.6) are always
preserved as long as we compute the kinematics and update according to Tables 9.6/ and
9.7. Note that the update of rotations must be consistent with the interpolation used for
the element. In this sense, if the interpolation of local rotations is performed (in order to
achieve a strain-invariant formulation), the rotation at the contact point is obtained via
J

the interpolated local rotation C-)g(n o= 1%,

G)ﬁnﬂ, as shown in Table 9.7.

It is important to note that we could have used the residual of the STD algorithm in
Chapter 6, which is genuinely energy conserving and employs tangent-scaled rotations.
However, even in this case, the energy conservation would have been spoilt due to the
approximate relationship (9.22), which is used even if no released rotations exist. A
fully energy-conserving algorithm which avoids this approximation is described in the
next chapter. However, we note that, with the present algorithms, strain and dynamical

invariance can be achieved, which is not the case for the algorithm to be described.
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NO TRANSITION:

ALG1, ALGA4 (’a’ versions)

ALG2, ALG3 (b’ versions)

Kinematics | 7y, n+1 = 2I§(%7‘j’n+% —TNan TNyn+l = Ig(lej,nH
* k+1 _ vk
Update Xoh =Xp 1 +AX
k1 70 yktl
k+1 _ orhk+l, k+1 k+1 _ pdk+1 k41

TNA,n+1 - 2I)(l Tj7n+% - TNAvn TNA,n+1 - IXn+1 Tj,n+1

TRANSITION:
ALGA4 (’a’ versions) ALG1, ALG2, ALG3 (’b’ versions)

Kinematics | 7y, nt1 = 2I§(n+1frj’n+% —TNun PNyntl = Ig(n+1'r'j’n+1

*
Update nal
Xn+1
k+1 _ ogik+l k+l
TN+l = 2 Xns1' jntl TNan

Xk—l—l _ Xk+1 +AX

n

n+1

phtl ik +l k+1
Nam+1 7 " Xpg1 o jntl

. Gkl pik+l J k+1
Note that 2IX% = Ixn+1 + I, and Tj,n+%

= %(Tkﬂ 1T Tin)

]7n+

Table 9.6: Computation of the slave node position vector and update for translations

from the algorithms in Table [9.5.
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ROTATIONS (all algorithms)

Kinematics ANyt = Ax, AR nt1Are

Ca‘y(gX) = AXn+1 A;(n

Master nodes update™® A?;_lH = exp(@j)AﬁnH
eXP(éﬁfill) = Afz‘;,lnHTA?Z-lH
Update of rotation of the Xffﬂ =XV, +AX
master element at the I g(iill =r (Xffbﬁ)
contact point (—)g(’fjll =1 g}kH@ﬁfj_ﬁl
AL = A (O, )
Update of released rotation A%—j_’rll—‘rl = exp(@R)A%’nH
Slave node update AN = AR AR A

*The update of the rigid body rotation of the master node is done
according to the steps indicated in Chapter 5.

Table 9.7: Computation of the rotation of the slave node and strain-invariant rotational

update.
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10. Energy-momentum conserving

algorithms with the NE approach

We will describe a family of algorithms that, when used in conjunction with the STD
algorithm described in Chapter [6, manage to preserve the energy (for conservative sys-

tems) as well as the vectors of translational and angular momenta.

In order to conserve both the energy and momenta while, also satisfying the slid-
ing contact conditions, we will use an alternative interpolation for the slave incremental
displacements. Due to the interpolation of incremental rotations, and the non-linear up-
date of velocities, the algorithm is not strain- and dynamically-invariant [JC99a, [JC02b].
Consequently, no examples will be given in Chapter [12, but it will be presented here to
show that is possible to conserve simultaneously energy and momenta, while satisfying

kinematic sliding.

10.1 Incremental master-slave relationship

10.1.1 Translations

We use the same expression for the incremental translations that we used in (9.9),

Afrl]\/vA = (1 - ’Y) (Artn + Aan+1) + ,‘Y (ATX’IL + Artn+l)
= ((1 - ’Y)ATtn + ’yATtn+1) + (’)/Alrxn + (1 - "}’)Aan+1)
= YAry  + (1 =v)Ary, + (1 —v)Arx,,, +vArx,, (10.1)

where the meaning of Ary,, Ary, ., Ary, and Ary, , is illustrated in Figure 9.4,

and defined as follows:
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_ J J )
Ary, = (IXn+1_IXn)rj’n’
7
X

_ J )
Ary,., = (IXn+1 Iy )Tjn+1,
_ 7
ATXn = IXnA’r’j,
_ i .
Arx,., = IXn+1ATJ'

We emphasise that, in writing these expressions, no approximation other than the
standard FE interpolation has been introduced. For reasons that will become clear later
on, we will now generalise these expressions with the use of a different parameter ; for

each component of the position vector. By setting

Y= 0 0
v = 0 v 0|
0 0 7
Ly, = Igv+Iy  I-7),
Arn(l—’y) = (I - W)ATtn + ’)’A’l"thrl,
we can rewrite (10.1) as
A’I’NA = Arn(177)+1§(7ATj- (102)

As in the previous chapter, we will express the vector Ar,;_, as

Aroi
= AT Ax = L (Ar © G AR,

ATn(1—) AX AX

which when inserted into (10.2) leads to

1

ATNA AX

(Ary(1_n) ® Gy)Arg + By Ar;. (10.3)

Note that if AX = 0, we have Ar,,1_) = 0V 75,7,7: € R3, and hence Ary, =
A’I"X

following result:

w41 = Arx, . However, reasoning as in Section 9.2.1, the limit AX — 0 leads to the

Arpy
lim — 0D (p ) Jlim

A’I"t T,
n 1 n+1
AX—0 AX RN

— / / !
X—0 AX AX—0 AX (1_7)rtn Tt = Tr(1—y)

(10.4)
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The values v = 0 and v = I recover the paths rx, —Q —rx, , andrx, —P—7rx, .,

respectively.

10.1.2 Rotations

It has been found in Section 9.2 that the master, slave and released incremental

tangent-scaled rotations are related via

CaY(QNA)ANA,n = CaY(QX)AXnCaY(QR)ARmArel

= cay(wy)cay(Ax, wWr)AN,n- (10.5)

In order to derive an ezact relationship between the slave rotation wy, and the master
and released rotations wy and wp, we will mimic the translational field by splitting the
incremental rotation wy (which is due to the increments AX and At) into two parts, as

follows:

AXn+1 = Ca‘Y(QX)AXn = Ca’Y<an+1)CaY(Qtn)AXn7

whence

cay(wy) = cay(wy,, )cay(w,,). (10.6)

Figure [10.1 indicates the meaning of the incremental rotations w, and wy, . . The
former is the rotation between points X, and X, with the time ’fixed’ at t,,, whereas
the latter is the incremental rotation at point X4 of the master element. Note that the
released rotation A g, also to be considered, is not represented in the figure, and the rela-
tion in (10.6) corresponds to the path Ax, —Ag—Ax, ,. We could have also considered,
as with the translational displacements, a path through a rotation A p, and constructed a
mid-way incremental rotation using a parameter equivalent to v. However, the complex-
ities of the forthcoming expressions render this practice infeasible. Furthermore, it will
be seen that expression (10.6) provides a convenient relation when dealing with contact

transition.

Inserting equation (10.6) into (10.5) we get

cay(Wn, AN, = cay(wy,, )cay(w,, )cay(Ax,wp)AN, n
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Figure 10.1: Rotational increments over a single time-step within one element.

which implies that wy, =wx, ow; oAx,wr. We can now use the formula for the
compound rotation of three successive rotations derived in Chapter 2. Rewriting equation

(2.10) with 8, = Ax,wg, 8 =w, and 03 =wx , we obtain:

* L. ~ .
Wy, = 2 |\ Wx,,, TW, + Ax,wp+ B (QXHHAXnQR +Wx, W, +£tnAXnQR)
1
. ((Qtn CAx,wplwy, |+ (wx, ., w )Ax,wr — (Wx,,, 'AanR)wtn)> :
(10.7a)
with
. 1
z =

1—3 (ﬁtn Ax,wptwy,,, Ax,wp+wx,,, '£R> —qwx, ., @, Ax,wp
(10.7b)

The relationship written in (10.7) can be expressed in the following general form
wy, = Awy, . +Bw, +Cwp= AI§(H+IQJ~ +Bw; + Cwp. (10.8)

However, following the same steps for the SM1 and SM2 algorithms given in appendix
H. it can be verified that the conservation of angular momentum requires A = I. This is

in fact an equivalent requirement to ¢ = 1 found in Section 9.2.3, with ¢ given in equation
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9.19). In order to derive such an expression, we set wy; = w; o Ax wpr and use the
p 21 tn n*R

formula of the compound rotation wy, = wy, ., 0wy to get

+1

1 1.
QNA — _ le ] w21 anJrl + ng + §£Xn+1£21
4= n+l —
1 1 1
= wx,, T 19X W)W, way + W, Wy
L= 3wx, ., wWa

1 1 1
- w —w w I+ - w
FXnt1 + 1— igxnﬂ CWoy <4Xn+1 ®—Xn+1 +1+ 2Xn+l) *21
1
+ S(w
n+1 1 _ iQXn_'_l . 221 (—X

Twyy. (10.9)

- EX n+1)

Resorting again to the formula for compound rotations in wy;, we can express wy, as

follows:
* 1 —-T L.
wy, = Wx,,+2 (1= @, Ax,wg | Slwy, )7 (@, + Ax,wr + 50, Ax,wp
1
= QXTL*F:[ + ZS(an+1)_Tgtn —|— ZS(QXn+1)_T (I + thn> AXnQR, (1010)
with

1
z=2z" <1 — g Axan> ;

for z* defined in (10.7h). In order to relate w; to the increment AX, we multiply the

second term in (10.10) by ﬁ%, which leads to

wy, =13

; z _ _ 1.
A = Ix, .95t ﬁs(ﬂxnﬂ) H(wy, ® G1)ATR + 2S(wy, )" <I + wtn> Ax,wp,

2
(10.11)

where we have also used the interpolation of incremental rotations wy, =1 §(n+1w ;.

In the particular case AX = 0, we have w;, = 0 and thus wy; = w; o Ax,wp =

A x,wpr, which inserted in (10.9) leads to

WN, = fﬁ'cnﬂ + i S(wx, ) "Ax,wp. (10.12)

It is worth noting that there is no need to consider the limit case AX — 0, since

the situation AX = 0 normally occurs only on the first iteration of the Newton-Raphson
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process (if the predictor AX*=0 = 0 is used). However, if no limit were considered in
(10.4) (and therefore the identity Ary, = Ig(n Ar; were used when AX = 0), it would
turn out that the iterative released translation would always be AX = 0. In this case, it
is necessary to use the result in (10.4) to obtain some AX # 0 while solving the system

of equations.

10.2 Master-slave transformation matrix

Let us define here the vectors of slave incremental displacements ABA and master and

released incremental displacements Aggm of an element A as follows:

Apt = : and Apf =< Apl o 4. (10.13)

Note that, in contrast to the definitions given in Section 9.2.4, we have employed
displacements with tangent-scaled rotations instead. By combining equations (10.3) and

(10.10), we can construct the transformation matrix Na such that

Ap* =NaAp, | (10.14)
where
[0 I 00 0 0 |
Na=| = co e (10.15a)
0 0 I 0 O 0
| Ra 0 ... 0 0 T, ... Iy

and T& and R are defined as
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[ yJ
o [Ty 0
X 5 ’
0 I, I
) r (10.15b)
Ry = AxATn(1-) @ &1 0
| sxSwx,.) ey, ® G #S(wy,,,) " (T+358,,) Ax,

10.3 Conservation of momenta

Using the same steps as in Chapter9, it can be verified that the conservation of angular
momentum in the absence of contact point transition requires the following kinematic

condition:

:I] ,,,B

TNA,TL+% X~ j,n+% (1016)

We will derive the expression for v that makes it possible to satisfy this condition and

the sliding contact condition given by

_7J ..B
TNyn = Ianj,n,
B

) (10.17)
TNgn+1l = Ig(n-u Tjn+1-

For each component i = z,y, z of the equation (10.16), we can derive the following

condition for the conservation of angular momentum:

i (B B A . (i i\ B . .B
<Ixn+1 (Pigm + Tigme1) = (Ti,Nam + Tz,NA,nH)) =i (Ixn+1 - Ixn> (rijn + Tijnt1)s

which, after inserting the sliding contact conditions (10.17)), gives rise to

ATH
;= —u . 10.18
Ll v v (10.18)
This expression is indeterminate in the following two cases:
1. Ariy, = Arig,., = 0. It can be verified that, in this case, any value of v; is

a valid candidate for the conservation of angular momentum and the satisfaction

of the sliding contact conditions. In this case, Ar; x = Ar; x, and therefore

n+1

Arin, = (1 —v)Ar x,, +vilri x, = Ar; x,,.
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2. Aryy, = —Ariy,. # 0. No value of ; can satisfy both (10.16)) and (10.17), therefore
we have to choose between the conservation of momenta or the kinematic sliding
conditions (10.17).

The second situation, which is in fact the only critical one, is illustrated in Figure
10.2, where the case Ary; = —Ary;, ., is depicted. It can be verified that the identity

Argy, = —Ar; ., is equivalent to

TiXpnt+d = TiXpp1,n+d (10.19)

Furthermore, we can write equation (10.16) for each component i as

_ 7J _~N\TI B
Ti,NA,n-‘r% - (71[Xn+(1 ’YZ)IXn-H) ri,j,n—‘r%

(B __..B
T Xprntd T (TLX,“n—i—% T¢7Xn+1,n+%) : (10.20)

It follows that the difference between r; Nam+ld and r, il
9 9 2 bl n bl 2

different from zero) is compensated via the parameter «; and the quantity TZ.BX nil
<A1y 2
B

Ti,Xn+1,n+%' If the latter is zero, as it is in Figure [10.2/ for v, (where the points indicated

with crosses have y co-ordinate r

(which in general is

Y Xt d = ry,Xn+1,n+%)’ it is not possible to satisfy

equation (10.20), or the equivalent equation (10.16). By contrast, in the x direction, by

varying the parameter ~, in (yxlg(" +(1-— %C)Ij

Xn+1)rz7j7n+%, we obtain different points

ANy

1 < 1
n+s

along the line r, .1
’ ’ 2

"o Xpyrmths and therefore the x co-ordinate of point r

(depicted with a bold circle) can be achieved for a certain value of ~,.

It follows from (10.16) that when eranr 1= T‘fxn+1’n+ L the condition for conserva-

tion of angular momentum is given by

Ti,Nan+3 = (%Ig(n +(1- %)Igfnﬂ)rfj,wr% - l'j7Xn+1rfj,n+%’

which contradicts the kinematic sliding conditions. If we choose to violate the sliding
conditions, the master-slave relationship is no longer exact but approximated: in this case,
we would also fail to conserve the energy. Therefore, it is advised to conserve the energy
and the sliding conditions while adding an increment on the angular momentum. The
effects on the conservation of energy of approximating the sliding conditions are analysed

in Section [10.5.
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] g2

1
n+z

T 1
2, Xnt1,n+7

Figure 10.2: Example of a situation in which the angular momentum and the kinematic

sliding conditions cannot be satisfied simultaneously.
10.4 Contact transition

We have not yet considered the situation where the two contact points X, and
X, on two different elements. In this case, while the master-slave relationship for the
incremental rotations in (10.11) is still valid, the identity derived for the translational
displacements in (10.3) is only valid for v = 0. This is required to preserve the structure
of the transformation matrix Na, i.e. to couple the incremental displacement with only
one element on the slideline. It follows that if we impose the choice v = 0, we can only
achieve conservation of angular momentum or preservation of the contact conditions. The

conservation of momenta involves the following contact condition:
_ 7 B
TNant+t = Dxa Tjng 1

which violates the kinematic sliding conditions in (10.16)). For the same reasons given
earlier, it is then recommended to withdraw the conservation of angular momentum and

preserve the energy and the kinematic sliding conditions.

In parallel with Chapter 9, Table [10.1 summarises the properties of two schemes,
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denoted by SEM-NT and SEM-T. Algorithm SEM-NT is designed for situations when no
contact transition occurs (NT), whereas SEM-T uses v = 0 in order to deal with this
situation. The latter satisfies the sliding conditions at the expense of introducing an error

in the conservation of the angular momentum.

AFE All, Sliding condition ~
* A’rzﬂ,n
SEM-T 0 At(?an — ?Xn+1,n)g?7NA \/ = 0
* Sliding contact conditions cannot be satisfied if Ar;;, = —Ar;q ...

Table 10.1: Summary of conserving and kinematic properties of the SEM algorithms.

10.5 Conservation of energy and final observations

It has been shown in Section [10.3 that the SEM-NT and SEM-T algorithms conserve
angular momentum when no contact transition occurs, while preserving the kinematic
sliding conditions. Furthermore, the energy is conserved as long as the master-slave
relationship does not introduce any approximation, other than that introduced by the FE

discretisation. In other words, the system of equations is constructed from the identity

AE:ABA-Q2+ABB~Q§:0,

where the last relation follows if we use the residual g, of the STD algorithm given
in Chapter 6. When incorporating the master-slave relationship (10.14), this equation

becomes

Aggm : Nggg + Ap” -gi = AE=0. (10.21)

We emphasise that the sum on the left is still equal to the increment of the energy
because no approximations have been introduced; therefore, by solving this equation for
any incremental displacements Aggm and ABB , we are satisfying the conservation of
energy. This can be verified by expanding the product on the first term of left-hand side
of (10.21):
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Np—1

T
Y TR VAR SRR SRR
Ng Na—1
= [Radp, +> Tap? | gdM + > Aplt-gi
j=1 i=1

where the last identity holds due to the master-slave relationship ABﬁA =RaAAp rt
TJ B
IJXABj .

However, these algorithms inherit the following detrimental properties of the underly-

ing STD energy-momentum algorithm:

1 They are not strain-invariant.

2 They fail to conserve the dynamic invariance. As explained in Section 6.2, this
is due to the non-linear measurement of the angular velocity in the time-stepping

scheme (6.10).

In addition, the simultaneous conservation of angular momentum (kinematic conditions
(10.16))) and energy (which requires satisfaction of the sliding conditions) relies upon the
use of generalised shape functions which have three variable parameters, 7., v, and ~.,
and are defined according to equation (10.18) for each component i of vector Ar;. We
note that the introduction of this relation in turn complicates the linearisation of the

resulting residuals.

We finally remark that since the conservation of energy is already spoilt in the M1 and
M2 algorithms, resorting to three different variable parameters « in the preceding chapter
would only restore the kinematic sliding conditions, not the conservation of energy. For
this reason, and also due to the complexities associated with the use of a variable matrix

~, we have not employed this technique in Chapter [9.
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11. Joints with dependent

released degrees of freedom

In this chapter, the node-to-node (NN) and node-to-element (NE) master-slave formu-
lations will be modified in order to model joints where some components of the vector with
released displacements are dependent on other components of this vector. These joints
are extensively used in industrial applications, and four examples are shown in Figure
11.1: a rigid segment, the screw joint, the rack-and-pinion joint and the cam joint. Other

joints such as worm gears, helical gears or bevel gears [SU95] also fall into this category.

The formulation for a generic joint is introduced in Section [11.1, where a general non-
linear relationship between the released displacements will be assumed first. Further on,
we will give the details for joints with both linear and non-linear relationship between
the released degrees of freedom. Some examples of the former group are the screw joint,
the rack-and-pinion joint or the worm joint, whereas the latter group is represented in
the present work by the cam joint. When applying the master-slave approach to both
groups, we will distinguish between the variational form and the incremental form, which

are described in Sections [11.2/ and [11.3) respectively.

The necessary manipulations for the derivation of the modified Jacobian are included
in Appendix |GL It is shown in Section [G.3| that they involve only minor amendments to

the existing master-slave transformation and Jacobian matrices.

The method described in this chapter can be also found in [MJC03]. A summary of
models for these joints using of Lagrange multipliers is given in [GCO01], and an extension
of it in the context of energy conserving algorithms is investigated in [BBNO1]. A general
description of the cam joint can be found in [SU95], while a model that includes frictional

contact for this joint is given in [CG93].
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11.1 Preliminary definitions

Let us consider a joint with released translations rr and released rotations 8r. We
remember that the latter is referred to a moving basis G;, whereas the former contains the
arc-length coordinate Xg of the released translation along the slideline on the reference
configuration. In the NN master-slave approach, G; is the moving basis of the master
node of the joint, whereas in the NE approach it corresponds to the moving basis of the
current contact point of the master element. Throughout this chapter, we will restrict

our attention to joints that satisfy the following assumptions:

1 The vector of released rotations can have only one non-zero component (along axis
G;), and therefore its magnitude is given by 6 = ||Or|| = G; - @r. We will denote

the axis of released rotation G; as Gg.

2 The released translation g can have two components different from zero, but only
one of them can be wvariable. The vector denoting this direction in the reference
configuration will be denoted by G,. In the NE approach, this is the unit vector
tangent to the centroid line of the master element (and therefore, in the deformed
configuration, g, is different from the vector of the moving basis g;), whereas in
the NN approach it is colinear with a vector of the moving basis G;. The other
released translation (if any) takes place along the direction perpendicular to Gy and

G, (and it will exist only when Gy and G, are not colinear).

3 We will consider the (dependent) released translation as a function of the (indepen-

dent) released rotation according to a function f € C?: R3 — R3,

rr=f(0R). (11.1)

Let us give a general form for the function f which will be valid for most of the practical

joints. By defining two parameters a(@r) and b = const, we write f as follows

f(0r) = a(0r)G, + bG,Gy. (11.2)

Figure 11.1 shows for each joint the direction of vectors Gy and G, where the meaning
of the parameters a and b is also depicted. In Table 11.1, the explicit expression of a(€r)

is indicated for each one of the joints in the figure.

In the subsequent sections we will distinguish between joints where the function f is
linear, like the first three examples in Figure[11.1, or joints that have a non-linear depen-

dence between the released displacements, like the cam joint. They will be both analysed
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for the variational and incremental master-slave approaches described in Chapters [7, 8
and 9.

Figure 11.1: Examples of complex joints with dependent released degrees of freedom: a)

rigid segment, b) screw joint, c¢) rack-and-pinion joint and d) cam joint.

Rigid segment Screw joint Rack-and-pinion joint Cam joint*
a(OR) c = const. cOr -Gy cOr -Gy Rcoslp — R — ¢
(length) (c =pitch) (¢ =radius) (cam-lobe profile)
b eR eR const. const.
(b = ¢ =radius) (b =offset)

*The quantities R and r correspond to the two distances indicated in Figure [11.3

when using a circular eccentric lobe profile.

Table 11.1: Values of a(0r) and b, and their physical meaning for the joints in Figure
11.1L
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11.2 Variational form

11.2.1 General form of the modified residual vector
Let us recall the relation between the slave displacements dp = {dp; ...dpy, } and the

master and release displacements for the NN and NE approaches:

NNZ (5].’)Z = N(S’i(spRm7i

(11.3)
NE:  6p = Nsdpi,,.

We also remember the expressions of the matrix Nj in (7.5) and (8.23):

NN:
A 0 I —A,r..
Né,i - { R; Ly ] Ry = m,i Ls; = m,iT R
0 Am,iTR,i 0 I
NE:
0 1 00 0 0 |
0 Do r, oG 0
N;s = _ (_) - B , Rsp = B !
0 O I 0 0 ... O 0 ApTgr
| Rsp O 0 0 IFT ... IT |

where A, = exp(é;l) is the rotation of the master node, the matrix Tr = T(0R) is
defined in (2.18), and r’; and Ap = exp(/é p) are the tangent to the centroid line and the
rotation matrix at the contact point on the master element. The elemental transformation
matrix in the NN approach may be obtained by assembling all the nodal matrices Ny ; as

follows:

Ns1 ... Ogxi2

Ogx12 ... Ngn,
where N4 is the number of nodes of the slave element. The vector épg,,; in (11.3)
contains the nodal released and master displacements, all belonging to the same element,

whereas 5p‘}4zm includes released displacements of element A, and master displacements of

a different element, say B, with N nodes.

From assumption 1 in the previous section, it follows that 60z and @ have the same

direction (the direction of the released component), and therefore, 09r = T(0g)00r =
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d0r (although in general T(0r) # I). We can then write the variation of rr in (11.1)

through a matrix Hs = %ﬁf‘) as follows:
(7]
srp = 08 50 150, (11.4)
00

It follows that by inserting this equation into (11.3), the master-slave transformation

matrices N turn into

NN:
S = ~ | 0 A,Hs;
0 A,;Tr;
NE:
] ] (11.5)
0 I 00 O 0
~ 0 R : ~ 0 (r;®G1)H
Ns = _ (_) - _ , Rép = s 1)Hs .
0 0 I 0 0 0 0 ApTg
| Rsp 0 0 0 ILI 3T |

Note that while in the NE approach there exists only one function f per element (since
there is only one slave node per slave element), in the NN approach, we have introduced

different functions f; for each node 7, which in turn give rise to different matrices Hs ;.

The extended residuals gp,, are, in consequence, now written with the modified trans-

formation matrices Ny as follows:

NN: g, =NZ,g'
Rm R 6,0 (11.6)
NE:  gf, =Njg™.

The corresponding Jacobian matrix K when using these modified residuals is derived
in Section |G.3l It is worth pointing out that the form of K for both approaches, NN and
NE, indicates that no iterative changes of g are computed during the Newton-Raphson
solution procedure (the components in the rows and columns associated with these degrees
of freedom are all zero). In fact, the released translations are updated using the updated

released rotations @ and the kinematic equation (11.1):

k+1 k+1
rR,n—l—l - f(aR,n+1)'

167



11.2.2 Joints with linearly dependent degrees of freedom

We will apply the results from the previous sections to the first three examples in
Figure 11.1: the rigid segment (rs), the screw joint (sc) and the rack-and-pinion joint
(rp). For all of them there exists a released displacement with components along the
axis G,. The screw joint and the rack-and-pinion joint have a released rotation around
axis Gy, and the latter has in addition an off-set translation (the radius of the pinion)
in the direction (A}TG(; (see Figure 11.2). We can apply the relation between the released
translation (11.2) to these joints. We thus obtain

Foc(Or) = £,,(0r) = bG,Gg + c(Br - Gg)G, = bG, Gy + ¢(G, ® Gy)0r
frs = CGT

(11.7)

where b is the radius of the pinion and ¢ has a different meaning for the three joints: in
the rack-and-pinion joint ¢ = b is the radius of the pinion, in the screw joint it corresponds
to the pitch of the thread, and in the rigid segment it is the constant displacement. Note
that since G, and Gy have the same direction in the screw joint, the constant term bé\rGg
in this case vanishes. As indicated in Table [11.1, equation (11.7) is equivalent to setting

in the general equation (11.2):
a(0r)se = a(Or)rp =c(Gy-0Or) =clr

with 05 = [|0z].

\ Or TR O Master nodes

~—_ O Slave nodes
Gr=Gyp
R AN

o

Figure 11.2: Scheme of the screw joint and rack-and-pinion joint.

Differentiating the kinematic relation in (11.7), and making use of the definition of Hy

in equation (11.4), we obtain the following result
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H‘S‘rp:H‘s‘sc:CGT@GG (11 8)
H;| =0.
rs

11.2.3 Cam joint

The present theory will be illustrated on a cam joint with a simple eccentric cam-lobe
profile. Setting the upper end of the rotating element A as a slave node N4, and the end
of element B which touches the cam as the master node (see Figure 11.3), the relation
between the released translational displacement rr and the released rotation 8z may be

written as

TR = feam = (Rcosbr — R — ¢)Gy, (11.9)

where ¢ and 2R+ ¢ are the minimum and maximum released translation of the arm B.
Note that while it is sensible to consider screw and rack-and-pinions joints in conjunction
with the NE approach, it is less realistic to model a flexible cam-lobe. We could alterna-
tively swap the definitions of the master and slave element in Figure [11.3, and therefore
consider a slave element B that slides along a master element A. Such a joint would have
a vector rr with two variable components, one independent and the other dependent.
This case contravenes assumption 2, and therefore will not be studied. Nevertheless, we
remark that assumption 2 is needed for a clear exposition of the formulation. Hence,
withdrawing this assumption is perfectly possible within the current method.

O Master nodes
O Slave nodes

| TR(9R>

Figure 11.3: Scheme of the cam joint.

The derivation of the matrix Hy for the cam joint follows from the differentiation of

the trigonometric functions cosf and sinf (see equations (A.12) in Appendix Al), and
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from the expression for f in (11.9):

in #
5f(0R) = —% (593 . 03) GT = —RSin@R(GT & G9)50R,
R
whence
Hs| = —RsinlzG, @ Gy. (11.10)

cam

11.3 Incremental form

11.3.1 Modified residuals

The construction of the modified incremental master-slave relationship can be done
following analogous steps to those given in Section 11.2. We remember the results ob-
tained in Chapters |7/ and [9 for the NN and NE approaches respectively. Denoting by
Ap ={Ap, ... ABNA} and Ap, = {ABRm,l . ABRm,NA} the elemental vectors of in-
cremental slave displacements and incremental released and master displacements, the

master-slave relationships for the NN and NE approaches are written as follows:

NN: Ap. =Na,;Ap,, .
i Z o (11.11a)

NE: Ap= NAABRm'
The explicit form of matrix Na in both cases is given in equations Section (7.3 and

equation (9.32) by the following expressions:

NN:
LI NG oo .| T Nj
Na; = [RAi LAz‘] , Ra; = . , LA = 3
0 N 0 NY
NE: (11.11b)
0 T 00 0 0 |
: o : : Arx®Gy 0
Na = o o _ Ra = Ax .
0 0 .. I 0 0 .. 0 0 S(wy) TAx,
| Ra 0 ... 0 0 I4T ... I¥T

The block matrices in N%, N% N% and N¥, are those given in (7.18) with all the
kinematic variables computed at node i. The values of Arx and I g( in the NE approach

are given in Table [9.3| for the algorithms derived in Chapter 9.
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Although the incremental form of the general relationship between released displace-
ments in (11.1) will be derived for each joint, we will a priori assume that we can obtain

a matrix Ha such that

Arg = Ff(Ornt1) — f(Orn) = Hawp. (11.12)

Note that wp is a tangent-scaled incremental rotation which relates rotations at times

t, and t,11 as follows

AR n+1 = cay(Wr)ARn.

Inserting equation (11.12) into (11.11), we arrive at the following modified version of

the master-slave transformation matrices:

NN:
R ~ . | 0 NiHa
Na; = { Rai L } , Rai =
NE:
) ) (11.13)
0 I 00 O 0
~ 0 : - 0 A G H
Na=| _ (_) o _ , Ra = axarx @ ita
0 0 I 0 O 0 0 cS(wy) "Ax,
| Ra O 0 0 ILI YT

It can be observed that they are analogous to those in (11.11b)), except for the matrix

R A which is now replaced by the corresponding matrix f{A.

The explicit expression of matrix Ha for the joints with dependent degrees of freedom

is derived in Sections [11.3.2/ and [11.3.3, and summarised in Table [11.2.

11.3.2 Joints with linearly dependent degrees of freedom

We will concentrate on the screw-joint and the rack-and-pinion joint. The results for

the rigid segment are trivial (see Table [11.2) and will not be derived.

Let us write the relationship between the tangent-scaled rotation wy and the unscaled

rotation wp (which is such that Ag 11 = exp(&@r)ARy) as follows:

arctan(wp/2)

11.14
QR/Q WR ( )

wpr =
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where we remark that due to assumption 1 in Section/11.1, we have that wrp = 0 41—
Or,n. By using equation (11.14) and from the definition of f(0r)sc = f(Or)rp in (11.7),

the expression Arr = TR ,4+1 — TR,y is obtained as follows

Arg = G, @ Gy (Ornt1 —Orn) = G, ® Gowr

¢ arctanwp/2
= ———MG,®G =H
wr/2 r @ Gowp AWR,

where

¢ arctan(wp/2)

Hr —
4 Wr/2

G, ® Gg.

Note that the update of the released translation should be performed either using the

updated incremental rotation QI;%H,
k+1
kel arctanwp /2 kil
TRn+1 — TRn + CTGr ® GQQR )
Wn /2
: k+1
or the updated total rotation 83",
i+l k41
rR,n+1 - ceR,n—i—l‘

Resorting to the released iterative rotation is not advised, since the formula

k+1 _ .k _ .k
TRn+t1 = TRn+1 +cAbOR = TRn+1 +c i 1 2 AQR?

L+ 3wp
would only approximate the master-slave relationship, and in consequence, results in

the violation of the master-slave kinematic relationship in (11.7).

11.3.3 Cam joint

Following a similar procedure as above, the matrix Ha for the cam-lobe profile defined

by the function in (11.9) can be deduced from the increment of the released translations:

cosOr pt1 — cosOrp

Arg = R(cosOrny1 —cosbry) Gy =R (G, ® Gy) wp,

GQ'QR

which implies that
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cos O ny1 — costpy,

HAr =R G, ® Gy.

GG‘QR

The expressions of Hs and Ha for the joints in Figure 11.1]is given in Table [11.2.

LINEARLY DEPENDENT* CAM JOINT
H; cG, ® Gy —Rsin0rG, ® Gy
Ry
Ha cutn G, @ Gy R ol G, @ Gy
*For the rigid segment Hy = HA =0

Table 11.2: Matrices Hy and Ha for joints with linearly dependent released displacements

and the cam joint.
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12. Numerical examples

Some of the algorithms described so far will be here used to analyse five different
example problems. We will focus on those algorithms that are strain- and dynamically-
invariant, i.e. that use interpolation of local rotations and the angular velocity time-
integration scheme with unscaled rotations. All the cases involve sliding joints, and two
examples of joints with dependent released displacements are included in Sections [12.1
and [12.5.

The first two problems analyse the robustness of the algorithms introduced in the NN
and NE approaches. The problems in Sections [12.3, 12.4/ and [12.5 compare the results

obtained using the proposed formulation with those present in the literature.

12.1 Free rotating beam attached to a screw joint

A vertical beam AB clamped at the bottom is connected to an horizontal arm BC' via a
screw joint. The material and geometrical properties for the two beams are shown in Fig-
ure [12.1. An initial distributed velocity in the X direction and an angular velocity in the
negative Z direction that make the arm turn around and descend along the vertical beam
are applied, as depicted in Figure 12.1. The pitch of the screw is ¢ = 0.02m/rad, which
corresponds to approximately eight revolutions along the vertical beam. Throughout the

analysis, both beams have been discretised using four linear elements each.

The NN approach in this model has been tested in conjunction with the trapezoidal
rule (Newmark algorithm with 8 = 0.25 and v = 0.5) and the conserving algorithms (3}
and M1 described in Chapter 6. On the other hand, the NE approach has been used not
only with the trapezoidal rule but also with the four time-integration strategies ALGI,
ALG2, ALG3 and ALG4 developed in Chapter 9. Both approaches, NN and NE, have
been run using two time-steps, At = 0.02 and At = 0.05. We will comment first on
the differences between the NN and NE formulations and, after that, we will analyse the

performance of the different algorithms for each case.

Figure 12.2 illustrates the resulting motions using the 3; (NN approach) and the ALG1
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Figure 12.1: Description of the free rotating beam attached to a screw joint.
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Figure 12.2: Motion of the free rotating arm using the NN model with algorithm (; (a)
and the NE model with algorithm ALG1 (b), At = 0.02.

(NE approach) algorithms, with the constant time-step At = 0.02. It can be observed
that the rates of descent of the rotating beam are slightly different. The times t = 6.98
and t = 6.78, respectively, are the last computed times, i.e. the times when the slave node
reaches point B on the screw. This different evolution of the contact point can be also
appreciated in Figure 12.3, which shows the history of the released displacement. This
figure also shows the released displacements of the same problem but using a much stiff
material with E = 10°, and denoted in the label with 'Rig’. In this case, where the beams
are nearly rigid, we can estimate the descending time as ¢t = % = ﬁ = 6.25s. It can
be observed that both approaches converge to this value. The exact computed values are
t = 6.35 and t = 6.30 for the NN and NE approaches, respectively. We also mention that
the results of both formulations should converge to the same values as the stiffness of

the beams increase, as it is confirmed in Figure [12.3, where the differences between both

approaches are more noticeable for larger deformations.
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Figure 12.3: Released displacement of the free rotating beam.
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Figure 12.4: Component Y of the slave displacements using /3; algorithm (NN approach)
and ALG1 (NE approach) for the free rotating beam.

The Y component of the slave displacement for the two algorithms 5; and ALGI is

plotted in Figure [12.4. Since point A at the bottom of the screw is fixed, the amplitude
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of the oscillations progressively decrease in the NE formulation, as the figure shows. In
contrast, with the NN approach, the slave node is not attached to the vertical beam.
The released displacement is in this case measured along a straight line which passes
through B and is parallel to a vector perpendicular to the cross-section at point B. This
approximation leads to the separation of the contact point from the deformed beam AB,
as the final stages of the motion in Figure [12.2a reveal. This fact is also manifested at

the oscillations with finite amplitudes of the slave node in Figure [12.4.

With regard to the NN approach, Figure [12.5 shows the Y displacement of the slave
node using different algorithms and At = 0.02. The conserving algorithms M1 and (3 give
very similar results whereas the trapezoidal rule fails to converge due to energy blow-up
at time t = 1.8653, after several successive time-step halvings. The analysis runs using
the M1 momentum conserving algorithm without any convergence problems, whereas in
the (1 algorithm some time-step reductions have occasionally been necessary in order
to achieve a converged solution. This fact reveals certain weaknesses in the method,
which although energy and momentum conserving, is still not sufficiently robust. The
momentum conserving algorithm is here capable of handling even larger time-steps. For
this algorithm, however, a possibility of eventual energy blow-up must not be discounted
[CJO0]. In fact, when running both algorithms with the larger time-step At = 0.05, the
M1 algorithm suffers a jump in the energy at time ¢t = 4.14 (see Figure[12.6)), whereas the
(1 algorithm fails at ¢ = 3.80 after a series of steps halvings, but always with a constant
energy. Before their failure, both algorithms give very similar responses as can be observed
in Figure[12.7. It can be realised that for the larger time-step, both algorithms follow the
same trend, which has important differences with respect to the response with At = 0.02,

also plotted in [12.7) for the (; algorithm..

As for the NE algorithms, the Y component of the displacements of the slave node are
plotted in Figures12.8 and [12.9/ for time-steps At = 0.02 and At = 0.05, respectively. The
trapezoidal rule fails to converge at times ¢ = 1.86 and ¢ = 0.4 for the smaller and larger
time-step. Algorithms ALG1 and ALG3 give very similar responses (see Figures [12.8
and [12.9), despite the fact that ALG1 approximates the contact condition of the slave
node. Both algorithms complete the analysis successfully keeping the initial time-step
At = 0.02 constant. For At = 0.05, ALG1 does not require any time-step reduction but
ALGS3 requires four of them (see Figure 12.10b), which may be attributed to the better

stability furnished by the conservation of angular momentum.

In contrast, ALG4 requires two time-step halvings for the value At = 0.02, which
occurs when the second contact transition is encountered, i.e. at time ¢ = 3.48 (see Figure

12.10a). When using At = 0.05, a series of time-step reductions are necessary and finally
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Figure 12.5: Component Y of the slave displacements for the NN approach, At = 0.02.
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Figure 12.6: Evolution of the total energy in the NN approach.

the run is stopped at time ¢ = 3.251 (see Figure [12.10). We remember that ALG4 always
conserves the angular momentum (in the absence of external loads) but introduces errors
in the kinematics and in the total energy, which is larger when contact point transition
occurs. The failure of ALG4 (we remember that this algorithm is identical to ALG3
when no contact transition occurs) confirms that the conservation of angular momentum
at the expense of a discontinuity in the incremental energy has detrimental effects on the
time-integration of the equations of motion. After the first contact transition (¢t = 1.76 for
A =0.02 and ¢t = 1.8 for At = 0.05), the algorithm is unable to re-stabilise the response.
For the smaller time-step At = 0.02, the displacement of the slave node is affected by
high frequency oscillations (see Figure12.8b), and a progressive increase of energy. When
using the higher time-step At = 0.05, this effect is magnified, and leads to the failure of

convergence after successive time-step halvings (Figure 12.10).
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Figure 12.7: Component Y of the slave displacements for the NN approach and with
At = 0.05. Algorithms (3; and M1 follow the same line until ¢ = 3.80, where the former

fails to converge.
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Figure 12.8: Component y of the slave displacements for the NE approach, At = 0.02.

It is also worth pointing out the dissipative character of algorithm ALG2, as the
absence of high frequencies in the vibrations of the slave node in Figures 12.8 and [12.9
shows. Moreover, the trend of the curves indicates that as the displacements of the slave
node become smaller, the dissipation rate diminishes. This behaviour may be explained
by noticing that the energy decaying term deduced in equation 6.21 for the M2 algorithm

is proportional to ||Av||%.

In spite of the fact that the results given by the NE algorithms are more stable than
those obtained with the NN approach, no conclusions about their robustness with respect
to the NN approach can be drawn. The two methods model different problems with very

different difficulties. Nevertheless, it can be inferred from this example that the conserving
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Figure 12.9: Component y of the slave displacements for the NE approach, At = 0.05.
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Figure 12.10: Time-step size for the NE approach in the free rotating beam problem.
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Figure 12.11: Evolution of the total energy in the NE approach, At = 0.02.
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Figure 12.12: Evolution of the total energy in the NE approach, At = 0.05.

algorithms proved to be in both situations more robust. In addition, regarding the NE
approach, it can be said that the approximations that ALG1 does in order to conserve the
angular momentum are hardly distinguishable in the results. In Figure 12.13, the lines

corresponding to ALG1 and ALG3 are coincident.
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Figure 12.13: Released displacement for algorithms ALG1, ALG2, ALG3 and ALGA4.

We have also plot in figures 12.14/ and [12.15/ the evolution of the residual norm for some

| Ap]|
lall >
show its quadratic trend, typical of the Newton-Raphson solution process. This figures

iterations, i.e. for all the unconstrained degrees of freedom of the model. They

intend to provide numerical evidence of the linearisation of the discretised equilibrium
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equations performed in appendices F| and |Gl
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Figure 12.14: Evolution of the displacement residual norm for some iterations during the

Newton-Raphson solution process. NN approach.
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12.15: Evolution of the displacement residual norm for some iterations during the

Newton-Raphson solution process. NE approach.
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12.2 Free sliding mass

This example models two flexible beams connected through a sliding joint with all the
rotations released (i.e. a spherical joint attached to a sliding joint). The initial configu-
ration of the two beams is shown in Figure [12.16. The co-ordinates of the beam nodes
are also given in this figure, which indicate that the beams have different lengths. All
the other geometrical and material properties, however, are identical for both beams. A
mass of 1 kg is attached to beam BM at point M and subjected to an initial velocity vy.
Since there exists no external applied loads, the problem is genuinely energy and momen-
tum conserving. This problem has no practical relevance, but it tests the conservation

properties of different algorithms.

B 0.0 0.0
A=< 00 p;B={ 30
M
0.0 1.0
1.0 0.0
A z v

QY M=1{ 30 »:v0=¢ —10.0
X 1.0 -10.0

El,, =FEI,. =200
ply, = pl., = 0.016
AFE =100.0; pA=0.08; v=0.3

Figure 12.16: Free sliding mass example.

In all the following simulations, the beams AB and BM are discretised with four
and one quadratic elements respectively. The simulations are run until the sliding node
on beam BM reaches point A. We tested the NE approach to model the sliding joint,
together with the the trapezoidal rule and the four strategies ALG1, ALG2, ALG3 and
ALG4 described in Chapter 9. A series of deformed configurations at different times using
ALG?2 are depicted in Figure [12.17.

We applied the algorithms mentioned above with two initial time-steps, At = 0.002
and At = 0.004. These time-steps are halved whenever convergence could not be achieved,
and if after five consecutive time-step halvings the analysis did not converge, the run was
finally stopped. Figure [12.18 shows the evolution of the time-step size for the different
analyses. During its course, the trapezoidal rule and algorithm ALG4 required successive
time-steps reductions, and eventually, they failed to complete the simulation for both
time-step sizes. Although ALG4 always conserves the angular momentum, it encounters
during the analysis some convergence difficulties. These are always after the contact
transition, i.e. after times ¢ = 0.088368 and ¢ = 0.159704 for At = 0.002 (the third
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Figure 12.17: Motion simulation for the free sliding mass problem using algorithm ALG2
and At = 0.004.
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Figure 12.18: Time-steps used in the free sliding mass problem.

element transition could not be reached) and at times ¢ = 0.086736 and ¢t = 0.133857

(the last converged time) for At = 0.004. As explained in the previous example, this fact
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Figure 12.19: Evolution of the total energy for the free sliding mass problem.

reveals the effect of maintaining the angular momentum at the expense of introducing a

discontinuity in the approximation of the contact kinematics and in the energy.

The history of the energy is plotted in Figure 12.19, which supports this observation.
After the contact transition, a jump in the energy in algorithm ALG4 and the trapezoidal
rule is obvious for both time-steps At = 0.002 and At = 0.004, which strongly affects the
successive evolution of the simulation. The other conserving algorithms maintain a much
more stable evolution of the total energy, although it is still not exactly preserved. The

energy decaying contribution of algorithm ALG2 can be also observed.

Figure [12.20 shows the three components of the angular momentum for time-step
At = 0.002 and the five algorithms. It can be clearly observed that the trapezoidal
rule suffers severe oscillations in the components of the angular momentum after time
t = 0.160736, i.e. once the contact point jumped to the third element. Also, it is important
to note that the jumps in the angular momentum when contact transition takes place in
algorithms ALG1, ALG2 and ALG3 are relatively small compared to the oscillations
of the trapezoidal rule. The evolution of the angular momentum for the conserving
schemes suffers a blown-up in Figure [12.21. The properties of theses schemes, discussed
in Chapter 9, are reflected in these plots. Algorithms ALG1 and ALG2 conserve the
angular momentum within each element, whereas ALG4 conserves it always, and ALG3
is not a momentum-conserving algorithm. However, the response of the latter gives very

small oscillations, which remain for this example always bounded.
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Figure 12.20: Three components of the angular momentum for the trapezoidal rule, and

ALGI1-ALG4 algorithms with At = 0.002.

For the larger time-step At = 0.004, similar trends can be observed in the evolution of
the time-step (see Figure [12.18). However, the trapezoidal rule and ALG4 do not reach
the third element on the slideline due to severe instabilities after the first transition of the
contact point. The other conserving schemes can successfully complete the simulation,
although ALG1 and ALGS3 required some time-step reductions. In this case, the dissi-
pative behaviour of ALG2 was proved to furnish certain stability to the response. The
three components of the angular momentum for At = 0.002 and At = 0.004 are plotted in
Figures [12.21] and [12.22, respectively. Although they are qualitatively similar, the jumps
given by the analysis with larger time-step are between two and three times larger than
for At = 0.002. It is worth noting that algorithm ALG2 is the only one that does not
require any time-step halving for At = 0.004 (see Figure [12.18).

It can be observed in Figures [12.23 and [12.24 that for the trapezoidal rule and the
ALG4 algorithm some spurious released displacements of the sliding node are obtained

during the time-step reductions. Nevertheless, the results produced by all the schemes are
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Figure 12.21: Three components of the angular momentum for the algorithms ALGI1-
ALG4, At = 0.002.

very similar before the occurrence of the momentum blow-up in the trapezoidal rule, or
the energy blow-up in the case of ALG4. Moreover, despite the fact that in the momen-
tum conserving algorithms ALG1, ALG2 and ALG4 the contact condition is somewhat
relaxed, their history is very similar to algorithm ALG3, which always satisfies the con-
tact conditions. We note that ALG2 takes some more time to slide the contact point
along the slideline, which might be caused by its dissipative character. In this case the
numerical damping introduced by the algorithm appears to affect also the low frequency
oscillations, resulting in a deficient energy dissipation. The different evolution of the con-
serving schemes ALG1, ALG2 and ALG3 with the two time-steps are shown in Figures
12.25 and [12.26.. It can be seen that the dissipation of ALG2 is more pronounced for the

larger time-step.
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Figure 12.22: Three components of the angular momentum for the algorithms ALGI1-

ALG4, At = 0.004.
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Figure 12.23: Released displacements for the free sliding mass problem, At = 0.002.
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Figure 12.24: Released displacements for the free sliding mass problem, At = 0.004.

189



Released displacement

3.2 : : :
0.2 0.25 0.3 0.35 0.4

Time, At=0.002

Figure 12.25: Evolution of the released displacement from time ¢ = 0.2 for the conserving
algorithms ALG1, ALG2 and ALGS3 in the free sliding problem with At = 0.002.
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Figure 12.26: Evolution of the released displacement from time ¢ = 0.2 for the conserving
algorithms ALG1, ALG2 and ALGS3 in the free sliding problem with At = 0.004.
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12.3 Aerial runway, Sugiyama et al. [SES03]

This example involves the beam AB and the point mass attached to beam BM depicted
in Figure [12.27. Beam BM is also connected via a sliding joint and a spherical joint, as
in the previous example. The coordinates of the points A, B and M are given in Figure
12.16L In the present case, beam AB is simply supported at both ends via two spherical
joints, and the mass is subjected to the gravitational field, with g = {0 0 — 9.8}. The
geometric and material properties of both beams (identical except for their length) are
given in Figure[12.27. Note that both beams are now much more flexible than in the free
falling mass problem. Also, the analysis is stopped once the sliding point B of beam BM

reaches point A.

A\OM

Ely,, =EIL, =% x1072
plyy, =pl., = % x 1076
QAY & AE =100.0; pA=0.08; »v=0.3

Figure 12.27: Geometry of the aerial runway problem.

This example was originally run by Sugiyama et al. [SES03] using their absolute nodal
formulation in conjunction with a single finite element per beam. The trajectories of
point M in the X Z and Y Z planes are scanned from [SES03] and shown in Figure [12.28.

The authors did not give details of the time-integration scheme used.

1.0

10} /

Initial 05 Initial
0.5 |- position position

Z (m)

=05 |-

-1.0 -0.5 0.0 0.5 1.0 05 00 05 1.0 15 2.0 25 3.0 35
X (m) Y (m)

Figure 12.28: Mass trajectory in the XZ and YZ planes for the model given in [SES03].

We have run this problem using the NE formulation presented in Chapters |8 and 9.
Our aim is to analyse the effects of the contact transition with strong discontinuities in

the tangent of the centroid line of the beam. Beam BM was modelled with one quadratic
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Figure 12.29: General view of the mass trajectory when using mesh H2 and algorithm
ALG2 with At = 0.0005.
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Figure 12.30: Mass trajectory in the XZ and YZ planes for the present formulation using
mesh H1 and At = 0.001.
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Figure 12.31: Mass trajectory in the XZ and YZ planes for the present formulation using
mesh H2 and At = 0.0005.

element, whereas beam AB was modelled first with one quadratic element (mesh H1) and

in a second set of runs with three equal quadratic elements (mesh H2). The trapezoidal
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rule and the four conserving algorithms ALG1, ALG2, ALG3 and ALG4 have been used
with an initial time-step of magnitude At = 0.001 for mesh H1 and At = 0.0005 for mesh
H2.

The projections of the trajectory of point M onto the co-ordinate planes X Z and Y Z
when using meshes H1 and H2 are given in Figures12.30 and [12.31. We remark that since
no contact transition exist with mesh H1, algorithms ALG1 and ALG4 return exactly the
same results. Comparing our results for mesh H1 with those obtained in [SES03] and
reproduced in Figure 12.28 shows that while the qualitative behaviour of the structure is
comparable in the two approaches, our results provide considerably larger displacements.
It should be noted that the absolute nodal formulation [SES03] uses a finite element
which involves the derivatives of all the displacements at a node as the additional nodal
variables, which provides a more sophisticated approximation of the axial strain. This in
turn may be beneficial in systems like the present one, in which the axial straining makes
a dominant contribution to the strain energy. The elements we use are, in contrast, based
around the iso-parametric Lagrangian interpolation of displacements and rotations as
separate variables and are not expected to be competitive in problems with such a large
aspect ratio between the axial and the bending strain energy. Nevertheless, this example
has been chosen here in order to demonstrate the capabilites of the present formulation

to deal with large displacements and sliding joints.

0.5 05 (b)
§ 0r § o
E E
L Q
£ 05 £ 05
Z &
B B
3 3 \
8 B
o) L ko) L
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—————————— ALGI
-2 2 ALG2
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Trapezoidalrule | | o ALG4
25 | i . . . . . 25 . : . . . . .
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 0 02 04 06 08 1 1.2 1.4 1.6 1.8
Time Time

Figure 12.32: Evolution of the released dof for the present formulation with meshes H1
(a) and H2 (b).

The evolution of the released displacement is shown in Figure12.32. It can be observed
that the response obtained when using mesh H1 are very similar for all the algorithms.
However, we note that the trapezoidal rule did not need any time-step reduction, whereas
the conserving schemes required between two (ALG3) and eight (ALG2) time-step re-
ductions (see Figure [12.33). This is in contrast with the results given in the previous

examples, where the conserving schemes proved to be more robust. Some explanation
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Figure 12.33: Time-step size for the aerial runway problem.

can be found in the fact that algorithms ALG1 and ALG4 introduce errors in the kine-
matics of the sliding joint and in the increments of energy, even though they conserve the
angular momentum. As the plots of the energy in Figure [12.34/ show (which include the
contribution of the external loads), the satisfaction of the kinematic sliding conditions
results in a more stable response in the energy sense. Algorithms ALG1 and ALG4 suffer
a sharp increase in the energy evolution (see Figures12.34b and [12.34d), which occurred
at time ¢ = 1.2402 (this instant is also when the time-step length is reduced). On the
other hand, ALG2 followed a general energy decaying trend, with some occasional en-
ergy increases. This fact shows that although the energy decaying contribution normally
predominates, some eventual energy augmentations must not be discounted. Algorithm

ALG3 manifested the most stable response, despite requiring two time-step reductions.

When using mesh H2, only algorithms ALG2 and ALG3 could overcome the contact
transitions. This example involves high deformations, and therefore strong discontinuities
in the centroid line. In the non-conserving algorithms, the equations for the sliding joint
are written as a function of the tangent to the centroid line. Therefore, this formulation
struggles when it encounters the discontinuity associated with the contact point transi-
tion. After successive time-step halvings (see Figure [12.33)), the trapezoidal rule fails to
converge. A similar response is observed in algorithm ALG4, which has a discontinuity
in the kinematic approximation of the sliding joint. Algorithm ALG1 succeeds to slide
the contact point to the second element, but after a series of time-steps halving fails to

converge in the second transition.

We remark that the difficulties that in general all the algorithms manifest during the
transition of the contact point, may be attributed to the loss of quadratic convergence
during the Newton-Raphson process, and also to the strong variation of the internal

loads of the elements in the slideline when the contact point jumps. The linearisation
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Figure 12.34: Total energy for the aerial runway problem with mesh H1, At = 0.001.

is performed according to the current position of the contact point. If the contact point
jumps to another element, the update process builts a completely new configuration which
may differ significantly with respect to the previous one. In other words, the equilibrium
position falls far from the linearised problem if the configurations of the two adjacent
master elements have important differences, and due to the change of the nodal forces.
Indeed, before the failure of algorithms ALGI1, ALG4 and the trapezoidal rule, it has
been observed that the contact node kept jumping from one side of the discontinuity to

the other side, without a reduction in the convergence errors.

Figure [12.35 shows the evolution of the total energy when using mesh H2. The two
algorithms that could complete the analysis (ALG2 and ALG3) show very different energy
levels, which is consistent with the different histories of the released displacements in
Figure [12.32] and the trajectory of the mass shown in Figure 12.31. Algorithm ALG2
manifests strong dissipative trend with sharp jumps in the total energy, whereas it is
remarkable the stability of algorithm ALG3 until the last stages of the analysis, despite
the large deformations of the slideline. We remember that the errors in the conservation
of energy are originated by the definition of the unconstrained beam residual and the

approximations performed in the master-slave relationship for the rotations. In this
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Figure 12.35: Total energy for the aerial runway problem with mesh H2, At = 0.0005.

example, these contributions apparently have a very mild effect.
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12.4 Flexible cylindrical manipulator,
Krishnamurthy [Kri89]

In this example, a horizontal flexible beam with a tip mass at one of the ends is
linked to a rigid hub through a sliding joint with no released rotations. The hub can
rotate and move along the vertical axis as shown in Figure [12.36, where the material and
geometrical properties of the whole manipulator are also given. The system is subject to
three time-dependent loads: force F),, which lowers the hub, moment M,, which rotates
the hub, and follower force F)., which pulls the flexible beam through the hub. These loads
vary in time in such a manner as to move the manipulator from the position (7, z,6) =
(0.5588,0.5334,0) at t = 0 to the position (r,z,60) = (0.254,0.2286,1.5708) at t=1.5,

where the degrees of freedom r, z and 6 are shown in Figure 12.36.

TR
E ‘
- - e
M, z m m = 0.68
o z Flexible beam:
F. X A= 104;Iyy = 1. = 1.9464
H1: E = 102.7 v =0.0
1 x 0.2540 T 1 x 0.5588 p=3.735.107"
Hub:

A=10%1,, =I,, = 64.07225
E=10°v=0.0
p = 0.081726

H2:

10 x 0.0254 = 0.2540 T 22 % 0.0254 = 0.5588

Figure 12.36: Scheme and finite-element models of the flexible cylindrical manipulator.

This problem was solved by Krishnamurthy [Kri89] by considering the vibration of a
beam using the engineering beam theory to be superimposed onto the three rigid-body
modes. The resulting set of partial differential equations was reduced to a system of
ordinary non-linear differential equations by assuming the local displacements fields for
the beam to be linear combinations of the modes of vibration for a cantilever beam. No
details were provided for time integration of the resulting system of differential equations.
The results for the time histories of the two components of the local lateral displacement
(with respect to the straight line passing through the hub opening) for both ends of the

beam have been scanned from the original reference and given in Figure [12.37.

In an attempt to reproduce these results using the present formulation, we have read
the load histories employed by the author (Figure 4 in [Kri89]). Our readings of these

time histories are given in Figure 12.38 (see Table 12.1! for the numerical values). In terms
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Figure 12.37: Tip displacements of the manipulator given by Krishnamurthy [Kri89).

of spatial discretisation, we have modelled the hub by means of a short vertical beam with
equivalent mass properties and used two different finite-element meshes to discretise the
flexible beam. In the coarser mesh (mesh H1), each cantilever end of the beam has been
modelled using a single quadratic finite element whereas in the finer mesh (mesh H2),
the whole beam has been modelled using thirty-two quadratic elements so that, in the
initial configuration, one cantilever end contains twenty-two and the other end contains

ten elements. See Figure 12.36/ for meshes H1 and H2.

In both cases the contact between the beam and the hub is initially established at a
nodal point. As the beam is being pulled through the hub, the contact point drifts away
from the initial nodal point, but it always remains in contact with the beam in accordance
with the NE approach. For mesh H1, there is no transition of the contact point between
the elements while, for mesh H2, fifteen of the thirty-two elements make at some point in
time contact with the hub. It is important to understand that in both models the hub is
modelled as a short vertical beam, i.e. the hub is assumed to have no diameter and the

sum of the lengths of the two ends of the beam makes up the total length of the beam.

198



Time F, F, M,

0.0000 | -12.3000 -107.0000 15.0000
0.0600 | -6.9000  -57.8777  7.0000
0.1200 | -4.9000  -15.2518  1.8000
0.1800 | -3.0000 5.5216 -1.8187
0.2400 | -1.2000 14.8022  -2.4248
0.3000 | -0.2000 16.5828  -2.3293
0.3600 | 0.4000 16.3130  -2.1784
0.4200 | 0.7000 13.3454  -1.7687
0.4800 | 0.8000 11.6734  -1.3888
0.5400 | 0.8000 9.7321 -1.0544
0.6000 | 0.6000 8.0191 -0.8242
0.6600 | 0.5000 6.5198 -0.6702
0.7200 | 0.4000 5.2202 -0.5306
0.7800 | 0.3000 4.1058 -0.4539
0.8400 | 0.3100 2.0463 -0.2881
0.9000 | 0.2500 1.3976 -0.1716
0.9600 | 0.1900 0.9170 -0.1130
1.0200 | 0.1300 0.5725 -0.0706
1.0800 | 0.0900 0.3356 -0.0414
1.1400 | 0.0600 0.1811 -0.0223
1.2000 | 0.0400 0.0874 -0.0108
1.2600 | 0.0200 0.0358 -0.0044
1.3200 | 0.0100 0.0114 -0.0014
1.3800 | 0.0100 0.0022 -0.0003
1.4400 | 0.0000 0.0002 0.0000
1.5000 | 0.0000 0.0100 0.0000

Table 12.1: Values of the applied loads in the problem of the manipulator.

In reality (and in the model used in [Kri89]), however, the hub has certain diameter, so
that the combined length of the two ends of the beam is equal to the difference between

the total length of the beam and the hub diameter.

The problem modelled using both meshes, H1 and H2, have been run using the trape-
zoidal rule and the four momentum conserving algorithms ALG1, ALG2, ALG3 and
ALG4. For all of them, a time-step At = 0.001 is employed, which is required not as
much for convergence reasons but rather to capture the progressively increasing frequen-
cies of vibration of the flexible arm with the point mass as that arm becomes shorter.
The resulting histories for the displacements r and z and the rotation 6 using the two

finite-element meshes are given in Figures[12.39 and 12.40. These results are comparable
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Figure 12.38: Time history of the input loads F)., F, and moment M,.

to those given in Figure 3 of [Kri89], but they do not correspond exactly to the expected
final configuration with (r,z,6) = (0.254,0.2286,1.5708) at t = 1.5. It should be noted
again that the loading histories in Figure [12.38 where read manually from a graph in

[Kri89].

The relative displacements vq, w1, ve and wo of the two ends of the flexible beam for
meshes H1 and H2, and the five algorithms tested are plotted in Figures 12.41- [12.50.
These displacements are measured with respect to a straight line that rotates rigidly with
the hub and are comparable to the original results given in Figure 12.37 [Kri89]. We
first remark the dissipative character of algorithm ALG2 which damps out all the higher
oscillations. It is clear that this algorithm is not useful for the analysis of the vibrations
of the tip point. Also, and for reasons already commented in the previous examples,
ALGH4 failed to converge when using the finer mesh H2. Algorithm ALG1 required for
both meshes some time-step reductions, whereas all the other algorithms (except ALG4)

could complete the analysis with the constant time-step At = 0.001.

It is worth noting that the amplitudes of v; and w; increase whereas the amplitudes
and the periods of vibration of vy and ws decrease, which is what intuitively we would
expect for the given loading history which tends to lengthen the arm with the tip point
1 and shorten the arm with the point mass (tip point 2). While this observation is valid
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Figure 12.39: Time history of the displacements r, z and rotation 6 for mesh HI1.
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Figure 12.40: Time history of the displacements r, z and rotation 6 for mesh H2.

for both meshes, it should be noted, that for the algorithms used, the coarse mesh H1
exhibits only a modest increase in the frequency of vibration of the tip mass in time (see
Figures 12.41:12.45).
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This frequency increase is more pronounced with the finer mesh H2, and it is expected
that further refinement would lead to even closer agreement with the reference result
Figure [12.37d. It should also be noted that this mesh manages to capture the behaviour
of the vertical vibration of tip point 1 qualitatively, as can be observed by comparing
Figures (c) in [12.46), [12.47, 12.49 and 12.50, and Figure 12.37c. In contrast, the coarse

mesh H1 fails to capture this behaviour in all cases.

The differences in the displacements v1, wi, vo and we between our results and the
reference are in general larger for the coarse mesh H1 than for the fine mesh H2. Clearly,
the more approximate interpolation of the contact point on the flexible arm has detri-
mental effects on the amplitude of vibration, especially in the vertical displacement w;.
In contrast, by modelling the flexible arm more accurately (which implies including the
facility to enable the transition of the contact point between the elements), we have been
able to improve the results. However, even with the finer mesh H2, these amplitudes are
visibly larger than those given in the reference. This difference should be attributed to
the fact that in the present formulation the contact is effected at a single point. This
is in contrast to the model employed in the reference, which accounts for the contact
between the flexible arm and the hub along the whole diameter of the hub. As a conse-
quence, the two ends of the arm are longer in the present model thus producing larger

tip displacements.

It is worth pointing out that when using mesh H2, algorithm ALGI1 has perceptible
differences with the trapezoidal rule (see Figures 12.40} 12.46/ and [12.49), that in the case
of ALG3, and also while using mesh H1 do not exist. These differences may be attributed
not as much to the approximate sliding condition that ALG1 performs, but to the change

from mid-point approximation to end-point kinematic conditions (and vice-versa).
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Figure 12.43: Tip displacements of the flexible cylindrical manipulator using mesh H1
and ALG2.
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Figure 12.48: Tip displacements of the flexible cylindrical manipulator using mesh H2

and ALG2.
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12.5 Driven screw joint, Bauchau and Bottasso [BB01]

In this example a vertical driver is attached to a fixed point A through a revolute
joint with its axis of rotation in the direction of Z (see Figure 12.51). The other end B is
connected to a horizontal beam first through an universal joint where the only constrained
rotation is the one in the direction of the horizontal beam, and afterwards through a screw
joint with the released rotation also in the direction of the beam. The pitch of the screw
isc= % = 2.2918m/rad which corresponds to a twist of 60° from point R to point 7.
The beam is also physically twisted at the same ratio of the screw joint in such a way
that at point R the local axes Y and Z of the beam are rotated by 30° with respect to the
global axis Y and Z while at point T' they are rotated by —30° with respect to the same
global axes. At point T a rigid body M is attached to the beam as depicted in Figure
12.51. The beam is attached to a fixed point R by means of a universal joint that has
the X axis constrained. The geometrical and material properties of the beams are given
in Figure 12.51 and Table 12.2.

The translation of the screw joint is prescribed during the analysis according to the

function

rr = 0.6(1 — cos 27t)g,,

where ¢ is the time variable and g, is the body-attached axis perpendicular to the cross
section of the beam at point B for the NN approach, or the tangent to the centroid line
in the NE approach (in both cases, initially in the direction of the global axis X).

Driver Beam Tip mass M
EA[kN] 44000 44000 M [kg] 40
EI, kN m? 23 300 plyy[kgm?) 0.225
EIL.[kN m? 300 23 pL..[kgm?] 0.225
GJ[EN m?] 28 28

GA kN m] 14000 2800
GAL[EN m] 2800 14000
plyylkg m] 0.001  0.001
pl..[kg m] 0.011  0.011

Table 12.2: Geometrical and material properties of the driven screw joint problem.

The driver and the beam have been discretised using 2 and 12 quadratic elements

respectively and the total response time is 3 seconds. The axial twist of the beam is
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Figure 12.51: Geometry and applied released displacement of the driven screw joint

problem.

modelled approximately by axially rotating each of the twelve untwisted elements with
respect to each other in a way consistent with the geometry of the problem. The use
of twelve elements along the screw beam is not required by convergence reasons, but to

model the geometrical properties of the beam more accurately.

We have compared the results when using the NN approach (the trapezoidal rule,
the 51 and the M1 algorithms), and the NE approach (also the trapezoidal rule and the
ALGI1-ALG4 algorithms). For all the analysis a time step At = 0.01s is applied. We
remark that Bauchau and Bottasso [BBNO1] employed an energy decaying scheme with a

variable time-step that used a maximum size ten times smaller than our time step-step.

Figures [12.53 and [12.57 show the out-of-plane displacement u, and the rotation 6x of
the tip point T for the time integration schemes 3y and ALG3. They agree very nicely
with the same plots showed in reference [BBO1] apart from some small differences during
the last second of the simulation, which we believe is due to the dissipative character of
their time-integration scheme and the different spatial and time-discretisation used. In
fact, the results given by the dissipative algorithm ALG2 are closer to their curves (see
Figures [12.55 and [12.59).

As in the previous examples, ALG4 fails to converge and the Newmark method finds
more difficulties to converge than the conserving algorithms. When using the NN ap-
proach, the trapezoidal rule requires one time-step halving, whereas the §; and M1 use

the constant time-step At = 0.01. With regard to the NE approach, the trapezoidal
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Figure 12.52: Out-of-plane displacement u, of the tip of the beam for the driven screw.

joint problem in [BBO1], ([50]3(SN){p@rbach, [1](3 NE18pphroach).

Tip displacement u,

0 0.5 1 1.5 2 25 3

Time[s]
Figure 12.53:  Out-of-plane displacement u, of the tip of the beam for the 3 (NN
approach) and ALG3 (NE approach) algorithms.

rule, ALG1, ALG2 and ALGS3 require three, two, zero and one time-step halvings, respec-
tively. We note that when using an initial time-step At = 0.005, all the algorithms (except

ALG4) complete the analysis successfully without any time-step reduction. It is worth
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Figure 12.54: Out-of-plane displacement u, of the tip of the beam for the NN approach.
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Figure 12.55: Out-of-plane displacement u, of the tip of the beam for the NE approach.

pointing out that the NN and NE formulations lead to two different models with very
different characteristics. Indeed, the sliding joint is computationally a more demanding

problem than the (less realistic) NN approach.
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Figure 12.56: Rotation 6, of the tip of the beam for the driven screw joint problem in
IBBO1].

Tip rotation 6,
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Time[s]
Figure 12.57: Rotation 6, of the tip of the beam for algorithm (3; (NN approach) and
algorithm ALG1 (NE approach).

The comparison of the displacements for the different time-integration algorithms in
Figures 12.54, [12.55, 12.58 and [12.59 show that the only remarkable differences are (as
expected) those due to the dissipative character of ALG2. All the other algorithms give

very similar results.
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Figure 12.58: Rotation 6, of the tip of the beam for the NN approach.
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Figure 12.59: Rotation 6, of the tip of the beam for the NE approach.
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13. Conclusions

13.1 Achievements of the thesis

The modelling of flexible mechanisms has received much attention during the recent
years. This work has shown that not only it is possible to model these structures with the
master—slave approach, but that important, beneficial outcomes in comparison to existing

methods are obtained.

Multibody systems are normally modelled by establishing the equilibrium differential
equations of the unconstrained system (with independent, separate bodies) and imposing
the kinematic conditions of the joints via algebraic equations. This route has primarily
two shortfalls: the presence of more unknowns than the strictly necessary and the solution
of differential algebraic equations (DAEs). It is a common practice to solve these DAEs
resorting to Lagrange multipliers or a penalty method [Nik88, Sha98, |GCO01]. As already
pointed out by other researches [JC96, Mit97], and also shown in the present work, the
master-slave approach eliminates these drawbacks by avoiding the use of algebraic equa-
tions. In fact, instead of directly imposing the kinematic conditions of the joints, we
have illustrated how the master-slave approach imposes the condition that the released
degrees of freedom perform no work. This avenue leads to a well-posed system of (only)

differential equations which are all displacement-based.

The main achievement of the thesis is the extension of the master-slave method to more
realistic and general contact conditions, while embedding them in robust time-integration
algorithms. The new theoretical results have been mainly given in Part [LI: in particular,

in Chapters 8, 9, [10/ and [11. They may summarised as follows:
1 Design of invariant energy-momentum conserving algorithms in the node-to-node
approach ((-algorithms in Chapter 7).

2 Reformulation of the master-slave approach for sliding joints, which allows the tran-
sition of the contact point along a slideline formed by a set of elements. The new

formulation has here been called the node-to-element master-slave approach (Chap-
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ters 8, 9 and [10)).

3 Design of invariant momentum-conserving algorithms within the NE approach (SM1

and SM2 families of algorithms in Chapter 9).

4 Formulation of non-invariant energy- and momentum-conserving algorithms in the
NE approach (SME algorithms in Chapter [10).

5 Adaptation of all the algorithms within the master-slave approach (conserving and
non-conserving, in the approaches NN and NE) for joints with dependent released
degrees of freedom like the screw-joint, the rack-and-pinion joint or the cam joint
(Chapter [11).

In addition, the linearisation of the residuals with relevant interesting features has

been derived in Appendix (Gl

It is worth commenting on the relevance of point 2 mentioned above. The NE approach
allows us to satisfy exactly the sliding conditions within the finite-element setting. It also
retains the essence of the master-slave technique, i.e. the extension of the discretised
equilibrium equations with a (minimum) set of released displacements. Furthermore, the
NE approach presented here for systems with rotational degrees of freedom is a particular
case of the more general bilateral contact in elastodynamics described in [MJ04]. This
paper and the present thesis widen the applicability of the master-slave method to other,

more general contact conditions than those modelled with the NN approach.

The definition of a coupling element provides a suitable framework for the inclusion
of contact transition between the elements of the slideline. No limitation is placed on
the size of the released translation along the slideline, apart of its physical length. In
addition, the method has been embedded in the context of conserving algorithms, and

special care has been exercised in achieving a strain- and dynamic-invariant formulation.

In parallel with the underlying beam formulation, it has been shown that the inter-
polation of rotations plays a crucial role in the resulting conserving algorithms. Two
main groups of algorithms have been described for beams: one that interpolates tangent-
scaled rotations (the STD algorithm), and another that interpolates unscaled rotations
(M1 and M2). While the former allows the conservation of energy and the angular mo-
mentum in a simple manner, it leads to a non-invariant formulation. The latter group of
algorithms conserves the angular momentum and are strain- and dynamically-invariant.
The additional conservation of energy requires some sophisticated alterations (; and
B2 algorithms) which have been also adapted to the non-sliding joints (NN master-slave

approach). The conservation of angular momentum (which in contrast to the energy,

215



is a vector quantity) provides better stability than the Newmark and HHT families of

algorithms.

When using the master-slave approach for the modelling of sliding joints, the same con-
clusions have been drawn. We have built a non-invariant energy-momentum conserving
algorithm that interpolates tangent-scaled rotations (the SME algorithm), and an invari-
ant momentum-conserving algorithm (SM1 and SM2 algorithms). We have prioritised the
properties of invariance over that of energy conservation. This is justified by two facts:
(i) the strain- and dynamic-invariance are basic properties that should not be spoilt by
the numerical implementation, and (ii) in the case of unconstrained beams, no substantial
improvement can be detected in the energy-conserving algorithms with respect to those
that are only momentum conserving [JC99b]. Although the latter can suffer an energy
blow-up, both algorithms perform with similar robustness in stiff problems, as some of

the examples in Chapter [12 have shown.

For the SM1 and SM2 algorithms, a choice between the preservation of the contact
conditions and the conservation of constants of motion must be made, which leads to
two set of algorithms (the ’a’ and ’b’ versions). In addition, different approximation of
the contact conditions must be made when contact transition exist, which in turn yields
the T and NT versions of the algorithms. The set of all possible combinations has been
analysed, leading to a range of strategies (ALG1-ALG4) that have been implemented and
tested in the numerical examples. It can be concluded that in general the conserving
algorithms outperform the non-conserving algorithms, not only in the sense that they
conserve some fundamental constants of motion but that they are also able to use larger
time-steps. Also, it has been discovered that the transition of the contact point along
the slideline must be treated carefully, and might disturb the response of the analysis. In
particular, the discontinuities in the approximation of the contact conditions have adverse
effects which advise against using ALG4. On the other hand, although ALG2 is only a
first-order accurate algorithm, its dissipative properties become a stabilisation factor in
the time-integration of the equations. Also, although ALG1 and ALG3 provide very
similar responses, in some exceptionally demanding examples such as the aerial runway
in Section [12.3, the satisfaction of contact conditions supplied by ALG3 has proved more
advantageous than the strict conservation of angular momentum with an approximate

contact condition.
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13.2 Further work

When applying the (1- and (s-algorithms to the NN approach, we have restored
the conservation of energy to the underlying momentum conserving algorithms M1 and
M2. The application of this technique to the NE approach requires further investigation.
Clearly, the elemental parameter § should have to be redefined for the coupling element,
leading to some complexities in the derivation of the resulting residual and its linearised
form. Successful results in this direction would permit the modelling sliding conditions

with an energy-momentum conserving algorithm that has invariant properties.

In some of the numerical examples, difficulties have been observed during the transition
of the contact point between elements. It is therefore desirable in this circumstance to
investigate alternative solution strategies which should amend the oscillatory behaviour
of the iterative solutions obtained during the Newton-Raphson process. This work should
focus on smoothing the discretised geometry of the slideline and also on avoiding the
potential discontinuities in the internal loads of the master elements when the contact

point jumps to adjacent elements.

The difficulties associated with the conservation of energy and satisfaction of invariance
properties for the algorithms described in this thesis are strongly linked to the rotational
field. We can therefore predict that in elastodynamics, where only translations are present,
the design of energy-momentum conserving and invariant algorithms using the master-
slave approach should be possible using the approach in [MJ04], the techniques introduced
in Chapter [10 for the contact conditions, and similar time-integrations schemes to those
given in [ST92].

We also mention some promising work in [BB98]|, where a kinematic field with a combi-
nation of rotations and translations is developed. By rewriting the equilibrium equations
with the resulting definitions for this field, an energy-momentum algorithm is obtained
which does not use tangent-scaled rotations. Although no proof of the strain-invariance
of this algorithms has been given, the adaptation of the master-slave approach for this
description of the kinematics might also lead to promising results. Similar considerations

in the context of rigid bodies with revolute joints are discussed in [NLT03].

Only permanent (bilateral) contact conditions have been treated in this thesis. Further
research is necessary to study the applications of the method to intermittent (unilateral)
contact or multibody collisions. Clearly, this procedure would require an algorithm that
detects contact. Further work and numerical tests are necessary to show the (not obvious)

effects of these discontinuities to the master-slave approach.

Also, realistic contact which accounts for friction and physical damping should be also
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considered if practical industrial applications are modelled. Additional forces should have
to be considered in the initial weak form, which depend on the release variables. The
extension of the method for these cases should not present any fundamental changes in

the existing master-slave approach.
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A. Derivation of matrices T, S and

some of their differentiations

In this chapter some useful formulae involving relations between spin and additive
rotations are derived. In particular, we will derive the expression for the transformation
matrix that relates them and its required derivatives. We will develop the results for the

unscaled and tangent-scaled rotations in sections A.1 and [A.2| respectively.

A.1 Unscaled rotations

A.1.1 Transformation matrix T

The transformation matrices T and T~! can be derived using various techniques. Some
authors have used direct differentiation [IFK95, (CJ99], others have deduced T by manip-
ulating tangent-scaled rotations and the formula for compound rotations [SVQ86, CGS8S,
Cri97], and still others have used the geometric properties of the tensor T [RC02]. We
will here follow the approach given in [Per79], which requires fewer algebra manipulations,

and at the same time reveals the form of the series expansion of T.
It has been seen in Section 2.1 that the rotation matrix A can be written as:

A= exp(b\) = Z

1=0

(A1)

ﬁ .
We also know from equation (2.16) that the infinitesimal variation of A along the spin

vector dd is given by

dA = dOA,
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from where

dd = (dA)A”. (A.2)

Let us define an infinitesimal rotation A, as follows

A, = exp(eh). (A.3)

This definition gives rise to the corresponding expression of the infinitesimal matrix

L —

d(e):

—

d9(e) = (dA)AT, (A.4)

which can be seen as a function of the scalar e. We note that from (A.3) and (A.4) we

have

Ae:O =1 5 Ae:l - Av
dY(e) T 0 , dd(e = dy,

where d4 is the skew-symmetric matrix (independent of €) given in (A.2). The deriva-
tion of a relation between d¥ and d@ will be obtained by (i) writing the Taylor expansion
of d¥ around € = 0 as a function of d@, and (ii) setting € = 1 in the resulting expression
[Per79).

—

(i) Let us write the Taylor expansion of dd¥(e) around € = 0 in the following general

form:
—_— ~ —~ €2~ € —~(n)
dd(e) = ddo + edVy + jdﬁo +...+ adﬂo +... (A.6)
—(n  ——— —
where dﬂ(() ) i—ndﬂ(e) . The form of the first and second derivatives, d(e)
—! = —

and dd(e) , can be computed by using the definition dd(e) = (dA¢)A!, and by
noting that from (A.3) it follows that %AE = OA., which leads to:

d—— d d d ~ —
—d9 = —(dAA") =(d—A. | AT +dA.—AT =d(0A. ) AT — d¥(€)O
de (€) de( ) ( de > et de € < ) € (e)
= 40+ 0d9(c) — d(€)0 = db + [0, AV (e)],
2 _— d /—~ o~ — ~ d —— ~ o~ o —
a9(e) = (A0 +[0,d9()]) = [0, -db(c)] = [.48] + 8,8, dv ()]
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where we have introduced the Lie product or Lie bracket for matrices defined by
[A,B] = AB — BA for any two matrices A, B (see for instance [Gug77]), and its
distributive property [A,B + C|] = [A,B] 4+ [A,C]|. It can be verified that the

remaining terms in (A.6) are expressed according to the following formula

¥ —— —~ ~ o~ o~ —~ ~ o~ ——
90 = [0.....[0,]6.d6))..] +[6.....[0,[0,d9(0)]]..].
—_—— —_———
n—1 brackets n brackets

From the results in (A.5), it follows that the terms i—l@ are given by

e=0

v, = db

v, = [0.d6]
4 05, = 0,....[0,(0,d0]..]
de” —_———

n—1 brackets

which inserted in the Taylor expansion of m in (A.6) yields

d0(c) = db + < [0,d0) + =-[0,[0,d0)] + ...+ —[0,...,]0,10,d0]..] +... (A7)
21 3! IR A4S

n—1 brackets

—

(i) After remarking that [0, @] = 6d6, and therefore [6,...,[ 8, 35] )= 6"deo, and
——

n brackets
—_—

setting e = 1 (the value of dd(e) that recovers (A.2)), equation (A.7) turns into

1=n

— O 1.9 =
dﬂ(e)€:1:d0+50d0+502d0+...+50 de + ...

which implies

dd = (zn; (:1)') d6 = dexp(8)d6 = T(6)d6. (A.8)

The function dexp(e) = Y " | % is sometimes called the co-exponential [Bro55, [Pfi98]

or simply the differential of the exponential map [BB98|. By making use of the property
i o N

(—1)”92”01 =0 " forn > 0;i=1,2, dexp(0) = T(0) can be expressed as’

I Different notations have been used in the literature for the matrices T and T~' and their transpose.
The T matrix given here is the same T matrix given in [IFK95, [RC02] but corresponds to the matrix T !
given in [SVQ8S, [JC96, [JCO1] and the matrix T" given in [CGSS].
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02 0?2 0
1—cosf . sinf\ o

=1 1— A9
P (1-50 )@ (A9

Its inverse can be obtained by noting that?

-1
(1 t e+ 5@2) — 1+ 0@+ e (A.10)
where
o -a 5 L @-B0-0)
B (e (N

Applying relation (A.10) to the matrix T in (A.9) leads to

6 6/2
TO) '=1I—--e 1—- —1—_)¢&? A1l
(©) 2”( tan(9/2)> € (A1)
unless 0 is a multiple of 2.
A.1.2 Matrices dT and T’
Using the definition of the directional derivative in (2.15) and noting that 6 = ||0| =

v 0 - 0 the following directional derivatives can be deduced:

(d6 - 6) sin 0

do = 7 , dcosf =— (d6 -9),
1 (d6 - 0) . cos 0
2= = : A12
d<6> B , dsinf 7 (d6 - 9), ( )
n n—2 do -0 2
d(0") =n6""*(d6 - 0) , dtan(6/2) = — = (1+ tan’(6/2))

2These results can be derived by multiplying a matrix with the form (I+aé+ 8e?) by (I4+aé+ (1e?)
and finding the values of a1 and (1 that give the identity matrix I as a result. See [CG88| for similar

formulae.
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Besides, in order to alleviate the notation in this section, the following parameters are

introduced:
sin 6 f@sinf — 2(1 — cos
() = 2 esl0) = AL cot)
1—cosf 3sinf — 0(2 + cosf
ag) =10 )= 2 cosl)
1 sin 0 62 cos — 50sin @ + 8(1 — cos ) (A.13)
02(0) = @ 1- 0 ) C5<0> = 06 )
62sinf + 70 cos6 + 80 — 15sin 6
cs(0) = o7 )

By applying the results in (A.12), it can be checked that the following relations between
them hold [RC02|:

dCo = (0 . d0)(02 — Cl)

(A.14)
dci:(e'dG)CH_Q 1=1...4.
Using the constants in (A.13), the matrices A and T may be rewritten as
~ ~2
A= I+ 609 + 619
(A.15)

~ ~2
T= I+c¢10+c0 .

Making use of relations (A.14) and applying the directional derivative to the matrix

T in (A.9) one obtains the following result for dT:

dT = (0-d6)cs0 + c1d6 + c2(d0 + d6O) + (0 - d)c,8. (A.16)

Differentiation with respect to arc-length parameter s gives the same result, but with
0’ instead of d@:

T = (0-0)c30+ 10 +c2(00 +89)+ (6-0)c,6. (A.17)
Let us define the matrix Eg1 such that

dTa = Egr(a)dl
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for any a € E3. Using the expression of dT in (A.16), it follows that Egr is given by

o SO ~2__ ~ ~2
Eir(a) =—c1(a+60a)+c2(ab +0a) +c3(0 a+ (a-0)0) + cu(a-0)6 . (A.18)

We can likewise define E, pr(a) such that

dT"a = E;pr(a)do, (A.19a)

and which has the following explicit expression:

Eypr(a) = —302080 +cia+ co(ab — 208) + 40 a 6. (A.19D)

Note that Egr(a)T # Egpr(a). On the other hand, from d¥ = Td@ and Y = TT6’

(see equation (2.31)4), we can deduce the following two identities:

a9’ = T'd6 + Tde’
dY = (dT")6’' + T"de’.

Inserting both equations into d¥ = ATd¥’ (see equation (2.34)), using the relation

A"T = T7, and cancelling equal terms yields

(dT™)0' = A™T'd6, (A.20)

which in turn implies that Z;pr(0') = AT,

In order to deduce other useful formulae, we introduce the symmetric matrix Z 2 (a, b)

such that

b- D?*A.[u,v]a =v - Eper(a,b)u.

which using relations (A.14) and the definition of A in (A.15), results in the following
expression [RC02]:

Zpa(ab) = c(a@b+b®a)+colabI+ (ca—cr) (ab®a+9®ab+ (Ea-b)l)
+c3((0-a)(b0+02b)+ (0-b)(a®wd+0xa)+(0-a)0- b))
+ ((cl —c)(a-b) + (cs — c3)(Ba-Db) +c5(0 - b)) 0x0. (A.21)
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This matrix can alternatively be derived by noting that the differentiation of dA =
TdOA (which will be distinguished with the sign 0) yields
5dA = STdOA + TSOATAG,
and therefore, manipulating the product b - §dAa, and transposing the result leads to
the following alternative expression of E ;24 (a,b):
Ep24(a,b) = TbAaT — E,pr(bAa). (A.22)

On the other hand, the directional derivative of T = TTA leads to

Zgr(a) = —TTAaT + Epr(Aa). (A.23)

A.1.3 Matrix dT'

The expression of dT'" is obtained by differentiating T/ in (A.17). Using formulae
(A.12) and (A.14), after some tedious but straightforward algebra we obtain

AT = c3|(d0-0'+6-a8) &+ (066 + (d6 - )0/
+es (c/la/é/ +6d0 +d0'6 + 5/6/15) +edd
+¢5(d6 - 0)(6-6')0
tey [(a.de)(aé’ +0'0)+ (0-0)(0d0 + d68) + (d9-6' + 0-d0’)§2]

~2

+eo(0-0')(d0 - 0)0 (A.24)

It will be convenient in Appendix I to have in hand the product d(T'")a for a € E3.
Let us introduce the additional symmetric matrix E 1 which is defined via the following
relation (see [RC02]):

bTD?T.[u,v]a = v"Ezpr(a, b)u, (A.25)

where u and v are the directions in which the two directional derivatives are applied.

The matrix Z 27 (a, b) is explicitly given by [RC02]
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Epr(ab) =c(@a@b+b®a)+ (2 —c1)(a-b)I+cy (ab®9+9®ab+ (5a-b)I)
es((0-2)(b©0+00b) +(0-b)aw0+0©a)+ (0 b)O b))

+ <(C4 —c3)(a-b)+c5(0a-b) + c(0 - a)(0 - b)) 0x0.

On the other hand, performing the dot product by a vector b at both sides of (A.20)
yields

b-(dT")0 =b-A"T'd0 = 6 - (dT)b=d6 T Ab,

where the implication holds since (d(T7))" = dT. Applying a second directional
derivative to both sides (indicated here with the sign §), while keeping a constant gives
rise to
56" - (dAT)b + 6’ - (5dT)b = db - 5T'" Abs6 — d6 - T'" AbT66.
This identity may be rewritten by using the matrix Egr in (A.25) instead of §dT,
which leads to
Zor(b,0)50 + Zyr(b)T66' = ST Ab — T'"AbT56,

where the dot product by d@ has been removed at both sides (since d is an arbitrary
vector, the identity still holds). By setting a = Ab, and using the notation dT and d@
instead of 4T and 90, it finally follows that

d(T"")a=Epp(ATa,0)d0 + E4r(ATa)"do’ + T aTde. (A.26)

A.2 Tangent-scaled rotations

Let us recall first that unscaled and tangent-scaled rotations are related via the fol-

lowing transformation:

tan(6/2)

0 =2tan(0/2)e = 02

0, (A.27)
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which, after denoting 6 = ||@||, implies

0/2 = arctan(6/2). (A.28)

It is worth noting that for infinitesimal rotations we have

tan(6/2)

lim ~ 1,

6—0 9/2

and therefore 8 ~ @. It follows that in attempting to obtain the directional derivative

of A as a function of ’spin tangent-scaled rotations’, we get the following result:

dA = di Ocay(e@)A = dOA = dIA,
€ le=

and hence, tangent-scaled and unscaled spin rotations are both equivalent. However,
as it will be shown in the next paragraphs, the same reasoning does not extend to additive
rotations, i.e. d # d@.

A.2.1 Transformation matrix S

A transformation similar to di¥ = T'df can be derived between spin rotations di and

additive infinitesimal tangent-scaled rotations d6.

By using some standard trigonometric formulae, we can deduce the following identities:

2 L1p2
1 — cosd 2 tan (29/2) _ 271 .
1+tan®(6/2) 1+ 36
sind 2tan(0/2) 0

1 +tan?(6/2) 1+ 10%

which, when inserted into the expression for T in (A.9) lead to

1 0~ 0.4
_ B s R ) A2
e®e+1+}192<209 06) (A.29)

On the other hand, by differentiating both sides of (A.28) and using 6 = %Q, we obtain

the following results:
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1 (9-d6)
o = ==,
1+ 36 0

1 0_o
de = <1+}1926®e—06>d9,

where use of the first identity has been made for deducing the second expression. From

the last equation it can be shown that?

_od0 _5do
i
1 (A.30)
e®edd = 12e®ed9
Iy

Finally, using T in equation (A.29) and inserting the previous identities into d¥ = Td#,

gives rise to

1 1
d9 =S(0)d0 with S(@)=——-= (I+=0]. A3l
(©)d0 © = (1 52) (A1)
The matrix S(@) relates spin rotations and additive tangent-scaled infinitesimal rota-
tions. Note that d@ can be added even though they are tangent-scaled, as long as they are
added to the corresponding tangent-scaled rotation 8. It is its vector character that makes
them additive, independently of the scaling applied. We note that the previous equation

could also have been obtained by performing the following directional derivatives:

d d
o cay(edd)cay(8) = o

€le=0 € le=0

cay(0 + ed@).

Resorting to equations (A.10), the inverse S~! can be written as follows,

s = I—;§+10®0<1+;5>
1~ 1
= 1-.0+,000. (A.32)

A.2.2 Matrix dS

Using the preliminary result:

®It can be checked that replacing d@ by dp, and 6 by p(0), equation €" % = @”% holds for n > 1 and

any vector-like parametrisation of rotations p, = p(6)e.
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1 do -0
d Ig2 | = 192\2°
1) T 20+ 1)
the differentiation of matrix S(€) can be directly written from its definition in (A.31):
1 — de - 6 1~ 1 —
dS0) = —————— [d0 — —— [I+ -0 =———(d0—S(0)(d0-0)).
@ %) ( e ( 2>> (i (2 S@ )

An expression for S(@)’ is obtained by replacing d with €’ in the previous equation:

S(8) = ,Z(Hle) (0~ (@ 0)). (A.33)

We can define, in parallel with E;1, the matrix E4g such that

It can be proved that E;g(a) has the following closed form:

Eas(a -t a a
(a) 2(1+§Q2)( +S(@)a®0). (A.34)

A.2.3 Matrix dS—!

The matrix S(@)~! has been derived in (A.32). Its directional derivative may be
computed as follows:
dS(0)" = —5d0+ (020 +6wdo).

The matrix E4g-1(a) such that dS(8)ta = E4g-1(a)d@ , V a € E? is then written as

follows:

Eis-1(a) = %a+1((a-g)1+g®a). (A.35)

W

In an analogous way, we can derive the matrix E,q-7(a), which is given by

1.1
Ejs-r(a) = —50t 7 (a-0)I+0®a).

W

229



B. Quaternions

One suitable parametrisation of the rotational matrix from the computational stand-
point is the use of quaternions, which were introduced by Hamilton [Ham99]. They pro-
vide a 1-1 correspondence with the orthogonal matrices while furnishing an elegant way
of computing compound rotations. An overview can be found in [Spr86, (GPS02, (Col90]

and a short summary will be described next.

B.1 Definitions

A quaternion is defined as a hyper-vector composed of a scalar part and a vector part

which can be expressed in the following four-component form:

. do0
q= )
{qv}

where q, is a real vector with three components. Its conjugate q is defined as

{5}

The multiplication and addition of two quaternions is defined in the following way:

401902 — 9u1 * Qv2 qo1 + qo2
qiq2 = N y  Qul + Qw2 = .
q019v2 + qo29v1 + qQu1gqv2 qu1 + qu2

Any vector r € E3 can be seen as a quaternion with a null scalar part. In this light,
the multiplication of a quaternion with the quaternion associated with a vector r can be

computed as

_q'U . 7"
qr = R ,
{ qor + qur }
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which gives a quaternion with (in general) four non zero components. By defining the

matrices

E= —Qv QDI_av} ) E:[_qv QOI+av]7

it can be verified that the products qr and rq may be written as

qr=E'r , rq=E"r. (B.1)

We also note that if Eq is the matrix associated with the quaternion qp, the following

identity holds

Eiqz = (q2@Q1)v (B.2)

where (o), denotes the vector part of a quaternion.

It is worth noting that in general the quaternion product is non-commutative due to

the cross product. The norm of a quaternion is given by

lall = llall = \/45 + av - qw,
which allows us to define the inverse of a quaternion as

at= s
lal*’
so that the quaternion q~'q = qq ! is a unit quaternion, i.e. |[q~'q|| = |[q~!| ||| = 1.

B.2 Euler parameters and quaternions

At this point, an alternative expression for the rotation matrix can be given as a
function of a normalised quaternion (also called the Euler parameters). Making use of

the trigonometric formulae for half-angles, equation (2.4) can be expressed as

A =1+ 2cos(f/2)sin(0/2)e + 2sin’(0/2)e>. (B.3)

Let us define the unit quaternion from the four Euler parameters ! as q = {q0 q,},

Tt is worth noting that the normalisation condition reduces the number of independent parameters to

three.

231



with go = cos(6/2) and q, = {q1  ¢2 ¢3} =sin(0/2)e. By replacing the expression of g

and q, in equation (B.3)), we obtain the following result:

A=T1+ 2qoav + 2612; = (Q8 —qy - qv)I + 29, ®qy + QCJOGU = EE".

The multiplication of the rotation matrix A; (with an associated quaternion q;) by a

vector r can then be expressed as

Air = EiEfr = Eiqir = (q17Q1)» = qu7ay, (B.4)

where use of equations (B.1) and (B.2) has been made, and it can be verified that
any quaternion given by the product qrq has a zero scalar component. Applying the

additional rotation Ay on vector 1 leads to the following rotated vector ro1:

r21 = A1 = qor1G2 = Q2q17q1q2.

After noting q1@2 = q2q; (which can be checked via direct computation), this expres-

sion gives the relevant following formula for the quaternion of the compound rotation:

g2 ©q1 = 921 = 9291.

This is an alternative formula to the compound rotations in (2.9) which is computa-
tionally simpler. At the same time, the quaternions require the storage of only four scalars
instead of the nine components of a rotation matrix, which make them computationally
more attractive. A useful method for obtaining the quaternion from a general rotation

matrix A is described in [SpuT8§].
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C. Derivation of beam equilibrium

equations

In order to derive the beam equilibrium equations, the balance equations in 3D continu-
um mechanics will be established and constrained to the beam equations by introducing

the beam kinematics given in Section 3.1 of Chapter [3.

C.1 Cauchy’s equation of motion

Setting bs as the volume force in a body that occupies the volume v with density p
and x as the position vector, it is possible to obtain, from the balance of translational

momentum, Cauchy’s first law of motion [MH94]

divo + b, = pit, (C.1)

where o is the Cauchy stress tensor with components o;; in the basis e;, i.e.

0 = 0;j€; X €,

. . . . . O0;; . ..
and dive is a vector whose ith component is (dive); = 52 (summation over j is
J

understood).

Expression (C.1) corresponds to the spatial form of the equilibrium equations. How-
ever, since the constitutive law relating the strains and the stresses is generally described
according to the local orientation of the material, it is desirable to obtain also an equation
equivalent to (C.1)), but written in the material form. With this in mind, we introduce the
deformation gradient tensor F that transforms the differential of the position vectors in
the reference configuration (dX) into the differential of the position vectors in the current

configuration (dx), and which can be written in the following ways:
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de =FdX < F = g—; = aa;;ei(@Ej = GRAD«z,
where upper case has been used for the gradient GRAD denoting differentiation with
respect to the coordinates in the reference configuration. Let us define the differentials
of volume and oriented area in both the reference and spatial configurations, denoted by
dV and dv, and dA = NydA and da = nsda respectively. The vectors Ng and n, are
unit outward normals to the surfaces of v and V, denoted by 9V and dv. Comparing

the deformation of dV and dv, it can be proved that dA and da are related via Nanson’s
formula [Ogd84]:

nsda = JF TN dA,

where J = detF. Integrating Cauchy’s law of motion over the domain v and using the

divergence theorem leads to

/ a'nsda—i—/bsdvz/pidv. (C.2)
v v v

The first integral can be modified using Nanson’s formula and again the divergence

theorem:

/ ongda = / oJF "Ny dA= | PN,dA= / DIVPAV, (C.3)
ov oV ov 14

where OV is the external surface of the reference volume V and P = JoF~ 7T is the

non-symmetric first Piola-Kirchhoff stress tensor, which in indicial notation is written as

P= Pijei ® Ej, (C4)

and DIVP is a vector whose ith component is computed as > j gfgj_' .
J

The last integral in (C.2) can be transformed in' [}, poi(s, X2, X3)dV where pg = J 'p
is the density of the body in the reference configuration. Inserting this expression and
equation (C.3) into (C.2)), and setting B as the load per undeformed volume, equation

(C.1) can be rewritten in its material from as (see [MH94])

DIVP + B, = pyi. (C.5)

!The vector & maps material points from the reference to the current configuration, and can be then
considered as a time depending function x : R® x R, — R3. Therefore, when & is integrated in jv it is

integrated in its domain, whereas in f1 . is integrated over the image. Both integrals are equal, however.
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Also, from the balance of angular momentum, one gets the symmetry condition for o,

il.e. o7 = o (see |[Ogd84]), which noting that o = JPF", can be written as PF" = FP™.

C.2 Introducing the beam kinematics

At this point we can introduce the kinematic constraints of the beam in order to
obtain the beam equations of motion. Note first that from the expression of P in (C.4),
the component PE; = P; corresponds to the spatial stress vector acting on the cross-
section of the reference configuration, whereas Pog = [PEy PE3] = [Py Pg3] are the

spatial stress vectors on the lateral areas of the reference beam. Thus, writing P as

P=[P; Py P3]=[P; Py, (C.6)

and using (C.5) yields

oPy 0Py OP3
DIVP = =
v s * 8X2 + an

Pll + DIV3Pa3 = =B + po, (C?)

where DIV indicates the material divergence DIV but only with respect to X5 and X3.
Let us set n as the spatial stress resultant per unit of reference length on the cross-section,

i.e.

n:/PﬂA (C.8)
A

and ng as the external load acting on the surface of the beam per unit length:

Ils:/ tsdl:/ [PQ Pg] N;dl,
0A 0A

where t, is the stress on the lateral surface 04 of the beam, di is the differential of the
curve that encloses the cross-section A and N; = Nj;Eo + NjpEg3 is the outward normal

to this curve. With this definitions in mind, one has the following result:

/ DIVP = / lldA + / DIV5Po3dA = n + / [PQ Pg] N;dl = n + ng, (09)
A A A 0A
where use of the divergence theorem over the area .4 has been made. On the other

hand, we can recast the kinematic assumption in (3.1), z =r + y, with y = AY and Y

a constant material vector. In order to derive an expression for & = # + ¢ in (C.7), we
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recall the results in Section 2.3.4, i.e. A = WA and A = (w + w?)A where w and w are

the angular velocity and angular acceleration. We can then express y = AY as follows:

i = (1702 + tAv) y. (C.10)

Assuming that the material under consideration has a constant density in the reference
configuration, and remembering that  points to the line of centroids of the beam, the

integral over the area A of po& yields

/Apo [%+<@2+EJ) y] dA—pof/AdAero (@2+@>AydA—Ap%, (C.11)

where A, = Apo.

Using equation (C.9) and (C.11), and defining the vector of total external forces per

unit length n as

fi = n, +/ B,dA,
A

the integral of (C.5) over A turns into the translational beam equilibrium equation

n +n= A, (C.12)

In order to obtain the equilibrium equation for the rotational degrees of freedom, we
remark first that the condition PF* — FP™ = 0 leads to 2

3
Z@Xix x P; = (5"\/ + ij\/) P, + 8X2y x Py + 6X3y x P3=0. (0.13)
=1

Similarly to the force stress resultant, the moment resultant m and external torque

per unit of reference length m are computed as

m = / yP1dA m = ytsdl + / yBdA. (C.14)

A 0A A
?Noting that P;; = (P;); where (P;); is the ith component of the stress vector P;, the ij component of
the resultant matrix PFT — FP™ has the following expression Pilg% — %Pﬂ = g—;é(Pl), - S%(PZ)J =

_ <§—;l X Pl)k’ i.e. the kth component of the vector 687;(”1 x P1 + 687)?2 X P2 + 687903 X P3, where i,j and k

permute cyclically.

236



The first integral of m can be modified remembering the expression of the stress vector
at the external surface, i.e. t; = P93IN;, and applying the divergence theorem over the

cross-section:

/ GP23Ndl = / DIV, (§Ps3)dA = / [(DT\VQy) Pos + §DIVaPas| dA,
OA A A

where DIV3y = 0x,y + Ox,y. Replacing the previous expression in the first integral
of (C.14)2, and using equations (C.7) and (C.13), m may be rewritten as follows:

Jy

dy . .
= — xP — x P3| dA DIV-,P B,|dA
/A[anx 2+8X3X 3] +/A[y 9Pas + yBj]

= —/ 7 +7] PldA—l—/gj[po:b—P’l]dA.
A A

Reordering terms and introducing the expression of m and n in (C.14); and (C.8),

respectively, leads to

o= —/ 9P, + 3P} dA—?’/ PldA+/p0@:'i:dA
A A A

- —m _?’n+p0/ YidA. (C.15)
A

The last term can be modified recalling that & = # + (w + @)y and noting that

g’y = —wy w, giving

Po/@{%—i—(@z—i—{v)y} dA:—po/@QdAw—poﬂ; (/ @QdA>w+po (/ @dA)é*.
A A A A

Since y emanates from the centroid of the section, the integral of the tensor y over the

cross-section is zero and thus equation (C.15) reduces to

m' +m+7n= —,00/ 92 dAw — poib/ 72 dAw.
A A

Using the definition of the spatial inertial tensor j, = —pg [ A §2dA, the last expression

yields the rotational beam equilibrium equation
m' +m+7'n=j,w+ wj,w. (C.16)
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D. Brief overview of numerical

time-integration

The time-integration of non-linear equations is a huge topic in its own right. This
chapter will only explain the necessary concepts that have been used within this thesis.
We will give some useful definitions and some well known results, without going into
the details. The reader is referred to the books [Gea71, HW91, Lam91, Woo090, AP98b],

which give deeper insight into these issues.

D.1 The initial value problem

We are interested in numerically solving an ordinary differential equation (ODE) of

the form

y(t) = f(t,y(1)), (D.1a)

subjected to the following initial conditions

y(0) = yo. (D.1b)

where ¥ € [Ypins YUmaz) € R™ and t € [0,7] C R is an independent variable. We will

henceforth assume that f satisfies the necessary conditions for the existence of a unique
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solution 2.

We note that the differential equation of the beam in (3.5) (and also the spatially
discretised weak forms (3.40) and (3.42)) do not have exactly the general form (D.1).
They differ basically in two aspects:

1. From the definition of the vector of momenta I in (3.4)), it follows that the
beam equations contain the spin vectors w and w. These are not the time-
differentiation of the rotation 0, i.e. the additive rotation vector 8. This fact
will require adapting each scheme to the rotational field. This is performed
in Chapters 4/ and 6; thus, throughout this appendix we will just ignore this

issue.

2. In contrast to (D.1), our equations have implicit second derivatives in time.
The transformation of second-order ODEs to first-order can be performed as

follows. Given a non-linear differential equation of the form

where y, f € R, we can construct an equivalent ODE with the general form

(D.1) by setting z € R?*™ and rewriting (D.2) as

Z(t) = fom(t, 2),

where the following definitions have been made:

z = L)Y and ,Z) = { =2 } .
{ 25 } { y } Fanlh 220 4 42— Asa)

Therefore, we will henceforth use only first-order differential equations of the
form (D.1)), knowing that the results can be applied to equations of the form
(D.2).

! The uniqueness of the solution is assured if f satisfies the following conditions (see for instance
[GeaTl, [Lam91]):

a) f is bounded on the domain D = [0,t] X [¥,in> Ymaz)s
b) f is continuous with respect to ¢, and

¢) f is Lipschitz continuous with respect to y, i.e. there exist a constant L such that

1F(ty) = £y )l < Lily =y,

for all t € [0,7],y,y" € D.
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D.2 General classification of numerical methods

In order to solve numerically the ODE (D.1)), let us consider a subdivision of [0, ¢y]

given by a set of uniformly spaced points ¢,, € [0,tx],n =0,..., N such that

to=0 , tpy1=tn+ At (D.3)

where At = t,411 — t, is the so-called time-step that will be assumed as constant.
Henceforth, we will denote by y, the approximated values of y(t,) according to the

time-integration algorithm.

Given a set k values y,,,...,Y,.,_1, a time-integration algorithm applied to equation

(D.1) computes an estimation of y,,,, with the general formula

k

> Y = AF(Ypigr o Yns o, AL). (D.4)
j=0

The method will require of k starting values y,...y;_; in order to provide a first
approximation 4 .

We will classify the time-integration algorithms according to the following two criteria:

1. Single-/multi-step algorithms [AP98b, Wo090, Lam91]. Algorithms where k£ = 1
are single-step, and those where k > 1 are multi-step algorithms. The latter usually have

simpler expressions. However, they require more initial values and cannot handle changes

of the step size easily.

2. Eaplicit/implicit algorithms[Lam91]. The algorithms in which y,,,, can be ex-
pressed as a function of the values y,,,...,y,,,_1 are explicit. Otherwise they are im-
plicit. The former require less operations in general, but can only be conditionally stable,
and therefore require smaller time-steps. (The concept of stability will be formally defined
below.)

D.3 Properties of the time-integration algorithms

Throughout the thesis we often refer to the following important concepts:

D.3.1 Convergence

A time-step algorithm is said to be convergent if, for all problems of the form (D.1)

the following condition is satisfied:
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onax, ly(tn) = yull — 0 as At — 0.

Therefore, a convergent method will tend towards the exact solution y(t) as we reduce
the step-size. The difference e, = y(t,) — y,, is called the global error. We will be
interested in providing an upper bound of the error, or moreover to see how the error is

reduced as we decrease At.

D.3.2 Accuracy

We define the local truncation error d,, as the error when the numerical method (D.4)

is applied to the exact solution:

k
=0

We will say that the method is accurate or consistent with order p if d,, has the form
2d, = O(A).

Consistency measures the capacity of the algorithm to faithfully reproduce the solu-
tions of the original differential equation. The order of accuracy or consistency measures

the rate at which the real solution y is approached by reducing the time-step At.

It can be proved that any convergent method is consistent, and also that an algorithm

is consistent if it satisfies the following two conditions [Lam91]:

Z§:1 aj =0
(Z?:l jaj> f(tna y(tn)> = F(yn-i-k? ceey ymtmo)'

Another important measure of the accuracy is the local error 1,,, which is the difference
between the exact solution and the numerical solution at each time-step. Given y'(t) =

f(t,y) and y(t,) = vy,,, the local error is given by [AP98b]

ln+1 = y(tn+1) —Ynits

which can be shown [API8b] to be closely related to Atd,. (Note that this ’exact’

solution is different from y in (D.1) because different ’initial’ values are imposed.)

>The notation O(A#*) indicates a function such that there exist two constants C' and p which for all
At satisfy the following condition: |O(AtP)| < CAtP.
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D.3.3 Stability

A method is said to be stable if there exists a value Aty for each differential equation
(D.1) such that a fixed change in the starting values produces a bounded change in the
numerical solution for all 0 < At < Aty. This is a property of the method, independent
of the stability of the exact solution of the initial value problem. There exist different
measures of stability in the literature. Furthermore, the stability properties of a method
when dealing with a linear problem can be spoilt when the method is applied to a non-
linear problem. For non-linear problems, conservation of the physical constants of the
underlying continuous problem is a good indication of the stability of the method, and
will be discussed in Section D.3.5. For linear problems, some common definitions of

stability are:

e 0-Stability [Lam91]. This stability measures the effect of small perturbations in the
data. Let us consider a numerical solution z of (D.4)) which is perturbed by a small

amount d as follows:

k

Z QjZntj = AtF(Zn+k, ey Zpy Tn, At) + 5n+k-
=0

with the initial condition z(0) = y, + d

A method is said to be O-stable if, for given two perturbed solutions z and z (per-
turbed with different parameters d; and (_52-) there exist positive constants Aty and
K such that for all At < Atg, we have

|6z —52‘ <e = |Zti _Zti’ < Ke

for all 0 < t; < tn. It can be proved [AP98b] that if a method is O-stable and is
consistent with order p, the method is also convergent with order p (i.e. the global

error e, is of order p).

e Absolute stability [Lam91, [AP98b|. This measure reflects the behaviour of the
method when it integrates the differential equation 3y’ = Ay, with Re(\) < 0 and

y € C. The numerical solution should satisfy the requirement

|yn’ < |yn—1‘ (D5)

so it parallels the non increasing response of the exact solution. The region of

absolute stability is defined as the points of the complex y—plane such that applying
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the method to the test equation vy’ = Ay, with y = At), it satisfies the requirement
(D.5). In addition, a method is said A-stable [Lam91] if the region of absolute
stability covers the entire area Re(At\) < 0.

D.3.4 Stiff problems

This concept is in fact related to the original (non-discretised) differential equations
(D.1). Different definitions of a stiff problem exist in the literature. In a qualitative
manner, we say that a problem is stiff if it contains multiple time-scales [AP98b], i.e. the
phenomena represented by the differential equations has some variables that change more
rapidly than the others. This is the case for instance for the beam models in this thesis,
where the axial deformation have very different (material) stiffness than the bending
deformations. Such problems present additional stability difficulties, since the response

might change abruptly during the analysis.

D.3.5 Conserving properties

One important factor in the design of the time-integration algorithms is their ability to
transport the conserving (or geometric) properties of the continuous problem to the (spa-
tially and temporally) discretised model. The preservation of these features, also called
geometric integration [HLW02], ensures the stability of the method even in the non-linear
regime. In this sense, the conservation of energy or angular momentum enhances the sta-
bility of the method while retaining important features of the original problem. Likewise,
energy-decaying algorithms may improve the robustness of the analysis, although in this

case the response is numerically damped.

Another important property is the symplectic structure of the underlying problem,
which is inherent to Hamiltonian dynamical systems [GPS02]. Algorithms that conserve
the Hamiltonian flow are so-called symplectic integrators [STW92]. The reader is referred
to [STD95, [IST94] for the design of energy-momentum algorithms, and to [ST92, (GS96]

where a discussion of symplectic integrators can be found.
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E. Update of incremental and

iterative curvatures

E.1 Unscaled rotations

From the definition of the material curvature in (3.12), the following identities at

time-steps n and n + 1 (or load increments, in statics) may be written

Y, = ATA’

nTTn)

A " (E.1)
TTL+1 = An+1An+1'

On the other hand, the relation between the rotation matrices A, and A,41 is given

by

Apyr = eXp(‘:‘\))Ana

where w is the spatial incremental rotation vector. Replacing A4 in (E.1)2 with this

expression, and differentiating with respect to the length parameter s, one gets

Yoo =A%, exp(@) Ay + AL, exp(@)A),.

—

Inserting (E.1); and the differentiation of an exponential matrix, exp(@)’ = T(w)w’ exp(®),

we can now express Y41 as

?n+1 = A’TTH-ITm/AnJrl + ?n (EQ)

Recalling the identity ATaA = Aa for any vector a € E? and orthogonal matrix

A € SO(3), the incremental curvature is given by [CG88]:
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Yoo —Yn=A)  T(w)w
= AT (w)"W'.

Similarly, by writing the curvature at iterations k& and k + 1 as follows

?k — AkTAk/

o k41 T
' — Ak’+1 Ak+1/7

and the relation between the rotations at the two iterations as

AR = exp(AD)AF, (E.4)

an equivalent equation for the variation of the curvature between iterations can be

deduced:

YHH — k= AMIT(AY) AY

, (E.5)
= AP T(AY)TAY.

It is also possible to deduce the corresponding equations for the spatial curvature k.
Although they are not used in the present work, they will be shown for completeness.

Following similar reasoning, the following identities can be demonstrated to hold:

kit — kn = App i T(Q)TQ = A, T(Q),
kkJrl _ kk) — AkJrlT(ALP)TALp/ — AkT(A(,D)ALPI,

s
S
~N

~— ~—

where € and Ag are the material incremental rotation and the material iterative

rotation such that

~

Ans1=Apexp(Q)  , w=A2=A,11Q,
AR = AFexp(Ap) , AY = AAp = Ay Agp.

We note that Y**1 — Y% and kF! — kF given in (E.5) and (E.7) differ only for a
non-equilibrium state. We also point out that in (E.3) and (E.5)-(E.7) we have given
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the variations of material curvatures as a function of spatial rotations, or conversely,
the variations of spatial curvatures as a function of material rotations. The (implicit)
expression of the increments of spatial (material) curvatures as a function of the also

spatial (material) incremental rotations can be derived as follows:

Rort = AbAl = (exp@)A,) (exp(@)A,)”
—  T(w)w' + exp(w)kn exp(@)”,

Yo = A£+1A%+1:<GXP >T< )
— T(Q)TQ + exp(2)" T exp(€),

whence

Kos1 — exp(@)k, = T(w)w'

R (E.8a)
Y1 —exp()'Y, = T(Q)"Q.
With similar manipulations, the following implicit relations can be obtained:
KM exp(A9)kF = T(A9)AY
(A9)k* = T(AD) -

TH! — exp(Ap)"YF = T(Ap)" Ay,
E.2 Tangent-scaled rotations

Let us first verify that the matrices T and S, and the unscaled and tangent-scaled
rotations @ and @ satisfy the relation T(0)0" = S(6)8’. This can be deduced by identifying
the following two differentiations of A = exp(6) = cay(8):

A =T()0A

A= S@FA } = T(6)0" =S(0)¢’,

where use of the equivalence between tangent-scaled spin rotations and unscaled spin
rotations have been made (this is due to its infinitesimal character, as it has been shown
in Appendix |A). By introducing the tangent-scaled spatial incremental and material
incremental rotations w and €2 respectively, we can likewise differentiate exp(@) = cay(w)

or exp(£2) = cay(Q) and derive the following similar relations:
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T(w)w' = S(
T(Q)Q = S(

o,
Q.

€
IS

=

From this equations, and by making use of the properties (2.25)) of the S matrix, the

equivalent versions of equations (E.3) and (E.6) using w and © can be deduced:

Yoy — Yo =A% Sww' =AS(w)'w,

(E.9)
kot —kn = A1S(R)7Q = A, S(Q)Q.

On the other hand, spin tangent-scaled rotations reduce to unscaled rotations if they
are infinitesimal quantities. Iterative rotations are not infinitesimal vectors, however,
but increments between iterations. It is then sensible to distinguish them (although the
Taylor expansion of the tan() function shows that they differ only in the second-order
terms), and instead of (E.4), map the tangent-scaled iterative rotations via the Cayley

transformation, i.e.

AFHL = cay(A9)AF,

With an analogous reasoning to that given for unscaled rotations while deducing (E.5)

and (E.7), we can derive the following formulae:

-rk+1 _ Tk _ Ak+1TS(AQ)AQ/ _ AkTS(Aﬁ)TAﬁ/,
kkJrl . kk — Ak+ls<A£)TA£l _ AkS(AE)Afl

Also, the equivalent equations to (E.8) are now written as

(E.10)
Y1 —cay(2)"Y, = S(2)",

Y — cay(Ap)"TH = S(Ap)T Ay
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F. Linearisation of beam residuals

We will deduce the explicit form of the Jacobian matrix for some relevant discretised
residuals. In view of the different beam-equations, time-integration schemes and inter-
polations seen in Chapters (3], 4, |5 and 6, many choices are possible, and each one leads
to a different Jacobian matrix. We will just give the expressions for the choices used
in the numerical examples or for those cases showing interesting features. The tangent
operator for other combinations can be derived using similar algebraic manipulations to

those given here.

The form of the Jacobian matrix will have in all the choices the following general form

K7 =K/ +K9,. +K7,

elas mass

+ K;{;m is the stiffness matrix (split in the material and geometric
crt

where K¥ = K9

elas mat
part), K%ass is the mass matrix (or inertial part) and K, is the contribution of the
external loads to the Jacobian, in case they are not constant. They stem from the lin-
earisation of the elastic, inertial and external force vectors respectively. In all of them,
the superscript ¢5 denotes that the matrix shown here is the block matrix corresponding

to the contribution of nodes ¢ and j.

We remark that K% depends on the type of applied loads considered. We will illustrate

ext

its expression for the case of follower loads in Section [F.1.

F.1 Non-conserving schemes

We have introduced in Chapter 4, equation (4.15)), the time-discretisation of the beam
residual by using three forms of the HHT algorithm. The resulting equations are given
in (4.15) as

gf;H-l—‘roe = gji,nJrl + gg),n—l—l—i—a - gze,n—i—l—i—a = 07 (F 1)

i R i i _
ga,n+1+a - gad,n—i—l + gav,n+1+a - gae,n—l—l—l—a =0
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We will derive in this section two Jacobian matrices corresponding to residuals g¢, o
and gfm 41+aq» In conjunction with the interpolation of spin iterative rotations and ad-
ditive iterative rotations respectively. The first leads to the simplest consistent tangent
operator, and the second to a symmetric stiffness matrix (the mass matrix is in general

non-symmetric for both residuals).

The linearisation will be performed for e = 0, which corresponds to the Newmark algo-
rithm introduced in Chapter 4. The linearisation for other values of « is straightforward,
and in fact, for the algorithms HHT; and HHT5, it is sufficient to multiply the Jacobian
matrix by (1 + ).

In Section [F.1.3, we will finally give the results when for the case of interpolation of

local rotations.

F.1.1 Residual g, , and interpolation of spin iterative rotations

Although the interpolation A9 = I’ Av; is not used in the results of Chapter 12, it
furnishes the computationally less expensive Jacobian matrix. In addition, many of the

algebraic manipulations used in this section will be recalled in subsequent derivations.

Elastic force vector
By introducing the matrix

;!

I't o
B'=| o I1], (F.2)
0 Il

the elastic force vector g¢ given in equation (3.40c) may be rewritten as follows

4 N 1 0 o0 f
g, = / rf-rq ds:/ , , » ds
L rn L 0 'l I'1 —r'n
n

) f ,
= /BZT{ N }ds. :/BZT m pds. (F.3)
L —rn L

Its linearisation is then given by
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. . Af
Ag, = /B’ N ~ ds. (F.4)
L nAr’ —r'An

In order to provide an expression for Af, let us linearise first the strain measure X
defined in (3.12). By recalling the results in equations (2.16) and (2.34), it follows that
AA = AYA and AY = ATAY. We can then compute A as follows

As { (AAT)Y + AT Ay’ }_{ AT (r' A9 + Ar') }_AT{ A9 + Ar/ }

AY AT AY AY
I o Ar' Ar'
= Al "1 A S =AmL ! A Y,
0TI o
AV AV
. A O
where Ag = and
0 A
I 0 o
I = " (F.5)
0TI o

By recalling the constitutive matrix C given in (3.15), and the six-dimensional vector
of material stress resultants F = {INN M}, the linearisation of f = AgF = A¢CX follows

as

Ar’
0 0 —n
Af = (AAg)F + AgAF = |+ A¢CAGTL, A9 . (F.6)
0 0 —m A9

Note that the translational part of the previous result implies

Ar'
An = Adn + [ I o } A6CAIL { AW
A9

Therefore, making use equation (F.6), the vector Ag’ in (F.4) can be expressed as
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. - f
Ag, = / B" A ~ ds
L —r'n

0 0 —n Ar!
= /B"T I’A¢CA{L-+ | 0 0 —m AV ds. (F.7)
L ~
n 0 rn A9

By introducing the interpolation of iterative rotations, i.e.

A9 = I'AY;, (F.8)
the last vector in equation (F.7) may be written as
Ar’

A9y =BlAp,
A9

where Ap; = {Ar; AY,} is the vector of nodal iterative displacements, and summa-

tion over j is understood. Inserting this relation in (F.7) yields

Ag:; = (K;]zat + K?eom) Apj = K;Jlas

Ap]7

where the explicit expression of Kifmt and K;jeom is given by

m

K7 = / B I"A¢CALT, Bids,
L

0 0 —n (F.9)
Kiom = / B" |0 0 —-m | Blds
L ~
n 0 rn

Note that Kifmt is symmetric whereas Kff;om is non-symmetric. The non-symmetry of

K%Y

elas

the considered variations of rotations (A and 69). It is demonstrated in [SVQ86] that

is a consequence of the fact that the rotations (@ or A) are in a different space of
the symmetry of Kgeom is recovered at an equilibrium state for a non-discretised case.

In [Cri97] it was shown that this conclusion does not extend to the spatially discretised

space.
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Mass matrix

It has been shown in Chapter 4, equation (4.14), that the time-discretisation of the

equilibrium equations leads to the following inertial force vector

Ghni :/Lliin+1d5,

where [ is the vector of specific local momenta defined in equation (3.4) as

l:{lf}i{ Apt } (F.10)
Ly AT, W

The linearisation of gﬁl nt1 18 then given by

Agly i :/LP'Aians, (F.11)

where Al can be computed as

. Aya A,Aa
A (WI,W+J,A) Adiy+ A ((WI, - T,W)AW +J,A4A)
(F.12)

According to the Newmark scheme given in equations (4.2)) and (4.5), the accelerations

and velocities at time-step n + 1 satisfy the following equations

1 -
Qnit1 = W(Tn—‘rl - Tn) + Ap41,
Wn+1 = ﬁﬂn—‘rl + V~Vn—&—lu (F13)
1 ~
An+1 = Wnn—%l + An—i—l;

where ay1, V~Vn+1 and An_i,_]_ depend only on quantities at time-step ¢,, and are given
in (4.2b) and (4.5b). Besides, from the relation

—_—

~ ~

A1 = A Aexp(Qni1) = Ap T(Qp11) AQ exp(Qn41),

252



and AAy 1 = AOA, 41 = Ay exp(Qn41) it follows that

AQ =T(Qpi1) 'ATAY = ATT(w,41) T AY, (F.14)

where the matrix T~! is given in (2.20), and wpi1 = A1 = Ap 12,11 is the
spatial incremental rotation. Making use of this equation and relations (F.13)), the lin-

earisation of a,y1, Wy41 and A, 1 may be expressed as

Aan+q ﬂitZAr,
AW, ﬁAQnH @A TP (wnpt) LAY, (F.15)
AA, ﬁAthAQnH ﬁAthA T(wny1) LAY,
Inserting these results in (F.12)) yields
Al = sam Aol ~ 0_ Ap. (F.16)
0 —lyni1 + ﬁTlﬁAnHJp,nHATTLT(wnH)_l

where jp’n+1 = 'yAt(WnHJP - ﬁnﬂ) +J,. Inserting this expression into AgfimJrl
in equation (F.11), and using the interpolation of iterative rotations in (F.8), we arrive

at the following result

i
Agd,nJrl massAp]7

where K%ass is the mass matrix corresponding to the contribution of nodes i and j,

and given by
. Ayl 0 4
K9 = / It 7ar ~ X _ | Pds. (FA7)
L 0 _l¢7n+1 + WAn-&-lme-i-lAgT(wn-i-l)_

External force vector

We will show the linearised expression of the external force vector g for a follower
load f = {fi m} = Agf., where f. = {fi. m.} is a constant vector. In such case, g’ is

given in equation (3.40d) as
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g = / I'Agfeds + 62 A6E.(0) + 0V Agf.(L).
L
Its linearisation follows directly from the relation A = @A, leading to

Agé = KZJ:EtApj7

with K%

ext

. . 0
K’Lj — / T
ext L [ 0

F.1.2 Residual g,,,, and interpolation of additive iterative rotations

given by

. 0 §1616(0) + 6NsNa(L)
]Iﬂds [ 1978(0) 40,707 a(L) (F.18)

1514/ NsN= /T3
0 6;0;m(0)+6; 0; m(L)

==}

The linearisation of the residual g%, = g, + g, + g’ will be performed in this section.
We will now interpolate additive iterative rotations, i.e. A8 = I'A@;, which using the
vector Aq = {Ar A8} introduced in Chapter 5, leads to the following interpolation of

the kinematics:

Aq = IiAqi.

As remarked in Chapter |5, Section [5.2.2, this interpolation may be used in conjunction
with the interpolation of total rotations A = I' A@; (nodal update), or just as the only
interpolated variables for rotations (update at the interpolated points). Nevertheless,

since both formulations are equivalent, no distinction will be made hereafter.

In order to recall the results already derived, it will be useful to have in hand the

following relationship

Ar' Ar'
AY 3 =1 T(6)A0+T(6)A0 ; =BlAq,, (F.19a)
AY T(6) A0

where the matrix ij is given by

!/

' 0
B.=| 0o [T(6)+IT®O) |. (F.19b)
0 IT(9)
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Elastic force vector

The residual vector g, given in equation (3.42c), will be rewritten by resorting to

matrices B’ or BiT as follows

) ) TEf ) f
gl, = / Bi" " tds= / B, ¢ s, (F.20)
L T"m - T"7n L —7r'n

I O

o T| We will split the linear form of g’, into the following two

where Tg =

integrals

. . f 0
Ag!, = /B%TA ~ ds +/ , , , , ~ ds
L —r'n L| I"(AT")m + I'(AT")m — I'(AT")r'n

= Agfu}l + Agfsz‘ (F21)

The results required for the derivation of Ag® ; have been already given in the pre-
vious section. Using these results and making use of matrix B% in (F.19), it is clear
that the material and a first part of the geometric stiffness matrices, stemming from the

linearisation of f and 7#'n, will be now given by,

KJ & = /L BY- 1T A¢CAZLBds,
0 —-n
Kff;oml = /L B | 0 —m | Blds, (F.22)
A0 rn
0 0 ~AT
= / B"| 0 o _T'@T Bids,
L

T'a 0 T'7/AT - T"mT
which correspond to K%at and K;J;om in (F.9), but with B! and B’ replaced by B,
and BJT‘,.

The term Ag’,, in (F.21) entails the linearisation of T(0) and T(8)'. By recalling the

matrix E pr given in (A.19), the terms (ATT)m and A(T7)7'n can be written as

(F.23)



Also, using the expression for d(T'")a given in (A.26) with a = m, the term AT'"m

can be expressed as

AT"'m = Epp(M, 0)A0 + E4p(M)T A0 + T "' mTA8.

Inserting this equation and (F.23) in (F.21), it follows then that Ag‘,, in (F.21) is
given by
AgZUQ = K;JeomQqu7

ij
where K/ .o turns out to be

0 0
Kz?jeom2 - /L BiT 0 0 E’dTT (m) Bj ds.
0 Ey;p(M)T Epp(M,0)+ T 'mT — Eypr(r'n)

While it is clear that the material stiffness matrix in (F.22) is symmetric, the symmetry
of the geometric part is much less obvious. Ritto-Corréa and Camotim [RC02] gave an

elegant way to prove it. We will achieve the same result by first writing the total geometric

stiffness matrix as the sum of K;jeoml and K;jwmQ:
0 0 —nT
K?eom = /LBiT 0 0 Egrr(m) — TTmT Bds.

T8 Egr(M)” Epr(M,0) — Eypr(r'n) + TTPAT

Introducing the identity (A.22) with @ = N and b = 7/, and relation (A.23) with
a = M, it follows that

~

Epa(N, ') = T"AT — Eypr(r'n)

Zyp(M) = —~T"mT + Eypr (m),

which inserted in K;jeom yields

0 0 —aT
K, = /L B | o 0 47 (M) B/ ds.
T™n EdT(M)T EdQT(M, 0/) + EdQA(N, T',)



The symmetry of Kgeom can now be clearly observed by remembering that both =2z
and B are symmetric. For the present formulation, € and the variations of the rotations
(A0 and 60) belong to the same vector space E3, which explains the symmetry of K% =
Kot + Kifeom.

Mass matrix

The elastic force vector is given in (4.14) as

gid,nﬂ :/LIiTgids-

Its linearisation can be expressed as

‘ . . 0
Aglin :/I’TTAln 1ds—i—/ : ds. F.24
= [ I [ (F.24)

The first integral can be derived using the manipulations from in Section [F.1.1. The
term within the second integral follows from the definition of the matrix E;pr in (A.19):
(ATl 1 = Egrr(lpni1) A0

Inserting this equation in (F.24)), making use of the mass matrix in Section F.1.1, and

remembering Ap = TgAgq, the following result is obtained

AT 0
- ) INEREY )
ngass = /IZ’:[‘;)r ot - 1 — T 1 TGI]dS
L 0 _l¢>,n+1 + WAn-i-lJp,n-&-lAnT(wn-i-l)
10 0 .
—i—/IZ _ . Dds. (F.25)
L 0 Egpr(lpn+1)

Note that the mass matrix is always non-symmetric in the presence of large 3D rota-

tions.

External force vector

The external force vector is given in (3.42d) as
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g = / I'TEfds + 61 TE(0)F(0) + SN TE(L)F(L).
L

We will also show here the linearised expression of the external force vector gi, for
a follower load f = {fi m} = Agf,., with f. = {fi. m.} a constant vector. Reasoning
analogously as in Section [F.1.1, the linearisation of g%, leads to the following expression

for K9 .

ext:

TGdeS

==

K= [ 11

0
(F.26)

|0 51828(0) + 6N 6Na(L)
0 §LSITT(0)m(0)T(0) + 56N T™(L)ym(L)T(L)

F.1.3 Residuals g, , and g, ,,, with interpolation of local rotations

We will use the strain-invariant interpolation of local rotations ® = I'®; and also the
compatible interpolation of its iterative counterparts A® = I'A®;. It has been shown
in Chapter |5 that this interpolation is equivalent to using the generalised shape functions
If] such that 1 A9 = I;Aﬁ.

Thus, in order to implement this interpolation in conjunction with the residual g* we
will replace the shape functions I’ and IV in the matrices Kgat, szeom, K%ass, and
K?xt in equations (F.9), (F.17) and (F.18) with the generalised shape functions Ig and Igl

(including also the matrices BY). After these modifications, the following matrices can be

! We note that with the current residual vectors g, , and Ga.nt1, the test functions correspond to the
spin and additive global virtual rotations, whereas the trial functions are local rotations. We could as well
construct a weak form with virtual local rotations. However, this would lead to a more complex residuals

and Jacobian matrices, without any additional advantage.
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derived

K9 = / B I} A¢CA{L B! ds
L
0 0 —-n
K4, = /L B" | 0 0 —m |Bids
A0 rn
(F.27a)
-
Ky, - [ 1| Bt 0 d
mass ; 1 I T —17J 5
L 0 —lgnt1 + gap Ans1dpni 1A, T(wny1) I

=t 151570 o SNSNG (7)Y
K, = / I e A P R ORI OO
L | 0 mI} 0 6}0;m(0) + 6,6 m(L)

where Bg is the same matrix B indicated in (F.2) but with the generalised shape

functions instead of I/ and Ij/, ie.

| A
B,=| 0 I |. (F.27h)
0o I

Including the interpolation of local rotations in the Jacobian matrix of g requires
some further manipulations. The generalised shape functions have been written in such
a way that they interpolate iterative spin rotations (i.e. AV = I;Aﬁi), which are the
iterative quantities that we will use in the resulting expressions. In the formulation given
in the previous section we have transformed the spin rotations into additive iterative
rotations A@ by using the matrix Béﬂ in (F.19). It is therefore convenient to remove

this transformation and use the generalised shape functions instead. This is equivalent

to using the matrix By instead of B]f in the material stiffness matrix Kifm in (F.22),

and also to remove the matrices T and Tg (but not TT and T{) and replace I/ with
Fr oo | . ij R .
. in the first integral of Kijess and in K,, in equations (F.25) and (F.26)

0 Iy

respectively. On the other hand, the terms in the geometric part must be transformed

according to

AO=T A9 = A0 =T VA9 + T 'A¥,

since the interpolation A = I7A@; does not apply here. Note that it follows then

that the term Z,1(M)TAO becomes now
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Egr(M)"TV A9 + E40 (M) T AY.

Inserting the modifications mentioned above, the elemental tangent operator is given
by

Kij = K;L'"Z,(lt + K:(L‘]jeom + K%ass + Kéjzt (FQS&)
with
K9 = /L B! 'I'AcCA{LBlds, (F.28b)
Kilo =
0 0 -n
/ B"| o 0 Egr(M)T Bjds,
L
T Egr(M)T Egr(M)™T Y + (Epp(M, 0') + Epp (N, 7)) T
Lo
Ky, - [ o | el 0 ds
mass 6 : 1 I T —17J ’
L 0 —lpn1+ WAH+1Jp,n+1AnT(Qn+1) I
|0 0
+ / I . 11 ]ds,
L 0 Ejrr(lpnt1)T I
~j 15120 L SNsN=/ T3
L 0 mlI 0 6;0;TT(0)m(0) + 66 T"(L)m(L)

Obviously, this interpolation spoils the symmetry of the stiffness matrix K%at —&—szegm.

F.2 Conserving schemes

F.2.1 (;-algorithm in Section 6.3.2

As in the previous case, we will use the strain-invariant interpolation of local rotations,
or the equivalent interpolation of spin rotations with the generalised shape functions I‘;,
AY = If,Aﬂj. Reminding that A denotes A(e) = (o),11 — (@), (to be distinguished
from the boldface symbol A used for iterative variations), the residual vector for this

algorithm, denoted here by g%l, is given by

g1 = gh + Bigh (AN, 0), (F.29)
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with

9r =9na+9a0(Noy1. M 1) —gh (F.30a)

and

, 1 A
Wa= - | T'Ald
gA7d At /L 87

i!
giAU(Nn_A,_l?Mn-ﬁ-l)i/ {:An""% i! 0 Fn-i-ldsa F30b
’ 2| I LA T T (W) A 2 (F.30D)
2 2

. / I'n g
gh . = s.
Ase I 0

The parameter [ is such that the condition E,11 — E, = AE = Ap; '9%1 =0 is
satisfied, which yields

AFE — Ap;, -giA

61 = ; )
Apl ! gZAﬂ](AN? 0)

(F.31)

with Ap; = {Ar; w;}. Since only constant applied loads are considered here, they do
not contribute to the Jacobian. Thus, with the definitions (F.30) at hand, the linearisation
of giﬁ1 in (F.29) follows as

Agl, = Agh at+ Agh (N, 1, M, 1)+ 0149} (AN, 0) + (AB1)gh , (AN, 0). (F.32)
The first term gives rise to the mass matrix. From the time integration scheme in

(6.10) we can derive the following expressions:

2
A’Un_l,-l = EAT’

2 2
2 AQ = =
At At

) (F.33)

AWnJrl = Kt

AZT(wn+1)_1A0 = A1 T(wny1) T A,
where use of the relation AQ = A'T(w,+1) AY derived in (F.14), and equation
T(w)™! = exp(@)TT(w) "7 given in (2.25b) has been made in the last identity. Therefore,

from the definition of I = {l 14} in (F.10), and equation (F.33), it follows that

261



A,Av, 2 4,A
AAD) = Al ={ pAUntl D T
Ay i1+ A1 T,AW, 1y A9+ 2 A, 1T,AQ

%ApAT
(o + Z A1 I, ALT(wns1) ) AD

Inserting this result in the linearisation of the inertial force vector giA7 4 in (E.30b), we

obtain

AgiA,d = K'Zr‘%assApja (F34a)

where the inertial part of the Jacobian Kgmss is given by

1 | ZHIAT 0
K uss = 5y / I -, ) N\ |ds. (F34p)
L 0 (—l¢+EAn+1JpAnT(wn+1) )Ig

For the development of the second and third terms in (F.32), we derive the following

relationships:

1 1 1 TY TR

AFTL—F% = 5AFTL+1 = §CA27L+1 = §CA61TBgAp]7
17—

AAnJr% = §IJgA19jAn+1,
1

!/
A’rn_i_% = 5[‘7 AT]‘,
(AT(wn1)AM, 1 = Egr(AnM,, 1) Aw = Egr(AnM, +%)T(wn+1)—11;m9j,

where the matrices I, Bg and By are defined in (F.5), (F.27b) and (A.18) respectively,
and the result Aw = T(w) !AY has been used in the last equation. Inserting these

relations into AgiA , gives rise to the following equations

AgiAﬂ)(Nﬂ‘l’% ’ MTH*%) = szlApj)

‘ g (F.35a)
AgZA,v(ANv O) = K;JQApj

where the stiffness matrices KZJI and KZfQ are given by
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o I'A, 1 0 ,
K -1 / : CAL,Bids (F.35b)
L

2 _IZ?;H%AM% I'T(wpi1)An
. / 0 —I' RN, T ]
+= — , — o N | ds,
2Ju | PRGN LT (17,1 A iN 1+ 20 Egr(AM,,, 1) Twni1) ) T

N}

. I'A 0 A
K, = / s CAZLBlds + -
L 0 0

1 / 0 —I'A,;,ANT,
0 0 2JL

On the other hand, the linearisation of 3; follows from its definition in (F.31). We will
require the linearisation of the total energy, which can be derived from the definitions
of the kinetic energy T = § [, p - lds and the internal energy Vi, = % [, - CX with
p = {7 w} (see their definitions in (3.20) and (3.16)1). By resorting to equations (F.33)

and the relation wy 1 = Ap 2,41, it follows that

A(AFE) = AE, 11 = AT + AV = gl - Ap;, (F.36)

with giE written as

;2 / I' 0 L ods / 't o .
9 = 3 . 1as o ) 1as.
E At I 0 I;TT(wnJrl)_l n+ L IZgTrn+1 Ig/T n+

By setting d = Ap; 'ng,v(AN’ 0) and using (F.36) , we can then express the lineari-

sation of 31 as

AE,41 — Ap; - Agh — Ap; - gy

AB = .
_% (AP]' - Agly (AN, 0) + Ap; - g%y (AN, 0))
_ é |Ap, - (gh — gk — Figh (AN, 0)) — Ap, - (Agh + 1 Agh, (AN, 0))]
- é [Apj ' (93;3 - 9%1) —Ap; - <A9£ +51A92,U(AN70))} : (F.37)

where use of the definition of the residual 9%1 in (F.29) has been made in the last
identity. Inserting the results in equations (F.34) and (F.35) into the terms in the second
parenthesis in (F.37) leads to
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(AB1)gh (AN, 0)

1, A , ) ,
= ggA,v(AN7 0) [(g]E' - gf@l) : Apj - Apk : (Kﬁ’{ass sz);{ + /BIKS%> Apj:|
=KjAp;, (F.38a)

with
i 1 i ; ; . N T
Ky = 292,(AN,0)® {9?; ~ gy = Y (Kb + KU + 9K Apk}
k
= g8, (AN,0) % (g} — g}
1 7
_g Z (gA,v(AN’ 0) ® Apk) ( mass + BlK ) . (F.38b)
k

By gathering this equation, (F.34) and (F.35), the linear form of 9%1 in (F.32) can be

now fully completed and computed as follows

K7 = K4 + ﬁlK + K

mass

or more explicitly,

a1 . .
K = ggmAN,m ® (g%~ %)

y (F.39)
+Z( I6_dgAv(AN )®Apk> (K’;rgass—i_K +ﬁ1K >

F.2.2 STD-algorithm

Although this choice will not be used in the results, it is a relevant algorithm as it was
the first algorithm that provided energy-momentum conservation for 3D geometrically
exact beams [STD95]. It has been shown in Section 6.2 that this formulation leads to the

following force vectors:

7 . 1 1
N At/IAlds

. I'A, . 0 e
- +3
o /L ~I'F A, IYS(w)A, w3y (F.40)
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where the matrix S(w) is the transformation matrix given in (2.23)), and is such that
AY = S(w)Aw.

In contrast to the previous section, the interpolation of incremental tangent-scaled
rotations w will be employed here, i.e. w = I’Qi and Aw = IiAgZ- (but not A9 = I A,
or AY = I§A19j as it has been used in the previous sections). As explained in Chapter

6, this is required for the exact conservation of energy.

Mass matrix

Let us first note that from relation (F.14), we can state the analogous expression

AQ = ATS(w) 1 Av.

Replacing A¥ in this equation by S(w)Aw, it follows that

AQ = A Aw.

Keeping this relation in mind, and from the time-stepping scheme in (6.10), the fol-

lowing expressions can be derived:

2
A'Un+1 = EAT',
2 2 .

By denoting

. ATj
= { Aw, }

it can be deduced then that the linearisation of giA J reads

mass

AglA’d =KY Agj, (F.41a)

where the mass matrix K%, .5 is given by

2
EAp 0

. ) ds. (F.41b)
0 —1S(w) + Az Ant1dpA,

.. 1 ..
Klnjmss:At/LIZI]
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Elastic force vector

In order to perform the linearisation of giAv in (F.40), we note first that with the

current interpolation we have

Ar' Ar'
AV 5 =1 S(w,1)Aw+S(w, ) Aw’ = BsAg, (F.42)
AY S(wy41)Aw

where the matrix Bg has the following expression

U

ViR 0
B{q = 0 Ijls(gnﬂ) + US(w,i1) |
0 Ijs(gn-i-l)

with S(w)’ given in (A.33). Comparing equation (F.6) and (F.42), an expression for

AF, . 1 can be directly derived as follows

1 1 1 ;

n+3

Additionally, the following equations can be verified

1 —
AA, 1 = 5S(W)AwAs,
(AS(Qn—H))AnMn_F% = EdS(AnMn—H)AQa

where the matrix Egg is given in (A.34). By making use of these equations and (F.43),

the linearisation of the elastic force vector giA , may be written as

AQZ,U = KzejlasAgj7
where the stiffness matrix K?l s 18 given by
Kl = / A ° CAJLBLd (P.44)
— 2
l — = Y . 6 r S S .
elas 2 I IZT;—H-%AnJr% IZ/S(Q)AH
0 ~I"I3 KN, 1 S(w)

+/ \I'f'A N S LI07 Ay N I' 1 5(A,M ds.

L| 3 niiN L S(wnsr) g I'PP 1 ANy 1 + T s (AnM, 1)
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Since we are considering only constant applied loads, we have that AQiA . =0, and

therefore the elemental Jacobian matrix reads

K7 =K%,  +K" (F.45)

elas’

with K ,ss and szl'as given in equations (F.41) and (F.44). We note that we have
used the iterative vector Agj with iterative nodal additive tangent-scaled rotations Aw;.
If instead Ap; = {Ar; AY,;} is wanted as a result of the solution process, the post-

I 0

multiplication of K% in (F.45) by the matrix ngl. = [ 5( )
: 0 Swnir,)

. ] must be per-

formed, i.e.

Agj = S;; Ap; (F.46)

We point out that strictly speaking, iterative rotations §19 are not infinitesimal, and
therefore, iterative spin tangent-scaled rotations and iterative spin unscaled rotations

should be distinguished. However, observing their relationship,

tan Av/2

a2 A9

AY =

it is clear they differ only in the second-order or higher terms, and in consequence,
for practical reasons (they will not change the second-order rate of convergence of the
Newton-Raphson solution process), no difference between Ap and Ap in (F.46) is being

made.

F.2.3 Algorithm M1

Let us give the load vectors used by this algorithm, which can be found in (6.14b),
(6.16) and (6.14d)):

i, = [ I'Ald
gA,d At /L S,

A, 0
‘ = "tz F_ 1ds
o /L 1T A T'T@)A, |7
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Since gp 4 is identical to the inertial force vector in (F.30b)1, the mass matrix Kpass
will be the same given in (F.34b), except the matrix S(w,, ), which due to the different
time-stepping must be now replaced by T(wy+1). Also, since the external force vector is

constant, its corresponding tangent operator is zero.

Regarding the elastic force vector, it only differs with giA’v in (F.30b)2 in the matrix
S(w), which is replaced in the present case by T(w). It follows that we can just perform
the necessary modifications in matrix szl of equation (F.35b)): replace S(w) and S(w)~*
by T(w) and T(w)~!, respectively, and 245 by Egr. The resulting Jacobian is then given
by:

K" = Kgmss + Kze]las’
with Kf%ass and Kzejl us €Xpressed as
5
i — 1/ Il EI]API R 0 ' ds
At 0 (—l¢ + ﬁAnHJpAﬁT(wnH)*l) I |
g1 I'A s 0 .
K;..= 2/ o 2 y CA6ITB§ds
L —TI Irn-‘,-%An-i-% I T(wn+1)An
+1/ 0 —Ii/An—&-an-i-%Ig ;
— . . . — . > S.
2)i| IA N 1 (IZAnHNn 1+ 20" (AM, +%)T(wnﬂ)—l) itk
2

F.2.4 Algorithm M2

The force vectors of the M2 algorithm are give in (6.14b)), (6.20) and (6.14d)):

glA,d = At/LIZAldS,

. I'A 0
. +1
g’ = / L ) F, _ .ds,
A L| —IF A, @A, | "

. / I'n p
Ire = 5.
& L 0

Since the only change with respect to the previous algorithm is the subscript of /,
in giAﬂ), and also the different time-stepping for the translations, the tangent operators

follow immediately as:
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-
:1/Ii LA
L

0

il
K3
I'A

_ i’
I ’l“nAn+%

0
~ ) - 1\ o ds,
(—l¢ + K An+1Jp AL T (wnt1) ) I

/

, CAGLBds
I'"T(wni1) Ay
AN, 1T

(I"Amn 120 (AM, +%)T(wnﬂ)—l) it
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. Linearisation of master-slave

residuals

G.1 Node-to-node master-slave residuals

G.1.1 Variational form

It is shown in Section [7.2 that the master-slave relationship transforms the nodal
residual vector g* into an extended residual glém via a nodal transformation matrix Ny ;

as follows:

The vector g* can represent any of the residuals derived in Chapter 4, and the matrix

N, is given in (7.5) as

Nsi = [ Rsi Ly } ; (G.1a)
with
A 0 T —A,, 7,
Ry; = : B TR | (G.1b)
0 AmiTri 0 I

The linearisation of giRm may be split into two parts:

Agh,, = Nj,;Ag’ + (ANj;)g'. (G.2)
The first term can be rewritten by resorting to the elemental Jacobian matrix ng
Ag' = KﬁApj = KZN(;JApRmJ-
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where Ap; is the nodal vector of iterative slave displacements and Apg,,, ; = {Apg j Ap, ;}
is the vector of iterative released and master displacements of node j. It then follows that

the term Nj Z»Agi may be computed as

R}K'{Rs RjKjLy

NT~Agi:NT-KUN5 Ap = A -
8,0 8T AN 0] Rm,j LgiKngj L:SFiKiéle(Sj

The second term in (G.2) can be computed as follows:

(AAEM‘)Q?
(ATR A9 + Th (AN, )G,
0
~9% (AN TR — 94 Am i AT R

(AN(ST,i)Qi =

where we have split the residual vector into the translational and rotational part with

the usual notation g* = {g} gfb} By remembering the following expressions:
AA = AJA,
dT"a = ZE,pr(a)do,

where the matrix ZE pr is defined in (A.19b), the vector (ANgi)gi gives rise to the

following expression:

) = AT gi)AOR; +TT . AT g A9, g
(AN(ST,i)gZ _ dTﬁ,i( m:zgqﬁ) R,(l) R m 9 m,i _ K%gAPRm,Z',

gchm,i'rRﬂ'Aﬂm,i - gifAm,iArR,i

with

0 0 0 Anigy
i = 0 EdTITh. (Aﬁug;) 0 T}F%,iAEn,igé) (G.4)
0 0 0 0
L 0 0 _Q;Am,i Q;Am,i""RJ‘ ]




Note that EdTIT2 ~ has the same expression as Egpr but replacing 6 by ;. By gath-
ering this result and equation (G.3)), the block ij of the Jacobian matrix coupling the

contributions of nodes ¢ and j can be expressed as follows (no summation over i or j)

ij _ T 1ot . YA Vel
K" = N; ;K ;N5 ; + 9; Ky,

or alternatively

g KY, KY
K" = ! RR T Rm ] (G.5a)

where Kg R K%m, K:fl r and K} are given by

. . 10 0
0 ‘—'dTgi( m,ig¢)

0 A;Fn,igévA ]

K9 =REKYLs; + 4
R 55> A HE7 -
" ‘Lo TjT%,iAgz,igzs

i _ Tyl )
KmR = RMKAR5J

iy . ) 0 0
_ngm,i ngm,irR,i

G.1.2 Incremental form

By denoting as ABi as the vector of incremental slave displacements and Ap R &5 the
incremental master and released displacements of a node i, their relationship is written

in equation (7.13) as

Ap, = NA’iABRm,i’ (G.6)

where the general form of the matrix N ; reads

NA,Z' = |: RAi LAi } )

with Ra; and La; now given in equation (7.14) as

N1y 0 I Ny
RAz‘ - 11,2 : LAi - 14,4 .
0 N22 i 0 N24 %

)



Note that both vectors ABZ' and Angi use tangent-scaled incremental rotations.
Three conserving algorithms are described in conjunction with the node-to-node master-
slave approach in Section [7.3: the STD-, the 31- and (2- algorithms. For all of them, the

particular form of N is given in (7.18) as follows

1,
Ny, = <I Wmii Am,i,nJr%’
1/ — P
N14,i = _5 (Am,i,nrR’i’n + Am,i,n+1"°R’i7n+1) )
1
—T

Nog i T S(Wm,i)™ Amin,

1- Zwm,i : Am,i,an,i
Noy; =L

The linearisation of the extended residual g%m = NAJ»g" can be done according to the
same arguments given in the previous section, i.e. splitting Ag}ém into the following two

parts

Agh, = NZ,iAgi + (ANZ’i)gi. (G.7)

The first part is derived by resorting to the elemental Jacobian matrix Ki{,

Ag' = KZApj. (G.8)

As explained in Section [7.3, the vector g’ is the residual derived in the conserving
STD-, 51- or (Bs- algorithms of Chapter 6, denoted there by QiA, gfgl and g/"gz, respectively,
and here denoted for short as g*. The elemental Jacobian matrix K] for the first and
third algorithms can be found in Sections [F.2.2| and [F.2.1. The iterative displacements
Ap; in (G.8) can be in turn transformed into the vector Appg,, ; via the matrix Nj ;

already defined in (G.1) as follows:

Note that these relationships are different to the incremental master-slave transforma-
tion in (G.6).

On the other hand, the linearisation of NZ,@ in (G.7) leads to the matrix Kya, which
is such that

(ANR,)g' = K%AABZ--
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The explicit form of Kya can be found in [JCO1], which we will just recast here:

0 0 0 KY
fia = 2 (G.10)
0 0O 0 O
i 0 0 K
where the 3 x 3 block matrices are derived as follows
Z114 = iA%,i,n-‘rl (gf 4*771 ng) + ZAmzn—&- ( ngf +wm zgf> S(fm z)

A;F (gjzy ® gm,i)IXm,l
4—wy, i Amiwp,;

i Amzn(2g¢+( mz g¢)1+wmz®g¢>+AT(g¢®wmz)A

24 = S Qm,z')a
44— Qm,iAm,iQR,i

10
22 =

o~

i
41 = _ingAm,i,n-i-lv
A
i 1y A
4 = 5gf myin+t1T R 1o
with A; = Tw le — S(Wy,1) " " Am,in- We can therefore write the ij contribu-
m i Amy L, n*ER g

tion of the J acoblan matrix as follows

K" = N} KNy + 6/ K. (G.11)

As in the preceeding section, we can also write K¥ in the following form

- KY . K4
K9 = [ KﬁR Kgm ] (G.12a)
mR mm

with K%, K% K9, and K}, given by
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g g 1o o

K :RT,KUR«MJ[ ]

RR Ai> ATVAG Y )
Lo Ki

K}, =RLKYLY; + 6/ [ 14 ] ,

e (G.12b)
K7 =RLKYRY. + 07 00
— TVA; Aj i . 3
mR 1 A J 7 Kffl 0
g y 1o o
ij T T gl o+ j

G.2 Node-to-element master-slave residuals

G.2.1 Variational form

As before, the linearisation of the elemental residual g}%m = N(;TgA is split in the
following two terms,
A(Njg") = NjAg” + (ANj)g™, (G.13)
where the matrix Ny is given in (8.23), and we will rewrite here as follows:

O I . 6 (_) 06><6NB
N5 = _ _ _ )
0O 0 . I 0 Ogxeng
Rz 0 ... 00 Ly |
with matrices Rsp and Lg given by
@G 0 - -
Rsp = B ! §L55[I]§I IgBI .
0 ApTp

and Np the number of nodes of the current master element.

The first term in (G.13) be expressed by using the elemental Jacobian matrix of the
sliding element A, denoted by K4:
Ag? = K Ap?.

The vector Ap# can be related to the vector of iterative changes of released and master

variables App,,, by using equation (8.18):

275



It can be observed in the definition of matrix N3 in (8.18) that iterative rotations are
interpolated using the standard Lagrangian functions , i.e. AY = I7 AY;. However, if a
strain-objective formulation is desired, we must employ the generalised shape functions
IgB given in Section 5.3 for the interpolation of the iterative rotations Adp, i.e. Adp =
IgBAﬁj. Replacing the functions I% in matrix N3 by the generalised shape functions

Ig > We obtain the transformation matrix INj  relating the vectors Ap? and Apém:

ApA = NggApém

with

0 I .00 06><6NB
Ny, =| ~ = (G.14a)
0 0 ... T 0 Oguong
| Rjp 0 0 0 Ly |
and Rj5; and Ls, given by
r, @G 0 ILT o ... INPT o
Rip=| " 7 , Ly =| 0 S (G.14b)
kp® Gy ApTg 0 IgB 0 IgB

Thus, making use of the elemental Jacobian matrix K4 and matrix N% 4> the term
NTAg# in (G.13) reads

N; Ag” = NjK,Ap = N;KANj, App,,.,

In order to obtain an explicit form of the second term in (G.13) with the matrix N

given in (8.23), we first develop the product (ANT)g# as follows

G ® Arjgg;v*‘
(AT},)A%g, " + TH(AAR)g)™
Osn,

ANj)gt =
(AN)g A(rh)g"

A(I5")gN
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Therefore, by deriving the following results

Arly = A(Ir)) = Iy Arj + "y AXe = Iy Arj +r'h © G Arg,
AAp = @AB + AXBEBAB = <Z’l\9 + (A’I“R . Gl)/]%3> Ap,

A(T}%)a = ET% (a)AHR,

the computation of (ANT)g# turns into

G1® gi‘VA <IJJ§/ATJ +(rp ® Gl)ATR>
By (ALgy*)ABR — TRALkR(g,* © Gi)Arg + TRALG, " Adp
O6n 4

(ANj)g"* =
J Ié/(gNA & Gl)A’I‘R

IgA/(gNA & G1)AT‘R

KRrr O6x6N 4 Krm
= 06N, x6 06N, x6Ns O6Nux6Ng | APRm: (G.15a)

K,.r Osngx6Ns O6Npx6Np

where N4 is the number of nodes of the slave element, and the following definitions

have been implicitly made:

Koo _ | ChgiGieG 0
B ALY (kp © Gy) Epr(A%g)4) |
| TrABG, " (ks ® G1) Epr(Apg,”)
[ Giog) 0 YT 0 ... 1T 0
Kam = 0 TTALGY 0o L o v (G
L R Bg¢> gB - gB
[ LT
Knp = b g™ @G
e

where Gy in K,,r is the sixth-dimensional unit vector defined as G; = {G1 0 0 0}.

Eventually, the total Jacobian matrix of the coupling element K, can thus be written as

Krr O6x6N 4 Kgrm
Kep = NgKANG + | O6n,x6 Osnax6N,  O6Nax6Ng | - (G.16)

K,.r Osnpx6Ns, O6Npx6Np
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G.2.2 Incremental form
Preliminary results

A general form of the transformation matrix Na for sliding joints, relating incremental
slave displacements Ap” and incremental master and slave displacements Apém can be

found in (9.32), which will be written as:

Na=| = C ;
0O 0 . I 0 Ogxen,
| Ra 0 . 0 0 La |
with Ra and La given by
LAry ®G 0 — _
Ry = | AXT X2 , La=| 4T ... IV
0 CS(EX)_TAX,’L

and N7 the number of nodes of the current master element. The matrix S™1 is defined

in (2.24) and scalar ¢ is given by

1
C1-twyAxwp

Cc

The specific values of Arx and I§( for each of the algorithms derived in Chapter 9
are listed in Table 9.3l We give in Table |G.1/ those values concerning the algorithms that
are used in the four strategies ALG1, ALG2, ALG3 and ALG4 described in Section [9.5.2.
We remember that X,, and X, are the arc-length coordinates of the contact point at

times t, and t,41.

SM1-NTa SMI1-NTb SM1-Ta SM1-Tbh SM2-NT SM2-Tb

I Jg'(% Ig'(% I b I I

nt1 Xn+1 n+1

ATX AL rj7n+% AI]’I‘jer% A’I"ch A’I’chn ATBC,n ArBC,n

Table G.1: Expressions of I g( and Arx in matrix Na for algorithms contained in ALG1,
ALG2, ALG3 and ALGA4.

We will compute next the linearisation of the general form, and then particularise the
result for the algorithms that the four strategies listed in Table [9.5 use, i.e. algorithms:
SM1-NTa, SM1-NTb, SM1-Tb, SM2-NT and SM2-Thb.
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Following similar reasoning as in the variational form, the Jacobian matrix will be
formed by two parts, one from the linearisation of the elemental residual g#, and a
second one stemming from the linearisation of Na. The resulting Jacobian matrix is then

expressed resorting to the usual structure:

K., = NAKANj, + Kya. (G.17)

Matrix K 4 is the elemental Jacobian matrix of the residual g, which in our case is the
residual of algorithm M1 or algorithm M2 in Chapter 6. Their corresponding Jacobian
matrices are derived in Sections F.2.3/ and .2.4. The matrix N} g 8 similar to the the

one given for the variational form in (G.14):

0 I 0 0 Ogxen,
Ny =| o c (G.18)
0 O I 0 Ogxon,
| Rjp 0 0 0 Ls |

However, the expression of R5; and Ls, will differ from (G.14b) for the algorithms
that do not satisfy the kinematic sliding conditions. As it has been explained in Chapter
9, the ’a’ versions of the algorithms conserve the angular momentum, but at the expense
of satisfying only approximated kinematic conditions. In this case, the matrix N} , must
be modified according to the new kinematic condition. Its explicit form will be derived

for each algorithm.

We will next give the guidelines for deriving matrix Kya, which is generated by the

linearisation of Na, i.e.:

(ANR)g" = KyaApp,,. (G.19)

By expanding the product NZgA and linearising the terms of matrix Na, we obtain

(ART)gA,NA )
OGXNA
(ANR)g"? = { (AIy)gtN

(AI{")g4Na

7
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A G1 @ g M A(ArY) + (G o g V) Ary A()
Ak, (Eds—1 (95" Awy + S(gx)‘lgﬁ’NAAc)
O6x N,

= , G.20
I&’(QA’NA ® Gl)ATR ( )

I)]\([I/(QA’NAAGl)ATR

W

7N 7N

where g? and gq/;l are the translational and rotational part of the slave residual

gNa. The matrix Eyg-1(a) is written in (A.35) as

1.1
Egs-1(a) = ja+ ((a 0l+0®a)

We will as yet anticipate the general structure of Kya as follows

KRrr O6x6N 4 Krm
Kna = | Osnyx6 O6nyx6N, O6nyx6N, | o (G.21)

K,.r Osngx6Ns O6Npx6N;

where the particular form of Kg,,, Krr and K,,r will be derived for each one the
algorithms. Nevertheless, it will become useful to have at hand the linear parts of the

terms appearing in Table |G.1. These can be obtained as follows:

1.
— 77 /
n+l 2I Xn+1

(G1- Arpg),

. 1 .
A J
AIX% = 5IX

AT =P, |G- Arg,
AL =0,

) : (G.22)
A(AIJ’I"jm) = Ig(n+iTj7n(G1 . AT‘R),
A(AIjrer%) =1, 'r (G1- Arg) + %AIjATj,

. 1
n+1 .77n+§

A(A’I"Bqn) =A (’r'Xn_'_hn — ’I“an) = Ig(n+/1Tj7n(G1 : A’I"R).

It will become also useful to linearise ﬁ, c and wy, all of them contained in the first

two rows of (G.20). The first two are developed as follows

1 1
2
Ac = CZ (Awy - Ax,wp+wy - Ax, Awp) .
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The relation between Awp and Awpr can be derived by recalling the relationship

between tangent-scaled and unscaled rotations:

Awp = A <man/2wR)

wRr/2
tan2
- [1 e 2(WR/2)WR @wpr + tan(wr/2) <I — wR@;wRﬂ Awp
YR WR/2 w?,
(1= (wg/2)? wr/2 WrBwp
N { wh Wr@Wrt arctan(wp/2) 1 wh Awr
= U(wgr)Awg, (G.24)

with

Ulw) = 1—(w/2)? wr/2 <I_w®w>7

W 2 Pt arctan(w/2) w?

which inserted into the expression of Ac yields

C2

Ac = Z((AXHQR)‘AQX +wy Ax,Ulwp)Awr) . (G.25a)
On the other hand, the linear part of wy can be derived by introducing the following

result:

Acay(wy) = Adxcay(wy) = cay(wy) AX + Adx, ,, cay(wy),

—

which after noting that cay(wy) = S(wy )w’ ycay(wy), implies that
AYx = S(wx)w'x AX + Adx, .

The vector A¥x is the spin variation due to the change of arc-length coordinate AX
and the variation of the rotation at point X, 11, Adx, . Since Adx = S(wx)Awy, it
follows that

Awy = QI)((Gl -Arp) + S(Qx)illganA'ﬂj, (G.25D)

where use has been made of the strain-invariant interpolation AvY = IgAﬂj. Note
that the computation of wy and w'y must be done also respecting the interpolation of

local rotations, i.e.

281



o —

ek = I_%;n ef, — Ax,., = Avigni1exp(©% ),
O%.. =Tk . Ol 1 — Ax, =Aign eXp(é\%n),
cay(wy) = Ax,,,Ax,,
kx, = AXnT((")Xn)T@g(nla
kx,.. = Ax,. T(©x,,)"0%
Wy = S(wx) ' (kx,,, —cay(wy)kx,).

where the expression of the curvatures kx, = k(X,,t,) and kx, ., = kE(Xni1,tn+1)

follow from (5.15), and the last equation is given in (E.10);.

By introducing the following definitions:

(G.26a)

we can express the product (ANa)g4 in (G.20) as

(ANR)g"
ax(G1® g?’NA) (A(Arx) — 3¢ (Arx © G1)Arg)
A}n (Agwy +ag@wxAx, Awp)

O6x N,
I;(/(gA,NA ® GI)AT‘R 5

IQI/(QA’NAAGl)A’I‘R

A (Gragl™) (A(arx) - A (Arx @ Gy)Arg)
% A (@ © G Ars + S(wy) "Wy A9;) +a, @ wyAx, Ulwe) Awn

O6x N4
I)l(’(gA’NA ® G1)Arg

Iy (g4N1 AGy) Arg
(G.26b)

SM1-NTa algorithm

It is shown in Section 9.3.1 that the slave node N4 satisfies the kinematic condition

given in (9.20),
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Np
r 1:E Pir. 1.
Na,n+3 X1 gmntg
J

The linearisation of 7y, must be then performed according to this equation, which

leads to (see also Table 9.2),

Ary, =T, ' (G1- Arg) + Ig'(%mj,nﬂ. (G.27)

n+1rjan+%

Therefore, the matrix N;§g such that

ApA = NggApgm?

is given by Nj = [ R; Ly, } in (G.18) but with the following definitions of R} and
Lsy:

J 1 Np
e I L LI 0 L LEL o
? N
an+l ® Gl AXTL+1TR O I;XTH»I 0 g)]?n-l»l
(G.28)

From the general form of (AN} )g” in equation (G.26), using the values indicated
in Table (G.1 for the current algorithm, and resorting to the results in (G.22);, (G.22)s,
(G.23) and (G.25), the expressions of the block matrices in Kya can be obtained as

el ,r,.n 1 Aljr,.n 1
Krr = Q;UVA' ( XHHAXJ’ - A;é;?‘j) (G1®G1) 0
AE(nAg(Q/X ® G1) A}n(ag ®wy)Ax,U(wg)
1 A,Ny
AvG1®g 0
Kpn = [ 2% ! i | ] Kk - Ko,
0 AXnAgS(QX)
, AT 0
K’ = | G.29
-
, IXn+iI
Knp = 3 D gt e Gy
Ne 1=
IXf—s—II
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SM1-NTb algorithm
The kinematic sliding conditions are now satisfied, which implies that instead of equa-
tion (G.27), Ary, is given by
ATNA = I§(H+1,Tj7n+1(G1 . ATR) + I§(n+1ATj,n+1-

Hence, instead of matrices R} and Ls, in (G.28), the following expressions must be

used:
J o 1 N
R: — IXnHrj,n—s-% ® G 0 Ly, — Iy, 1 0 S IxE 0
’ N
kx, ® G AXnJrlTR 0 I;Xn+l 0 Ig)?n_H
(G.30)

This algorithm uses the same definitions in Table|G.1 of I g( and r'y as in the previous

algorithm, and thus, the block matrices Krr, Krn and K, g are those written in (G.29).

SM1-Ta algorithm

This algorithm neither satisfies the kinematic conditions, but the following equation,
_7J
rNA,n+% - IXn+1rj,n+%’

which is required for the conservation of angular momentum. It then follows than the

linear part of 74 n4 is given by

ATA,NA = 2[;@_:{7’ 1 ® Gl)A’I‘R + Ig(n-uArj’

]7n+§

which leads to the following matrices R} and Lsg,

J 1 N
R 20 71 @ G 0 b [T 0 LT o
- ’ g N
an ® Gl AXn+1TR 0 I;Xn+l 0 Ig)?n-‘rl
(G.31)

On the other hand, according to equation (G.26), Table (G.1 and equations (G.22))9,
(G.22)6,(G.23) and (G.25)), it can be verified that matrix Ky is given by the the following

block matrices:
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’

AN I‘jn Tin  Argom
gt (BaplnAreca ) (G0 G) 0
Krr =

A}nAg(QIX ® G1) AE(,,L(ag ®wy)Ax,U(wg)
[0 0 N
Kp, = [Kl K Ne]
" 0 AL Swy)! ] o foe
- [0 0
K., = ), C.32
I, 1
K.r = : gtV © G,
| Iy T

: _7J C _ 1) .B
with Arpcn, = IXn+1rj,n Ianj’n.

SM1-Tb algorithm

Since this algorithm satisfies the kinematic conditions, the corresponding matrices R}
and Ls, are those in (G.30). Also, this algorithm uses the same definitions of Arx and
I g( in Table [G.1 as algorithm SM1-Ta, and therefore, the matrices Krr, Kg, and K,,,r
are those given in (G.32).

SM2-NT algorithm

This algorithm satisfies the sliding kinematic conditions, and thus, matrices R§ and
Lsg in N3, are also those in (G.30). In addition, using the values of algorithm SM2-NT in
Table |G.1l and equations (G.22)3, (G.22)4, (G.23) and (G.25), we arrive at the following

definitions:
Ij ,T',n 1 Allpr:
K Q?JVA : ( XHAX] = - IZ)%“) (G1®Gq) 0
RR =
X, Ag(wy ® Gi) Ax, (ag@wx)Ax, U(wp)
M1 A,Ny
~vG1®g 0
KRm = ax f T 1 [K}%m Kgﬁm ’
L 0 AXHS(QX)
' [ AT 0
K’ = |, G.33
K,k = 0.
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SM2-Tb algorithm

This algorithm uses the same expressions of Ig( and 7’y in Table |G.1l as algorithm
SM1-Thb. Moreover, it also satisfies the kinematic sliding conditions. It then follows that
matrices Rj, Lsg and the block matrices Krgr, Kgy and K, g are identical to algorithm
SM1-Tbh. However, note that due to the different expressions of the residual vectors g# for
the M1 and M2 algorithms, the elemental matrices K4 are different and, in consequence,

also the expression of K in (G.17):

K, = NZKAN:SFg + Kuya.

G.3 Joints with dependent degrees of freedom

Let us recast the expressions of the transformations matrices Hs and Ha for joints
with a linear relationship between the released displacements and for the cam joint in the

following table:

LINEARLY DEPENDENT* CAM JOINT
H; cG, @ Gy —RsinrG, ® Gy
0 n 7 0 n
Hu cuILn2 G, @ Gy RE=Ian cnlin G, @ G,

*For the rigid segment Hs = HA =0

Table G.2: Values of Hs and Ha for joints with linearly dependent released displacements

and the cam joint.

We remember that they are such that

(ST‘R = H(gng,

Arr = Hawg,

where due to assumption 1 in Section 11.1, wr = O n+1 — ORr -
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G.3.1 Variational form
General modifications

As it has been explained in Chapters [7 and [8, the master-slave relationships lead to

an extended residual which is given by:

NN: gk, = Njg',
Rm ot (G34)
NE: g, = Njg™".
The elemental residual in the NN approach is formed by all the nodal residual vectors
gl ie. g ={g' ... gN4}. It has been shown in Sections/(i.1/and (&.2/that the linearisation
of the extended residuals in (G.34) leads to the Jacobian matrices K such that:

NN: A(Njg') =K7App,; with K7 =NjK{Ns;+ /K, (@.35)
) 2 ) 2 . 5
NE: A(Njg?)=KApg,  with K = NjKsN;, + Kys,

*

5g> Which uses the generalised shape functions

where the explicit expression of matrix N
Ig, is given in (G.14), whereas the matrices K4 are the elemental Jacobian matrices of
the corresponding residual vectors. The matrices Kygs, which arise after linearising the
transformation matrices Ng, can be found in equations (G.4) and (G.15). However, if the
modified transformation matrices in (11.5) are linearised instead, different expressions of
KZK,& and Kys in (G.35) are obtained. If, in addition, we use the relationship Arp =
HsAOR, which follows from equation (11.4), it can be verified that the new Jacobian is

given by

NN: K% =NJKY{N;;+ 5K,

~ - _ ~ (G.36)
NE: K :NEKANEQ + Ky,
where the matrices INC}{, 5 and K Ng are expressed as follows
o . ) , )
—i | 0 Err (An9s) T Kus(Angh) 0 TTAL gl +H AL g
N& = ’ , (G.37)
0 0 0 0
K —g A 0 g AT |
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- [0 0
Krr = )
~ 0 0 IN'T 0
Kpn = T N T AT ANA 1
[ ILT
Isz = (gNA ® GG)I:I57
e
with
A= ETﬁ(ATngA) + TEATgﬁgA(kB ® G1)Hs

I3

0

vy [ (C39)
gB

0

+ (1 - g} HF (G ® G1)Hj + (v - g1)Kus(Gr),

The matrix Kgs(a) stems from the linearisation of Hj as follows:

(AH})a = Kps(a)A8r VY a € R,

(G.39)

and will be explicitly given for each kind of joint in the following sections. The matrix

is similar to N%_, but with R%p replaced by R z:

N, in (G.36) 5

0 I 00 O 0 - 0
(_) . . R(SB:

Nj = T oo N , .
0 0 I 0 0 0 - 151
~* _ _ _ _ _N gB_

| Rjz O 00 I;B L7g | 0

0

J
IgB

(’I‘IB &® Gl)H5

0 ApTr+ (kp® G1)Hs

|

5

Note that the new modified matrices in (G.37) and (G.38) are constructed by ex-

clusively changing the position of the terms in the rows and columns of the dependent

released displacement rg, and adding the matrices Hs and Kgs where necessary.

Joints with linearly dependent degrees of freedom

Since the matrix Hy for these joints (see Table (G.2) is constant, it follows that the

tangent operator K5 defined by (G.39) is zero, i.e.
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Kus(a)|,, = Kus(a)|, = Kus(a)|,, = 0. (G.40)

TS D sc

Cam joint

The expression for K s arises automatically from its definition in equation (G.39) and

the expression of Hy for the cam joint in Table (G.2 as follows:

(AHj)a =
02, Ok on
sinfp

:R(Gr-a) |:COS(9RG9®G9+ (Gg@Gg*I) Abfp

Or
= —Rcos QR(GT . a)Gg ® GoAbR,

where, the last simplification follows from assumption 1, i.e. A@r has maximum one
component different from zero, which is in the direction Gg. We arrive then at the

following expression of Kys(a):

KH(;(a)} = —R(G, - a)cos0rGy ® Gy.

cam

G.3.2 Incremental form
General modifications

The linearised forms of the residuals for the NN and NE approaches are given in

Sections |G.1.2l and |G.2.2. They can be written as follows

NN: K% =N} K{N;; + 5/ Kin,
NE: Kg = NAKAN, + Kya.

The expressions of matrix Ky for both approaches are given by (see equations (G.10)
and (G.21)):
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[0 0 o0 K |
NN: K¥, = 0 Ki 0 Ki :
0 0O 0 o
| Kf 0 0 K | (G.41)
[ Krr Oxon, Krm
NE: Kna = | Osnyx6 O6nyx6N, O6N4x6Ng
| Kmr  O6npxony O6npxeng

The particular form of the block matrices is also derived in Sections (G.1.2 and [(3.2.2l
The form of matrix K}(, A in the NN approach is sufficient to show the required modifica-
tions that we will describe in the subsequent chapters, and therefore will not be detailed
further. Regarding the block matrices in Ky, their explicit forms for the different time-
integration schemes in Chapter 9 are given in Appendix |GL Although we will not recast
them, it will be convenient to write matrices Krr , Krm, and K,,,g with the following

more detailed (albeit still general) expressions:

krr11G1 ® Gy 0
KRR - )
krrot ® G1 KRrpoo
Kp, — [K}%m Kgﬁl],
; N
K%, = [IémGl@ng ! ]
m b))
0 K%%m22
Il .1
_ . N e
Knr = : g ® G,
Nos
ImIB%I

which are still applicable for both families of algorithms, SM1 and SM2. The meaning
of the terms krgri1, Krrot, I i%m, K;—Em22 and IZ@  follows for each of the algorithms from
the expressions of the matrices in Section |G.2.2, and will not be given here. The objective

of the present section is to show the necessary manipulations affecting these terms .

In parallel with the variational form, we define the the matrix Kga which satisfies the

following identity:

(AHX)a = Kya(a)ABr VYV a e R (G.42)
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By using the modified matrices Na in (11.13) instead of Na, it can be verified that

the linearisation of NTg leads to the following tangent operators:

NN:
0 0 0 0
~i | 0 KL+ Kpa(Nji'g)) 0 KE +H} K (G.43a)
NA 0 0 o 0 ,
0 K\ Hj, 0 K,
NE:
Krr 06x6N 4 K rm
KNa = | O6nax6 O6nax6Ns O6Nax6Np |
Knr  Osnpx6Ns O6N5x6Ny
IAiRR =
0 0
0 (kpro1 ® G1)Hy +HA (krri1G1 ® G1)Hy + Ky (55 -g?’N“‘)Gl) 4 Kpps
RRm - R}%m e Rgﬁ s
& - 0 0 ]
Rm = ; : ,
" | [z HA(GH ®g§‘VA) Koo
[ 1L T
RmR = agNA & GGE@,
[ Inpl

which should replace the original matrices Ky in (G.41). Here, we have defined the

matrix Hy as follows:

with Hs such that

Arp = H;Awp.

While matrix Hy gives the result as a function of iterative unscaled additive rotations,
ie. Arp = H;AOr = Hs Awp, matrix Hy relates Arp with the the iterative tangent-

scaled additive rotations Awp, necessitated by the use of also tangent-scaled incremental
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rotations in the conserving scheme STD. For the 81 and (5 algorithms, this matrix should

be replaced by H.

The relation between Hs and Hj can be derived by noting first that from assumption
1, if follows that ¥pAwr = 0 and wp @ WprAwgr = QQRAUJR. Therefore, the following
simplified version of equation (G.24) is obtained
L o
AQR = 1+ZQR A(.UR,

It follows from this equation that Hs and Hy are related via

1
H; = <1 + 4WR) H;.

Joints with linearly dependent degrees of freedom

For the computation of matrix Kgya(a), we deduce first the following preliminary

results:

- A - A
Aarctan(wp/2) 5 ERl %RQ _ G lgg ,
wrp (1+qwh)  2(1+ qwh)
A i _ _QR'AQR:_GT’AQR.
Wr QB}% Q%%

Making use of the these equations, the linearisation of Hia is obtained as follows

(AHL)a = cGy © G, < Aarctan(wp/2) + arctan(wy /2) A ( ! >> a

1
wr/2 Wr/2

which yields

c 1 _ arctan(wp/2)

K —

— ](Gr-a)Gg(@G@.
YR

It is important to note that when wp — 0 the following results are obtained,

lim0 Hp = cG, ® Gy

wYRp—

lim Kya =0.

wp—0
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Cam joint

1

By remembering Awgr = Awp and remarking the relationship

A (1> _ _Go-Awp
Gy - @Wp Q%% 7
we can deduce the following expression of Ky :
sin O n+1 cos Op pnt1 — cosOrp
Kuala) = —R(Gr-a) T Go @ Gy + 5 Go® Gy .

(1 + Z@R) (Go - wr) wh

Using the relations
costppy1 = cosbpycoswg —sinfg,sinwg,
glli:EO YR = glligo “R

the following values are obtained at the limit wp — 0:

cosOr n41 — costpy

lim R = —Rsinfgr,
wr—0 wR 7
. R | . cosOr i1 — costpy, R
lim —— |sinfp p41 = ——cosOgrn,.
wr—0 Wp Wr 2 ’

Finally, let us summarise in tables [(3.3| and [G.4] the results for joints in Figure 11.1

LINEARLY DEPENDENT (not the rigid segment*)

Kps(a) 0

Kpa(a) c 1 arctan(wp/2) (G, -a) Gy ® Gy

wp |1+103 wp/2

*For the rigid segment Kya =0

Table G.3: Matrices Kgs and K for joints with linearly dependent released displace-

ments.
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CAM JOINT

KH(;(CL)

—R(G, - a)cosrGy @ Gy

KHA(G,)

. sinOR p41 cosOR nt1—CosORr n G G
R(Gra) | () Gomg 00 & G0 + 20 22Go © G

Table G.4: Matrices Kgys and Kga for the cam joint.
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H. Demonstration of the

conservation properties

H.1 Conservation of momenta of the STD algorithm. (Sec-
tion 6.2)

The residual vector of the STD algorithm is given by

P i i .
INTIpng T 9pn, " Gpne =L N

where the inertial, elastic and external force vectors are expressed in (6.12) as

| i
gAd—At/LIAlds

;)
i ;/ 'l 0 AnJr%NnJr% s
i~ i/
p| 1% I SwAM, (H.1)

. / I'n p
g = S,
Zhe L 0

and the vector of local specific momenta [ is given by

l:{lf}i{ Apv } (H.2)
Iy AJ,W

We note first that the translational part of each of the IV equations giA = 0 yields

QA,U -

AP 7 i/ 1= _
/L(Atl Av+1 An+%Nn+% In) ds = 0. (H3)
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In addition, by recalling the completeness properties of the interpolating functions,

N N
SNri=1; Y Ir'=o, (H.4)
=1 i=1

it can be checked that the addition of the N equations giA = 0 leads to following result:

1 Alf n
/ ds = / y ds. (H.5)
At L Al¢ L Tn+%An+%Nn+%

On the other hand, the increment of momenta over a time-step reads

Al Aly
AIl = / R ds = / N — ds. (H.6)
L | Aly+ A,A(rv) L| Alg+ Ap(rn+%Av + Arvn+%)

Clearly, the translational part of (H.5) implies the conservation of the translational
momentum if no applied loads exist. Moreover, the last term in the rotational part of
AII vanishes due to the time-stepping scheme in (6.10), which states that V1= ﬁAr.

2

Recalling the rotational part of relation (H.5), we can express the increment of of IT as

AH¢ = /L<APFn+;Av+At?;+éAn+éNn+é) ds
_ /L (AT7, s B0+ A (AL N, ) ds

By inserting equation (H.3) into this expression, it follows that

AH¢ = At/ Fn—i-lﬁdS’
I 2

which vanishes if no external loads exist.

H.2 Increment of angular momentum by using residuals g/
in (6.14)

This formulation uses the residual vector giA = giA at giA — giA ., together with the

following definitions (see equations (6.14)):
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g7A7d = At/LIZAldS,

. I'1 0 A 1N
L= , . ntgt ity ds
YNy /L _qi tar;(;;Q/Q) = ’ )

A T(w)A,M
; / I'n p
g €: S?
A L 0

n+3
with  given in (H.2). Again, from the completeness properties of the interpolating

functions I’ the sum of the N equations giA = 0 gives rise to

1 / Aly p / n (H7)
_— S = . .
At L Al¢> L tan(72/2)/\’ 1A 1Nn+1

Since we are using the time-integration rule (6.13))1, (A\r)vn 41 also vanishes in the
2

present case. Therefore, the increment of momenta is the same as in (H.6):

Al

AII = / ’ ds. (H.8)
L| Alg+ AprnJr%Av

The first equation in (H.7) leads to the conservation of the translational momentum.
By recalling the rotational part of relation (H.7), we can express the increment of the

rotational part of IT as
Iy tan(w/2) .,
AH¢ = Ti’n+% / A IZAvdS—F/AtW TL+%ATL+2 %ds

But from each of the N equations g%\ = 0, it follows that we can replace Ayl ‘Av with
At(I'n — T Z'/An piN ), and by considering a system with no external loads, we arrive
2 2

at the following result:

AT, = At/( tan(“"/2)> (A, 1N, s,
L

w/2 ”+2

H.3 Conservation properties of algorithm M2
(Section 6.3.1)

We will rewrite first each one of the nodal equilibrium equations for this algorithm:
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giAigiA7d+giA7k—giA’e:O, i1=1,...,N.

By inserting in this expression the elastic force vector g , given in (6.20), and the
dynamic and external parts giA7 4 and gx . defined in (6.14b) and (6.14d), we obtain the

following equation:

1 —I"A, AN 1 +I'n
/ T Alds = / n g ds. (H.9)
L 14 L Il’r‘nAnJr%NnJr% - I T(w)AnMn+%

H.3.1 Conservation of momenta

The demonstration of the conservation of translational momentum is identical to the
steps given in the previous section. With regard to the rotational part, we note that now

the increment A(7v) can be written as

A(TV) = TPpp1Vp41 — P, = TpAv + (E‘)vnﬂ =7, Av

where E“'vnﬂ is zero due to the time-integration scheme (6.19);. The increment

momenta IT is then expressed as follows,

Al
AII = / f ds.
L | Aly+ A7, Av

From the rotational part of the sum of the residuals ) giA = 0, it follows that we can

replace [, Algds by At [, 7, A Nn+%ds, and therefore

1
n+jz

AT, = /L (APndv + AT A, N, 1) ds =T /L AT Avds+ /L AT A, 1N, | 1ds.

After using the translational part of the equilibrium equations g4 = 0 in (H.9), this

result turns into

ATL,

R . y R
AtT;p (/Lﬂnds—/LP An+;Nn+éds> +/LAtr;An+éNn+éds

= At/?nﬁds,
L

and hence, AII, vanishes if we set i = 0.
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H.3.2 Energy increment

In order to make use of the time-integration scheme (6.19), the increment of the kinetic

energy will be computed as follows:

1

1
AT = 5 / (Vnt1 - Ung1 — U - Un)Apds + 2/(wn+1 Ay 1 —wp - Algp)ds
L L

1
= / Uny1 - AvA,ds + /(vn — Upy1) - AvAyds + / W_ .1 -JAWds
L 2/ L e

Ar; ) 1 wj ;
= Lo PAvA,ds — = Av|?A,ds + — - | TI'Alyds.
b [ rvags— 5 [ 1svPags S [ 1anas

By virtue of equations giA = 0, we can replace the terms fL IiAvAp and fL IiAld, with
the right hand side of (H.9), which yields

. . 1
AT = Ari-/Pﬁds—Am-/I“An+1Nn+1ds—/ |Av||2A,ds
L L 2 2 2 /L

. Y
+wi'/LIZr;LAn+§Nn+§ds_wi'/LIZ T(W)AnMn_;_%d&

On the other hand, the increment of elastic energy has already been deduced in Section

6.1.1, equation (6.8), as

tan(w/2) .
A‘/;nt_/L<A7'/'An+§Nn+§ —w.w/zr'rLJréAnJr;NnJr;+w’.T(w)AnMn+é> ds.

By adding AT, AV and AVye = — f 1 Ar - nids, and after cancelling the equal terms,

the increment of energy is obtained as follows:

e a2 I :
AE = wZ/LI <'f‘n—a)/2’f’n+§ An+%Nn+%ds_§ LHA’UH Apds.

H.4 Conservation of momenta for algorithms (3; and f,.

(Section 6.3.2)

We will demonstrate the conservation of momenta for algorithm ;. The demonstration
for algorithm 3, follows analogous steps with the same conclusions, and therefore will not

be given.
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The system of equations solved in the f1-algorithm can be found in (6.25), which may

be written as

g + B1ga,(AN,0) =0, i=1,...,N, (H.10)

with g4y = ga g+ g'a JMN 1, M 1) — g's ., and the force vectors defined as follows:
k) 9 2 2 k)

i, = [ Al
9Ad At\/L S,

) Ii/I 0 An—i-an—i-l
Iao(Npyy 1, M, 1) i/ SV ML (P @
ntd My i1 : —PT;% 7' T(w)AM, s (H.11)

; / I'n p
GAe = S.
2 L 0

The translational part of equations in (H.10) for each node i may be rewritten as

4 1 _ i/
/LI <AtAlf_n> d$+/LI An—f—% (Nn_,'_%—i-ﬂlAN) ds = 0. (H.12)
On the other hand, by adding the N equations in (H.10), and remembering > I* =
and Y 5 1 = 0, we arrive at the following result:

n

1
= / Alds = / L, ds. (H.13)
At L L rn+%An+%(Nn+% +’81AN)

The conservation of translational momenta follows directly from the first three compo-
nents of these equations. For the proof of the conservation of the total angular momenta
IT4, we will make use of the rotational part of (H.13) in the expression of AILy, which is
given by:

AH¢ = /Al¢dS+A(?lf)dS
L
= At/l‘r/n+§An+é(Nn+;+61AN)ds+/L?n+§Alfd$

= AfF; 1 /L I'A,, (N1 + BAN)ds +7; 1 /L I'Algds, (H.14)

where A\rlf il = Apﬁ\rvw_; vanishes due to the time-stepping scheme in (6.13);.
’ 2 2
The expression AIly can be simplified by using equation (H.12) in the second integral of
(H.14), which gives rise to
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AH¢ = At/LFnJréﬁds'

and we conclude that AIl = 0 if no external loads exist.

H.5 Sliding joints: conservation of angular momenta of SM 1

and SM2 algorithms

The aim of this section is to derive the kinematic conditions that the conservation of
angular momentum requires for the different algorithms described in sections 9.3/ and 9.4.

Let us first write the master-slave transformation matrix N as follows

[0 I 00 0 0 |

Na=| - o 2 (H.15a)
o O ... T o o ... o0
Ry 0 ... 0 0 T ... I} |

~Ary @ G 0
Ry = | Ao X 7 (H.15b)
0 S(wy) TAx,
. . I 0
and where I, = I% , ¢ = ———L—— and Ny is the number of nodes
0 cl I-qwx-Axnwr

in the master element, that will be specified in each case. The particular expressions of
Arx and Ig( will be used for each algorithm separately according to Table 9.3l Note that

although the matrix N given in (9.25) uses a relation with the form

wn, = wx + Bwg,

we will use first the following general expression

wn, = Awx + Bwg, (H.16)

which corresponds to replacing cI by A in Ig(. We will demonstrate in Section H.5.1
that the condition A = I (which implies ¢ = 1) is required for the conservation of
the angular momentum in the SM1-NT algorithm . Since in the remaining cases the
demonstration follows the same procedure, the choice A = I will be assumed thereafter

in order to simplify the manipulations.
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H.5.1 Conservation of momenta of SM1 algorithms

This master-slave formulation is based on the M1 momentum conserving algorithm. It
uses the nodal force vectors defined in (9.3), which for a node i of an element [ are given
by

i . 1 ;
gAﬂ;d = Kt LIZAldS,
3!
g, = /L e AriBoet L,

-, ,
_[Z'rn+% I'1 T(w)AnMn+%

(H.17)

No applied loads will be considered, and therefore, the vector gx . will be omitted in

the subsequent derivations.

No contact transition, SM1-NT algorithms

According to Table 9.3, this algorithm uses the matrix Na with the following defini-

tions:
po_p =Y o
X = X%_§< X, T Xn+1)

Ary = Alr.

jnt3

(H.18)

where Igcn = [(X,), Ig(nﬂ = [(Xpp1), Al = T

J
Xpir T IXn7 and X, and X,41

are the arc-length coordinates of the previous and current contact points. Note that

the Lagrangian polynomials Iﬁ( , satisfy the completeness conditions Z;VB Ig( , =1 and
2 2
Np i ' _
> PR 1 = 0.

Since these algorithms are designed for situations where no contact transition exists,
we will work with a reduced model shown in Figure 9.1. From the weak form G given in

Section 9.2.4) it follows that the system of equations to be solved may be written as

A T A
9rm = Nag” =0,
fom 704 (H.19)
g” =0,
where g4 = {g*',..., gV} and g® = {gP',...,gP "B} are the elemental residuals
of elements A and B, and the nodal residuals g’ are defined by (H.17). From the
expression of Na in (H.15) and the choices in (H.18)), the system of equations in (H.19)
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turns into the following form (we have removed the subscript A in order to alleviate the

notation in the forthcoming expressions)

RZgA,NA — 07 (H.QO&)
g = 0 , i=1,...,Ny—1, (H.20Db)

2

iy I 0
where according to the general relation (H.16), I}, = = =T J
ntd 0 A

Let us first derive a useful preliminary result. By adding all the nodal residual vectors
for both elements, using equations (H.20b) and (H.20c), and splitting the residual vectors

into the translational and rotational part, i.e. gt = {gjcl gé’i}, we get

Np
i AN j AN
Zg +ng’] g = | Xl | 95 =0, (H.21a)
j=1 j=1
=1

N
> gy —i—Zg J=(1-A)gy"™, (H.21b)
=1

where use of the completeness conditions of the Lagrangian polynomials I g( 1 has been
made. The conservation of the total translational momentum ITy = |, 1 lrds can be
deduced by using (H.21a)), and by noting that from the definitions of residuals in (H.17)
it follows that

ATl :/ Alds— g —|— g’J:O.

The conservation of angular momentum can be demonstrated by first remarking that

also from the definitions of the residuals (H.17) and equation (H.21b) we have

! rad AN
Kt /LA+LB Al¢ds B LA+LB n+;An+§ 1d8 - ( A)g¢ A (H22)

Hence, the increment of the the angular momentum AII, over a time-step is given by,
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Ally = / (Aly + Totilnir = Talgn) ds
LA+LB

= /LA+LB Ald)ds + AA+LB (Tn+%Alf + (A"')lf,mr%) ds

= Alyd 7 1Alsds. H.23
/LA%B ¢5+/LA+LB%+; rds (H.23)

where the definition of the specific translational momentum Iy = Apv and the time-
integration mid-point rule (9.5a) have been used in the last result, i.e. A\rlf nyl =0.In
Ty

addition, inserting equation (H.22) into (H.23) yields

_ I ANy
AH¢ = At/LA+LB +5A n+éd8+/LA+LB n+2Alde+At(I A) ¢
Np

_ i i/
= Atg ’I“ %/ I AnJréN 1ds + At E T‘ /LBIJATLJréNnJrédS
+/ o1 Alde + At(I - A)gA’NA (H.24)
LA+LB n+§ ¢ ’

where the interpolation r’ =1 i 'rfw , has been used in the last step. Note that
2 2

we have as yet not used any kinematic assumption. The two beams have been treated
independently during the present demonstration, and only equations (H.20) have been
used up to this point. By recalling the definitions of the translational part of g' =
giA’d + giA’v in (H.17), the first two terms in the last result of (H.24) are expressible as

Np

~ Aji 1 ) B,j 1 j
AtZrer% <gf _At/ IAlfds) —FAtz:rjn+ (gfj_At LBI]Alfds>

Np
_AtrNAn+1gf A Atg Ijlr]n+1gf A—/LA LBrnJr%Alde?
+

where the translational part of the equilibrium equations (H.20b) and (H.20c) have
been used in the last identity. Hence, inserting this result into (H.24)) yields

All, = At ?NMH%—ZIJ T g™+ AT - A)gy ™. (1.25)

It is clear that A =1, together with the kinematic condition

"Nant+g = Z Tin+y (H.26)
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make the algorithm angular momentum conserving. We note that if instead of Ig( 1
2

we use a more general expression Ig(v = ’ylg(n + (1 - 'y)l'g(n+1 (which also satisfy the
completeness conditions), a similar kinematic condition for the conservation of the angular

momentum is obtained:

Np
r 1= E L r 1
NA7n+§ X’Y ]7n+§'
J

However, after remembering the sliding conditions in (9.6a):

_
TNan = Ix Tjn,

_ j
TNant1 = Ix, Tint1,

it follows that the value v = % furnishes a good approximation of r Nansi, which is
M3

given by

1 1 . .
TNantd = 3 (rx, +Tx,,.) = 3 (Ig(nrjm + I&nﬂrj,nﬂ) ) (H.27)

We observe that in the general multidimensional case, a choice must be made between
the kinematic conditions (H.26) and (H.27), which correspond to algorithms SM1-NTa
and SM1-NTb, respectively. If the latter holds, and also if A =1 in (H.25), it turns out

that the increment of the angular momentum is expressed as

Np
L. ~ 1 j j ~ = AN
Ally = At| 5 FNan +TNan41) = 5 Z]: (Igcn + I§<n+1) (Fjn +Tjnt1) | 9571
At~ an,

= TAI&Arjgf

Contact transition, SM1-T algorithm

We will use the the matrix Na given in (H.15), in conjunction with the following
definitions (see Table 9.3)):

Jj - 7]
Be=1,
B

. j C
AT’X = ArBC,n = Ig( r Jn

_
n+1 j:n Ian
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Also, we will assume that ¢ = 1 (the need for this can be proved with an analogous

reasoning to the one used in the previous section).

The matrix N is such that Ap? = NAApgm, where the vectors Ap# and Apﬂm
are given in (9.23)), and the master element is now element C. Hence, for the reduced
model in Figurel9.2, which contains elements A, B and C, and after performing the nodal

assembly, the original system of equations

g’ = 0 j=1,...,Ng—1,
g = 0 j=2...Nc,
gB,NB+gC,1 _—
turns into
RAg*V1 =0,
gti=0 , i=1,...,Na—1,
g?i=0 , j=1,...,Ng—1, (H.28)
gC’j =+ Ig(n+lgA’NA =0 , 7= 2, .y NO,

g + Ik, .90 + g =0,

An equivalent version of equations (H.21) may be written by adding all the nodal

contributions of the residuals and using equations (H.28)),

NA NB Nc NC

Aji B,j C,j AN B,N ; AN B,N
D97+ 957+ D gy =gyt et = | D I, ) 95 e =0
i=1 j=1 j=1 j=1

1 (H.29)
N Np Ne
A B,j C,j
D90+ D 9.0+ 9.7 =0
i=1 j=1 j=1

The increment of angular momentum has the same expression as in (H.23),

All, = / Al ds+/ T, 1Alds, H.30
¢ LA+LB4LC ¢ LA+LB4+LC 37 ( )

where &“lf ngl = 0, due to the time-integration scheme in (9.5a). On the other hand,
mT3

from the definition of residuals gé) in (H.17), and equation (H.29)s, it follows that
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1
— Alyds = A ds.
At /LA+LB+LC o0 /LA+LB+LC s nty

Inserting this equation into (H.30), the increment of the angular momentum becomes

All, = At A, 1N .d Alsd
i /LA+LB+LC mig kTt S+/LA+LB+LC 37 ’

NA NB
~ i/ R .
= At E Tim-i—é/LAIZAn-ﬁ-éNn-ﬁ-édS—i_ E Tj’n—i_é/LBIJ An+%Nn+%dS
i J
+ T. 1/ A 1N 1d8—|—/ r ;Alfds. (H.31)
7,m+ n+ n+ n+
; 2 JLe 2 2 LA+LB4+LC 2

Besides, from the definitions of the residual vectors g?’i, g?’j and g?’j , and from the

equilibrium equations (H.28);- (H.28)4, we can derive the following relationships:

” 4 .
At/LAPAn—s—;Nn—s—;ds__/LAIZAlde i=1,...,Nq—1,
At/ I'A +1N Jr1d.5’:—/ IjAlde j=1,...,Ng—1,

2 LB (H.32)

-/ . . AN i :

At/LcIjAn+§Nn+§dS:_/LcIJAlfd8_I§( gf A j=2,...,N¢c,

1/ 1 B,N 1 AN,
At/LCI An+éNn+édsz_Lcl Alfds—gf B IXn+1gf A

which inserted into (H.31), and after cancelling the equal terms, gives rise to

ATI,

= B,Np j ANy _ C B,Np
At TNAv”*%gf T NBﬂH-lgf Z Jn+1IXn+1 f - n+1gf
Ne
_ =~ _ J ~C A,Na
- TNA/”‘"’% Z IXW+1r]7n+% gf ’
Jj=1
where use of the fact that r% Npmil = fn L1 (this is the common node to elements B
2 ’ 2

and C') has been made in the last 1dent1ty It then follows that the angular momentum is

conserved if the following kinematic condition is satisfied (leading to algorithm SM1-Ta):

_ J C
"Nan+i = Z IXn+1Tj,n+§’
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together with the condition ¢ = 1, which has been set at the beginning of the section.
In case that the sliding conditions (9.6a) are imposed, it can be verified that the increment

of angular momentum is equal to

AH¢ = At (?Xnan - FXrH—hn) g?’NA7 (H33)

where rx,, | » is the position vector of the point at the coordinate of the current contact

point X,,11, at the previous time-step t,,. This choice pertains to algorithm SM1-Th

H.5.2 Conservation of momenta of SM2 algorithms

These algorithms stem from the momentum conserving algorithm M2. We will con-
centrate on a system with no external loads, and therefore giA7 . = 0. The inertial and

internal force vectors are given in (9.3) as follows

927d = At/LI/LAldS

N _ ‘ 2 2 s
v I —Ilr/n Ii'1 T(w)AnMnJr%
The time-stepping scheme can be found in (9.5b)) as:
Ar Wn—',—l + Wn Q
Un+1 = E ; Wn+% = 72 = Kt (H35)

We note that due to the first equation and the definition of the translational local
specific momentum Iy = A,v, we have that the increment of angular momentum may be

now written as

ATL,

/ (Al¢ + Fn+1lf,n+1 — ?nlf,n) ds
L

= / Alyds + / FuAlyds. (H.36)
L L

No contact transition: SM2-NT algorithms

The derivations needed here follow the same steps of those given with the SM1-NT

algorithm. We will use now the following definitions:
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Xn+1

I = IJ = ylg(n + (1 —) 13 .
A’I’X = AI T; n(1—v)»
with 7 ,1-1) = (1 = ¥)7jn + Y7jnt1. Note that the values indicated in Table 9.3
correspond to v = 1. However, we will use this general expression in order to demonstrate

that the choice v = 1 is the one that leads to a momentum conserving algorithm that

satisfies also the sliding conditions in (9.6a).

The equilibrium equations are the same given in (H.20), but with ¢ =1, i.e.

RIgAMa — o (H.37a)
g¥ = 0 , i=1,...,Ny—1, (H.37b)
gBJ +I§(7917NA =0 ; ] = 17"'aNB' (H37C)

However, due to the different expression of the internal force vector giA’U, the sum of
all the nodal vectors gfé leads now to (this is an equivalent equation to the one previously
derived in (H.22))

! ~/
Kt /LA-i-LB Al¢d$ — /LA+LB TnAn-l—%Nn-F%ds =0

By inserting this equation in the expression of the incremental angular momentum in
(H.36) yields

AT, = At/ A, N, 1d5+/ Pl pds
¢ LALLB + T2 LALLB !
Np

- Athn/L TA Ny s+ A3 75 [ PN, s

J
+/ rnAlpds, (H.38)
LA+LEB

which from the definitions of the translational part of the residual, and the equilibrium
equations (H.37b) and (H.37c) reduces to

AN
AH¢ = ’I"‘NA7 Z T]n A

It is now clear that for the choice v = 1, this algorithm satisfies both, the kinematic

condition for the conservation of momenta, and the sliding contact condition (9.6a).
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Contact transition: SM2-T algorithm

In the same line with the SM1-T algorithm, the system of equations to be solved, after

applying the master-slave transformation, is in the present case given by

Rig"™ =0,
g =0 | i=1,... Nsi—1,
g?i=0 , j=1,...,Ng—1, (H.39)
g%+ I g™ =0 | j=2,...Ne,
g9 + Ik, 9N + g% = 0.

where we have also assumed the condition ¢ = 1. Similarly to equation (H.21), it can

be verified that the following identity holds:

Na Np No
STgh > gPi Y g% =0 (H.40)
i=1 j=1 j=1

We take the expression of the increment of the angular momentum in (H.38), where

now the integrals are performed along the three elements A, B and C"

Np

Na
Al'[d) = AtZ’/l‘\@n/LA I“An—&—éNn"F;dS—i_AtZ?j’n/LB I]/An-i-%Nn-i-%dS
( J

N¢
At 7 'A AN 1d / 7, Al rds. H.41
" Ej:rm /LC ERNAS o LA4LB4LC it A ( )

We note that the relationships given in (H.32) are also valid in the present case.

Inserting them into (H.41)) gives rise to

Al AN B,N & AN B,N
— oy sAVA ~B »IVB ~C .] sIVA ~C siVB
At - TNA,ngf +TNB,ngf - E Tj,nIXn+1gf - rl,ngf
7=1
N¢
_ = E :AC J A,Na
- TNan — T.jvnIXnJrl 9 )
Jj=1

where again, use of the fact that rﬁ = rlc has been made. From the last equation
B 1
it follows that the angular momentum is conserved if the following kinematic condition is

satisfied:

310



Ne

_ C 7J
TNan = er,nIXnH'
Jj=1

which gives rise to algorithm SM2-Ta. This is clearly not in agreement with the sliding
contact conditions. From the relationships given in (9.6b), the increment AILy can be

computed as
~ ~ AN
AH¢ = At (TXn,n — an+17n) gf A,
where as before, rx,,,» is the position vector of the point at the coordinate of the
current contact point X, 41, at the previous time-step ¢,,. This choice pertains to algorithm

SM2-Tb. Note that this is the same increment as the one computed for the algorithm
SM1-T in (H.33).
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List of Symbols

o)

=l h
(I
~
sB
g B
—— =

-

G,Gq, Gy, Ge
g, g, g8l

k
Ka Kelasa Kmass

Skew symmetric matrix form of a vector such that ea = e x a
Tangent-scaled vector of (e), i.e. (a) = %a

First and second time differentiation

First and second differentiation with respect to the arc-length
parameter s

Directional derivative, virtual variation and iterative variation
Incremental variation, i.e. A(e) = (®),4+1 — (o),
Sixth-dimensional zero matrix

Material angular acceleration

Cross section of the beam, area per unit length of the beam
Product Apg

Three-dimensional vector space

Total energy

Inertial basis and basis of the reference configuration
Unit vector in the direction of the rotation 0, i.e. e = ﬁ
Sixth-dimensional vector of stress resultant vector
Sixth-dimensional vector of external loads per unit of beam length
Deformation gradient

Weak form and the dynamic, elastic and external parts

Residual vector and dynamic, internal and external force vectors
Moving basis rigidly attached to the cross section of the beam
Moving basis in the reference configuration

Interpolation operation

Shape function and generalised shape function of node ¢
Sixth-dimensional unit matrix

Mass tensor of second moments of inertia of the cross section

of the beam, J = diag[ly + I3 Iy I3]

Product Jpg

Spatial curvature

Jacobian matrix, stiffness matrix and mass matrix

Jacobian matrix modified by the dependence of the released dof
Length of the beam

Block matrix of the master-slave transformation matrix N

Sixth-dimensional vector of local specific momenta
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n

N

N5, Na

Ns, Na

m

M

op = {or 69}
p={r w}
p'={r'k}
P

q={r 6}
0qg = {or 00}
q, 90, Qv

r

R

S

So,SL

S

T

T

u

Uq,Us

V7 Vve:pt

V;nh ‘./int

w

W

w

S —{T T}
e = {AT k}

Spatial vector of force stress resultants

Material vector of force stress resultants

Master-slave transformation matrix in the variational and
incremental forms

Master-slave transformation matrices modified by the
dependence on the released dof

Spatial vector of moment stress resultants

Material vector of moment stress resultants
Sixth-dimensional vector of virtual displacements with spin
variations of rotations

Sixth-dimensional vector of translational velocities and spin
angular velocities

Sixth-dimensional vector of the differentiation of displacements
with respect to s

First Piola-Kirchhoff stress tensor

Kinematic variables: position vector and rotation vector
Sixth-dimensional vector of virtual displacements with additive
variations of rotations

quaternion, scalar and vector part of the quaternion
Position vector of the centroid line of the beam

Block matrix of the master-slave transformation matrix N
Arc-length parameter of the curve defining the centroid line

of the beam

Sixth-dimensional vector of external applied loads at the beam ends

Transformation matrix from spin rotations to
tangent-scaled additive rotations, i.e. 69 = S(8)0@
Total kinetic energy
Transformation matrix from spin rotations to
unscaled additive rotations, i.e. 69 = T(0)d0
Translational displacements, i.e. u = r; — rg
Additive and spin update operations
Total potential and potential due to external loads
Total elastic potential, internal power
Stored specific strain energy
Material angular velocity
Spatial angular velocity
Sixth-dimensional vector of material strain measure
Sixth-dimensional of spatial strain measure
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r,Y

A

v

w,

I = {II; TLy}
AW, 60

p

0,0

6,50, A0

10,50, A®

Y
49, 59, A9

dep, b, Ap

Material strain measure vectors (translational and curvature)
Rotation matrix

Poisson ratio of the beam

Spatial and material incremental rotations

Vector of translational momentum and angular momentum
Material infinitesimal spin rotation and variation

Density of the beam

Rotational vector and its module

Spatial additive rotations. Infinitesimal, virtual and iterative
variations

Material additive rotations. Infinitesimal, virtual and iterative
variations

Material curvature

Spatial spin rotations. Infinitesimal, virtual and

iterative variations

Material spin rotations. Infinitesimal, virtual and

iterative variations

Rules for subscripts and superscripts

I g( Interpolation function of node j computed at point X

Nodal kinematic variable of node j,

belonging to element A, computed at time t,

A A
RN
A,j
g J

Nodal residual vector (or force vector) of node j belonging to element A

g’ Nodal residual vector (or force vector) of node j

g* Elemental residual vector (or force vector) of element A

Released translation or rotation

Master translation or rotation

Vector with master and released displacements
Transpose

Quantity generated in the variational formulation
Quantity generated in the incremental formulation

Quantity weighted with a parameter v as follows:

(®)y =v(®)n + (1 —7)(®)nt1

6 x 6 matrix constructed from matrix 3 x 3 matrix (e) as follows:

I O
(®)s = [ 0 (o ]
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