A new equilibrated residual method:
improving accuracy and efficiency of
flux-free error estimates
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Certification of FE approximations

The finite element method is a basic tool in engineering design
and since engineering decisions are based on approximations of
the solution, it is crucial to certify the quality of the results.
GOAL: provide a guaranteed interval for the
value of the Qol
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HOW?
1. compute /© (uy)
2. define (©(e) = (°(u) — £°(uy)
3. bound s~ < (P(e) < s*
0°(u) € [0°(up) + s, €9 (up) + s¥]
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HOW?
1. compute /© (uy)
2. define (©(e) = (°(u) — £°(uy)
3. bound s~ < (P(e) < s*
0°(u) € [0°(up) + s, €9 (up) + s¥]

We need a posteriori GUARANTEED /STRICT error bounds.
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HOW?
1. compute /© (uy)
2. define (©(e) = (°(u) — £°(uy)
3. bound s~ < (P(e) < s*
0°(u) € [0°(up) + s, €9 (up) + s¥]

We need a posteriori GUARANTEED/STRICT error bounds.
They also have to be ACCURATE and CHEAP
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Guaranteed, accurate and efficient bounds

[ CERTIFICATION |
complementary energy + implicit error estimators
dual formulation for the error involving only local problems
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CERTIFICATION ]

|

complementary energy

dual formulation for the error

+ implicit error estimators

involving only local problems ]

[Hybrid-flux esti

equilibrated

CHEAPER |

mators \

Flux-free estimators

~

stars/subdomain [PDH2006]

MORE ACCURATE
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CERTIFICATION
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|

complementary energy +

implicit error estimators

involving only local problems

|

dual formulation for the error

rHybrid—ﬂux estimators f
equilibrated

Flux-free estimators

stars/subdomain [PDH2006]

~

CHEAPER |

MORE ACCURATE

"4

CHEAP 4+ ACCURATE

EXPLICIT Flux-free estimator




Model problem

Reaction-diffusion equation: —Au+k?u = f in €,
u = u, onlp,
Vu-n = g, only.

Weak form: find u € U such that
/ (Vu-Vv—i—/izuv) dQ:/fv dQ—i—/ gyv dl’ Vv eV.
0 A Q I'n ,

' -~

au,) o)
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Finite element approximation: find w;, € U" such that
a(up,v) = L(v) for all v € V"

triangular mesh + linear elements

Error equations: find e = u — u, € V such that
a(e,v) = L(v) — a(up,v) = R(v) for all v € V.
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Guaranteed error bounds

The complementary energy approach allows to overestimate ||e]|
approach introduced by Fraeijs de Veubeke in 1964

ale,v) = / (Ve Vv +r’ev)dQ = R(v) forallveV
Q

/( q - Vu+£rv)dQ = R(v) forallveV
® N___ N new error unknowns
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Dual formulation:
Any pair of dual estimates (g, r) such that

/ (q- Vv +r*rv) dQ = R(v) forallv eV
Q
provide an upper bound for the energy norm of the error

H|eH|2:/Q(Ve - Ve + re?)dS S/ (q-q+ K*?)dQ

Q
complementary energy
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Guaranteed error bounds

Global problem: find g and r
s.t. / (q- Vv +r*rv) dQ = R(v) TOO EXPENSIVE
Q

minimizing the upper bound/ (q-q+ K*?)dQ
0
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Guaranteed error bounds

Global problem: find g and r
s.t. / (g Vv +K*rv) dQ = R(v) TOO EXPENSIVE
Q

minimizing the upper bound/ (q-q+ K*?)dQ
0

{

SPLIT THE GLOBAL PROBLEM INTO LOCAL PROBLEMS
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Guaranteed error bounds

Global problem: find g and r
s.t. / (q- Vv +r*rv) dQ = R(v) TOO EXPENSIVE
Q

minimizing the upper bound/ (q-q+ K*?)dQ
0

{

SPLIT THE GLOBAL PROBLEM INTO LOCAL PROBLEMS

‘"

[Hybrid—flux estimators ] [ Flux-free estimators ]
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Guaranteed error bounds
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Guaranteed error bounds

Global problem
/ (g Vv+r’rv) dQ = R(v)
Q

[ (@ voswno)a0 = Byt [ goar
Qk Qk

single element dlo, =aq, , Tlg, =1k
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Guaranteed error bounds

Global problem
/ (g Vv+r’rv) dQ = R(v)
Q

[ (@ vt wnayan = s [ goar
Qk Qk

single element dlo, =aq, , Tlg, =1k

[ @90

Mnp MNnp

patch of elements q=>q , r=>1r
i=1 i=1
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Hybrid-flux / equilibrated error estimates
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Hybrid-flux / equilibrated error estimates

STEP 1: loop in nodes to compute the equilibrated tractions g
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STEP 1: loop in nodes to compute the equilibrated tractions g

o

<
>
4
=]
<
&
(6]
w
(=)
<
o
4
O
AL
E
=
o
o
=
£
7]
o
w
2
z
=]

(&) LABORATORI DE CALCUL NUMERIC
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Hybrid-flux / equilibrated error estimates
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Hybrid-flux / equilibrated error estimates
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Hybrid-flux / equilibrated error estimates

tractions g
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STEP 2: loop in elements to
compute the dual fluxes

(qk’ rk)
at each element €2,
independently
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Flux-free error estimates

STEP 1: loop in nodes to compute the dual fluxes in the stars

(g',r") in  w; (patch of elements)
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Flux-free error estimates

STEP 1: loop in nodes to compute the dual fluxes in the stars

(g',r") in  w; (patch of elements)
Oy g
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Flux-free error estimates
STEP 1: loop in nodes to compute the dual fluxes in the stars

(g',r") in  w; (patch of elements)
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Computational cost overview
>
: | Equilibrated | Flux-free
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g T o+
a
(:) 8 3
3 c
E o
E o DOF: DOF:
o o o
2 S one per edge of w; dof of (qi,7}.)
=
x elements of w;
]
o
z o
3 5
S o
a c
g (o]
< 5 DOF:
2 (@)
2 = dof of (g, k)

-NeQET|
~




[ Computational cost overview
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( Computational cost overview

>

5 | Equilibrated | Flux-free
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New guaranteed, accurate and cheap
error estimate (EE)

Local problems: find g* and 7% such that
/ (qi - Vv + /i',QT‘i’U) dQY = R(¢iv) Yv € V(w;)
wi
minimizing the local complementary energy

/‘ (q’L X ql + F\?2(7“i)2) dQ
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New guaranteed, accurate and cheap
error estimate (EE)

Local problems: find g' such that
/ q' - VvdQ = R(pv) Yo € V(w;)

minimizing the local complementary energy

/ q' - q'dQ
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New guaranteed, accurate and cheap
error estimate (EE)

Local problems: find g' such that
/ q' - VodQ = R(pv) Yo € V(w;)

minimizing the local complementary energy

/ q' - q'dQ

KEY POINT
Find a closed EXPLICIT solution for g’
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New guaranteed, accurate and cheap EE

From star w; to elements ), C w;

/ q' - VudQ = R(¢)

K2
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New guaranteed, accurate and cheap EE

From star w; to elements Q;, C w;

/ q' - VudQ = R(¢)

K2

The explicit solution is found
introducing the linear tractions on
the edges of the star {g’ }
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New guaranteed, accurate and cheap EE

\. From star w; to elements Q;, C w;
i

g’v[s]/

~

/ q' - VvdS) = R(¢v)

./ The explicit solution is found

. . introducing the linear tractions on
Iy Gz the edges of the star { gf”m]}
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New guaranteed, accurate and cheap EE

\. From star w; to elements Q;, C w;
=

/ q' - VvdS) = R(¢v)

./ The explicit solution is found

. . introducing the linear tractions on
Iy Gz the edges of the star { gf”m]}

V1) ﬂ
M for every 0, C w;

Neumann BC (a9, + ¢ Vuy) -n) = alg.
Divergence — V- (q} + qbiVuh) = ¢i(f — K*up) — Vuy, - Vo

A
g V5]
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New guaranteed, accurate and cheap EE
Strong form of the elementary problems:

—V (g, + & Vu) = ¢i( f—K*uy ) — Vuy - Vi in

q.-my =09, — ¢ Vu -n) = Ry, on 98,
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Strong form of the elementary problems:

—V - (q, 4+ ¢:Vuw,) = ¢i( f—K*up ) — Vu, - Vg in €

oY — 5T Y.
q,-ny =0.9, — ¢iVup -ny = Ry, on 02
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Explicit solution: | gk = qi* + q}%c as long as

/Q [¢z (f — /€2Uh) — Vuy - V(gﬁz] Q)+ Z /J]Zgi dl’ = 0,

’YCBQk v

Details can be found in

N. Parés, P. Diez, A new equilibrated residual method

improving accuracy and efficiency of flux-free error es-
timates, CMAME, Volume 313, Pages 785-816 (2017)
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New guaranteed, accurate and cheap EE
Strong form of the elementary problems:

q.-my =0, — ¢ Vu-n) = Ry, on 9,

Explicit sqution of the elementary problems: | gi, = qi& + q};o

i Al s
a; = 2,9 | Z Z Cim R‘ :c[n]) Ay
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n=1 m=1
m#n
3 3

|1
qc = 3 Z Z )\[n]/\[m]t[nmJt[Tnml Ve

n=1 m=2 ] -
m>n
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New guaranteed, accurate and cheap EE
Strong form of the elementary problems:

q.-my =0lg, — ¢ Vu-n) =Ry, on 9,

Explicit sqution of the elementary problems: | ¢i, = qi* + ¢i¢
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‘ A
iL Y R ]

9 3 E E i) [ A :

g q, = 2,9 | [m] ‘7[m]( 1) [ A 5 )

= n=1 m=1 :

4 m#n :

=

3 Z Z 0 t[23)

é n=1 m=2 () ; 23]

o m>n - ) t[31]

g gL imposes the tractions on the element

1]

s g€ is traction free
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New guaranteed, accurate and cheap EE
Strong form of the elementary problems:

F
q.-my =0, — ¢ Vu-n) = Ry, on 9,

Explicit sqution of the elementary problems: | ¢i, = qi* + ¢i¢

. Al s
@ = 2,9 | Z Z Cim) R| 5'3["1) b dey (2]
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n=1 m=1
m#n
3 3
ool
qi¢ = 3 A At oy | V0 ;
22y [ - T3]
m>n

LES
09 = 39, F + (4F Ay — Fiy g — FigAy)

q:¢ imposes the divergence condition
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New guaranteed, accurate and cheap EE

LOCAL QUADRATIC CONSTRAINED /g%[ﬂ \.
OPTIMIZATION PROBLEM: ./

g'iY[l] Bz

=

Minimize Z %(9@) : qu(gi)dQ

1
g'y Q. Cw; O

find {gfy[m]} solution of
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. two dof per edge
Subject to / [0 (f — K*up) — Vuy - V| dQ
Q

one restriction " + Z opg, dl' =0
per element vcoQy Y
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s Hybrid-flux vs. Explicit Flux-free
§ Hybrid-flux/equilibrated Explicit Flux-free

<

3 Min g, — [[Vun - n]]ave Min Z / q.( gv 7)alQ
% g"/ g’Y Qp Cw;

£

é_é

B

5 one dof per edge two dof per edge

3 + one restriction per element in both cases
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Constant Explicit Flux-free

UNIVERSITAT POLITECNICA DE CATALUNYA @

two dof per edge one dof per edge
gi AN ¢'gi’08t
g iy
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Uniformly forced square domain

—Au=1 in[-1,1]* with homogeneous Dirichlet BC
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u(z,y) = 13x2 _ 16 T sin(kw(1+x)/2)(sinh(I?r(ler)/2)+sinh(k7r(lfy)/2))
& - k3 sinh (k)
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g 8192 0.01980831 1.03862 - 1.04420 * 1.03974 1.51641
3 32768 0.00990510 1.03813 = 1.04419 - 1.03982 1.51453
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3D example

3D diffusion problem with data oscillation
Exact solution

—~Au=f in[-1,1] with Dirichlet BC
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3D example

3D diffusion problem with data oscillation
Exact solution

—~Au=f in[-1,1® with Dirichlet BC
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3D example

3D diffusion problem with data oscillation

Nel
el < 32 ( Nlalleroop + 205 = T llexon
k=l dual error data oscillation
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Conclusions

@ We have developed a new technique to compute
guaranteed upper bounds for the energy norm of the error
(which can also be used to compute bounds for Qol)

@ The proposed strategy may be seen as either:
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(1) an improved cheap version of the flux-free estimate
(2) a new more acurate hybrid-flux equilibrated EE

@ Alleviating the cost of the flux-free approach does not
introduce a significant difference on accuracy

@ The new equilibrated tractions yield sharper bounds than
the original ones
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A new equilibrated residual method:

improving accuracy and efficiency of

flux-free error estimates in two and
three dimensions
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